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Axially Symmetric Systems for Generating and Measuring Magnetic Fields. Part I* 


Mitan WAYNE GARRETT 
Department of Physics, Swarthmore College, Swarthmore, Pennsylvania 
(Received August 11, 1950) 


This is Part I of a systematic discussion of axially symmetric 
magnetic fields, both central and remote from the origin, search 
coils reporting the field or gradient at a single point, and mutual 
inductances. Here the central uniformity of symmetrical fields and 
gradients is analyzed by zonal harmonic expansion. Laplace’s 
equation and symmetry restrict these fields to a few types, regard- 
less of the detailed geometry of the generating system. Universal 
error-contour maps are derived for the central field or gradient in 
systems having errors of second, fourth, or sixth order, and for 
hybrid types combining second and fourth. One hybrid has an 
oblate error field suitable for cloud-chamber and orbital appli- 
cations. 

Source systems include circular filaments, cylindrical or plane 
circular current sheets, and thick solenoids of rectangular or 
notched section. Each type of source may be designed to produce 
any of the field patterns. To this end, source constants derived 
for the particular source type are combined into a set of over-all 
coefficients that express the field constants for a complete system. 
Rapid methods are given for computing the source constants and 


from them all the field derivatives, using recurrence relations or 
tables of Legendre functions. In particular, computing time for 
thick-solenoid fields or gradients is greatly reduced, using a new 
series with a recurrence formula. The text includes tabular aids 
and reference formulas, and discusses the rate of convergence of 
series for central and remote fields, and for mutual inductances. 

Special systems briefly described include several infinite series 
of systems like that which starts with Ampere’s loop, the Helm- 
holtz pair, and Maxwell’s three-loop system. These have integral 
numbers of circular filaments from two to infinity. More practical 
are the thin solenoids. Those that produce a fourth-order (Helm- 
holtz) field by omission of central turns are fully tabulated for all 
lengths. A short solenoid with double-wound ends and sixth-order 
error may realize greater uniformity in actual practice than any 
previously described system. Still greater (theoretical) uniformity 
is achieved in two eighth-order combinations of a short solenoid 
with a loop pair; these are described and depicted, with error 
limits. 





INTRODUCTION AND SUMMARY 


HIS paper initiates a series that will describe the 

properties of iron-free wire-wound systems pos- 
sessing an axis of revolution. These may be primary 
current-carrying systems or secondary systems for flux 
measurements (search coils). They consist of coaxial 
circular turns, isolated or arranged in cylindrical or 
plane circular sheets, or in multilayer windings of 
rectangular or notched section. That is, they include 
filament, disk, and thin or thick solenoid systems. By 
te-stating the theory in a compact and general mathe- 
matical form and by improving methods of calculation, 
it has been possible to develop a number of new systems. 
An effort is made to present the essentials so coherently 
that the reader may dispense with most of the previous 
literature, which is far from unified. Therefore few 
historical details are given, and few references cited. 
Part I includes most of the first three sections of the sub- 





* This work was supported in part by a grant from the Research 
Corporation. 


joined outline, with parts of the fourth, but the text 
does not follow the exact sequence of the summary. 
Since this work uses zonal harmonic series through- 
out, and exploits fully the systematic properties of 
Legendre’s polynomials P,, and P,’, the first section is 
devoted to these functions. Table I lists their coeffi- 
cients so that the functions may be recognized wherever 
found, even though written out in cylindrical coordi- 
nates or in terms of the sine as variable. Too often they 
appear incognito in the literature, expanded into cum- 
brous polynomials which are evaluated term by term. 
When properly identified they are readily calculated 
from tables or often still better from recurrence rela- 
tions. The latter, though quite familiar to mathe- 
maticians, seem to have been little used by physicists 
in calculating magnetic fields and field coefficients. 
When the analytical properties of the Legendre func- 
tions are fully utilized, mathematical analysis also pro- 
ceeds more efficiently. Some of these properties are 
listed, together with tables for finding the zeros of the 
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functions, and for computing all-odd or all-even series 
by a new form of the recurrence relations. 

The second section analyzes the magnetic potential 
and its various derivatives within the central region, 
whose boundary is a sphere that contains no field source. 
By a source is meant any discontinuity of the windings, 
such as an isolated loop or the bounding edgé of a 
solenoid. The theory is clarified and system design 
made more flexible by immediate separation of the 
variables, that is by treating independently the coordi- 
nates of the field and of its sources. Therefore in this 
section the sole restrictions are that the potential is 
finite at the origin and satisfies Laplace’s equation, and 


that there is an axis of revolution. No boundary con- . 


ditions are imposed by any particular generating 
system. Such central fields, or field gradients if desired, 
are limited to a few types. The types are described, 
with the forms of their equal-error contours, and the 
shapes of the regions over which they can be made 
highly uniform. Possible shapes include the highly 
oblate form which is needed in cloud-chamber and 
orbital applications. Precisely the same central-field 
type may arise from a system of circular filaments as 
from one of thin or thick solenoids or spiral disks, while 
the error contours of field and of gradient systems are 
identical in form. 

In the third section, the boundary conditions im- 
posed by specific generating systems are derived from a 
set of numerical constants gn, calculated from the 
source coordinates. The calculation requires distinct 
formulas for each type of source (Eqs. (43)—(54)), but 
the coefficients when found are used in the same field 
expansions regardless of the type of source. The com- 
plete set q, defines the central field uniquely, and per- 
mits each type of source system to be designed for any 
required field pattern. The constants of thick solenoids 
of rectangular section are developed from those of 
filaments or of current sheets by Taylor expansions 
carried through the fourth order, and also by a new 
method of integration that is simpler than any pre- 
viously published, reducing computing time to a frac- 
tion. All expressions for g, involve the functions P,’, 
so that tables or recurrence formulas may be employed. 
To this section is appended a discussion of the rate of 
convergence of zonal harmonic series, both for fields 
and for mutual inductances. In view of the new effi- 
ciency of calculation, the useful range of such series 
may be greater than has been supposed. 

The fourth section describes new designs for homo- 
geneous fields and gradients. The solenoid forms are 
simple enough to be wound with high precision; they 
permit a new order of uniformity, both as single-layer 
current sheets with overwound ends, and as many-layer 
solenoids designed for strong fields. For an error set 
arbitrarily at one part per thousand, the field volume 
may be expanded fifty-fold over that of an uncorrected 
solenoid of comparable dimensions. Over a considerable 
region the uniformity will be limited essentially by the 


winding errors. Other simple forms include Helmholt, 
pairs of arbitrary rectangular section, reducing on the 
one hand to a thin solenoid with equatorial gap, anq 
on the other to a pair of spirally wound current disks, 
With a simple alteration of axial spacing, the same coils 
generate the oblate fields already mentioned. The dis. 
cussion of special fields includes more elaborate systems 
some of which may have purely theoretical interest. In 
this class are the approximations to spherical harmonic 
current sheets by sets of circular filaments placed on a 
sphere at positions given by the roots of P,=0 or of 
P,'=0. 

In strict analogy to the analysis of the central field 
and by a series of nearly identical steps, the remote 
field will be computed. This comprises the region which 
lies farther from the origin than any discontinuity of 
the windings. Here the boundary conditions peculiar to 
each individual system are described by a set of 
numerical coefficients ~, analogous to gn. As before, 
the finite rectangular section is treated both by series 
expansion and by integration, and again the resulting 
expressions involve P,’ and are more easily computed 
than forms previously given. 

The correlation between the remote field of a system 
and the magnetic flux that it embraces in an external 
field' is further developed and is applied to the design 
of search-coil systems for use with a fluxmeter to 
measure the field or its gradient at a single point in an 
inhomogeneous field. Though the coil has axial sym- 
metry the field need have none. Performance depends 
upon the number of remote-field error constants p, that 
can be suppressed, just as central-field uniformity de- 
pends upon suppressing one or more central constants 
Qn, following qi or g2. The simplest of these coils are 
evolved from Gray’s solenoid; they annul one error 
term and advance search-coil design as markedly as the 
Helmholtz pair improved central field uniformity. They 
have massive homogeneous windings of rectangular 
section. But if one step in the section profile is allowed, 
three error terms vanish and the computed residuals are 
so low that the precision will be limited by winding 
technique. The discussion is extended to cover so-called 
“astatic” systems, whose remote field falls off faster 
than that of a dipole. 

The generating or central-field properties are com- 
bined with the search or remote-field properties to 
yield expressions of some generality for the mutual 
inductance of two axially symmetric systems. These 
involve the products gnifa2, and they lead to certain 
new or modified designs of mutual inductance. 

It may be noted that in two-dimensional problems** 
the cylindrical surface harmonics cos#@ or sinn6 replace 
the Legendre functions of the corresponding axially 

1 W. F. Brown and J. H. Sweer, Rev. Sci. Instr. 16, 276 (1945). 
pat H. Lyddane and A. E. Ruark, Rev. Sci. Instr. 10, 254 

3G. H. Shortley and A. May, J. Appl. Phys. 16, 841 (1945). 


4S. K. Haynes and J. W. Wedding, Phys. Rev. 78, 641 (A) 
(1950). 
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AXIALLY SYMMETRIC MAGNETIC FIELDS. I 


etric cases. A very complete two-dimensional 
tem can thus be worked out in steps closely following 
those here outlined, giving fields or gradients of in- 
finitely long straight filaments, plane current strips, or 
rectangular bundles of finite section. This approach 
offers the advantage of a systematic guiding analogy, 
which together with the possible use of recurrence 
formulas for calculation may facilitate the further de- 
velopment of special two-dimensional fields. 


s 


Units, Notation, Sign Conventions 


The units are gaussian. The unit generator is a single 
circular turn carrying current 7, whose positive sense 
bears a right-hand relation to the positive X-axis, as in 
Fig. 1. When NV turns are sufficiently close together, 
they may be reduced to a single current filament (f) of 
strength Ni, occupying the mean position. A thin 
solenoid (s) having NV,’ turns per cm of length is treated 
as a cylindrical current sheet of strength N,/i, while if 
it constitutes a layer of small radial thickness da in a 
uniform thick rectangular coil (c) having NV” turns per 
cm? of section, its strength is Nida. Similarly, the 
strength of a current disk (d) is N”"idx or Nq/i, where 
N{ is the radial turn density. The current is considered 
the same in all turns of a system, while the N’s are 
algebraic quantities whose sign must be defined for each 
type of source. Individual sources are designated by 
subscripts, j for filaments, & for thin-solenoid end-turns, 
and | for the bounding edges of disks or thick solenoids. 

Referring to Fig. 1, zonal polar coordinates of the jth 
filament f; are r;, aj, but the cosine u; appears oftener 
than a; Cylindrical filament coordinates are xj, a;. 
Coordinates of the field point P are r, 0, or x, y.— Note 
that separate letters are used for source and field 
cylindrical radii a; and y, but not for x; and x. The 
subscript of x; will be dropped nevertheless, when in 
discussing single Sources it can cause no confusion. 
Both sin@ and sina; are inherently positive; the latter 
will usually appear instead of (1—w,*)!. In calculations 
for solenoids or disks no internal coordinates appear, 
but the ends of thin solenoids and the edges of disks and 
thick solenoids are limits of integration which play the 
tole of sources and must be assigned coordinates and 
algebraic sign. The plus sign belongs to V; when the jth 
filament current is positive, to NV,’ at the right end of 
positive and the left end of negative cylindrical sheets, 
to V4 at the outer edge of a positive disk, and to NV/' at 
the outer right-hand vertex of the section of a positive 
thick rectangular coil. The thick-section perimeter is 





tIn Fig. 1, P is a central point, since it lies inside a sphere 
with center at the origin, passing through the nearest source ring. 
A remote point would lie outside a sphere through the farthest 
source. To find the field at points between such spheres, add 
together a central-field and a remote-field component, computed 
from sources respectively outside and inside the sphere through P. 
Convergence may be improved in some cases by a shift of origin, 
while if desired the field contributions from different sources may 
be superposed even though referred to separate origins. 
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a 
Fic. 1. Meaning of symbols. The diagram shows a positive 


filament of N; turns and a central field point P. All j-subscripts 


become & for thin-solenoid end-turns and / for thick-solenoid 
edge-turns. 


traversed from this corner with alternation of signs at 
successive vertices. 

It is convenient to refer the dimensions of all linear 
coordinates to an arbitrary unit radius ro, usually the 
same as some prominent dimension such as the polar 
or cylindrical radius of some filament or solenoid. This 
frees the source constants g, from dimensions; they are 


pure numbers independent of the absolute scale of any 
combination. 


USE OF THE LEGENDRE FUNCTIONS 


All the central field components H,, Hs, Hz, Hy, and 
their derivatives (Eqs. (24)-(30)) are computed as 
series in which each term is the product of a source 
constant gm and a solid zonal harmonic r"P,(cos@) or 
(in the case of y-derivatives) of gm and r"P,’(cos0). The 
integers m and m may or may not be the same. The 
factor gm is a numerical coefficient calculated from 
source coordinates, while the second factor involves the 
field coordinates. The remote field series are similar, 
except that the harmonic factor contains negative 
powers of r and the source coordinates determine a 
different set of numerical factors p» in place of gm. In 
every case the source constants involve the Legendre 
first derivatives. The source constants and the field 
harmonics should be cleanly parted into separate equa- 
tions and each complete set evaluated from tables or 
from recurrence formulas, before multiplying the factors 
together. Thus the eighth order, for example, is no 
harder to compute than the third, while the form of 
calculation preserves the essential similarity between 
fields of diverse systems having the same symmetry, 
whose differences must arise within the set of numerical 
source constants alone. Such similarities have often 
been obscured by fully expanding the first four or five 
product polynomials in the series for each specific 
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system, with the source and field constants inter- 
mingled, and computing the polynomials term by term. 
These bulky series come to a dead end unless extended 
by the user, while the labor of calculation snowballs 
with successive orders. 

Further reduplication of formulas has resulted from 
writing separate expansions for each shift of origin. 
This is not necessary when field and source variables 
are separated and the constants q, are expressed in the 
general form with the origin placed arbitrarily as in 
Fig. 1. The series contain both odd and even terms, 
but in practice one set is eliminated by choosing the 
origin in one of three ways. First, if the origin lies in a 
plane of symmetry of the generating system, the field 
has corresponding symmetry and the even-numbered 
terms vanish by Eq. (7), while if the plane of the origin 
is one of antisymmetry, which mirrors every turn with 
current reversed, the odd harmonic terms vanish. 
Second, the component field of each source ring may be 
referred to an origin at the center of that ring. Then 
u,.=0 and only P,’(0) appears in the series for gm 
and pm. Third, the field at each point may be referred 
to an origin on the axis in the plane of the point. Here 
cos#=0 and only P,(0) or P,’(0) can occur in the 
harmonic series. Reference to Eqs. (43) to (54) and (4) 
or (6) will show in each case whether the odd or the 
even terms aré suppressed. 

Since the second and third methods refer the field to 
multiple origins, only the first gives a coherent de- 
scription, and it is on that account greatly to be 


TABLE I. Coefficients of Legendre functions. 








Polynomials Pr First derivatives P,’ 





n Ms An An-2 An-« An-t n Mn-’ An-i’ An-? An-s’ An-7’ 
0 1 1 1 1 1 
1 1 
1 1 1 2 3 1 
* 1 * 1 
3 1 5 P 1 
2 ; 2 1 3 4 4d 1 
(-) 3 2 (-) 5 4 
5 3 7 3 
3 4 2 3 4 3 + 3 
~(—) ) 2 =) 7 4 
35 30 3 21 14 1 
4 4} 8 24 3 s is 8 12 1 
35 40 8 21 28 8 
63 70 15 33 30 5 
5 : 8 40 15 6 a. 8 20 5 
* 63 56 8 * 33 36 8 
231 315 105 5 429 495 135 5 
6 ts 16 120 90 5 7 ls 64 240 120 5 
(—) 231 378 168 16 (-—) 429 792 432 64 
429 693 315 35 715 1001 385 35 
7 ts 16 168 210 35 8 ped 64 336 280 35 
(—)* 429 594 216 16 (-—)* 715 1144 528 64 


Power series in u =cos@ (top rows of each set), in x/r, y/r (middle rows), 
and in sin@ (bottom rows). 








*In the case of the sine series, multiply Mn or Mn-i’ by u/sin@? when 
* occurs, and by —1 when (—) occurs. 
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preferred, when the symmetry permits its use.t Ev. 
dently it is easier to design a homogeneous field when 
all calculations are based on a single origin at its center 
while the pairing of symmetrical elements also reduces 
the labor. Multiple origins are sometimes desirable o, 
even necessary to improve the rate of convergence of 
the series. For example, in computing fields close t, 
the axis for a lens-type beta-ray spectrometer, the third 
method should be convenient. It requires only (25) 
(28), and the coefficients g, of Eqs. (24) and (43)~(54) 
The equations developed in this paper allow complete 
freedom in the choice of origin, and are so convenient 
in use that more specialized variations need not he 
cited. 


Coefficients of Legendre Functions 


Usually, since a recurrence relation will be used for 
magnetic field series beyond the second or at most the 
third term, there is no need for further expansion, But 
to correlate with earlier work, Table I lists the firg 
seven or eight internal coefficients of the polynomiak 
P,,(u) and of P,’(u), their first derivatives with respect 
to u. Those in the top line of each set of three are 
coefficients of the familiar cosine series: 


P,,(u) = M,(A nt”™*— A nu" "+A n—u"4*— aoe ) 
Py’ (u)=My-1 (An-1'u"—An_3'u"5+A,_5'u"—...) 


while the middle lines correspond to power series in 
x/r, y/r, and the bottom lines to series in sin@, thus: 


Po=1 P\=u=x/r 
P2=}(3u?—1) = 47-*(2x2—y*) = — (3 sin*9—2) 
P3= 3u(Su?— 3) = 39 *x(2x?—3y*) = —4u(5 sin?6—2) 
P,=}(35u'—30u2-+-3) = }r-*(Sxt— 2422y?-+ 3y1) 
= §(35 sin‘@?—40 sin?+8). (1) 


Though Curtis,> Dwight,* and Koch’ among others 
have employed series of sines, the x, y series (cylindrical 
coordinates) occur most commonly. There is good evi- 
dence that most users have recognized Legendre’s 
functions only when written as power series in u. Alsoa 
number of published coefficients are in error, some by 
factors of ten or more, and in one case — 105! 


tAndrew Gray made some use of this method, but later 
workers, except McKeehan, have seldom employed it. 

5H. L. Curtis, Electrical Measurements (McGraw-Hill Book 
Company, Inc., New York, 1937), p. 144. 

6H. B. Dwight, Electrical Coils and Conductors (McGraw-Hil 
Book Company, Inc., New York, 1945), p. 234. 

7H. W. Koch, J. Appl. Phys. 21, 387 (1950). Here, on sub 


stituting 1/sin@ for — in Eq. (27) of Koch’s paper, the long 
expression may be reduced to a harmonic series in r~("* P, (cos!) 
with coefficients containing 1/(n+2)P,’(0). The zero arises from 
the restricted choice of origin. A later paper of this series will give 
the unrestricted expression, but in Koch’s series the last thre 
harmonics are in error by factors, respectively, 4/3, 1/4, and 1/2. 
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Many standard texts develop the properties of Le- 
endre’s functions,* but as the writer has found it 
dificult to locate the relations most often needed, a few 
are listed below. Various additional relations among 
products of these functions by powers of r and of sin#@ 
permit whole series to be integrated or differentiated 
one or more times (especially with respect to x) to yield 
new series as convenient as the originals or nearly so. 
Examples are omitted. Usually when the correct form 
is found, even upon occasion by informal means, the 
recurrence relations (9) and (11) suffice to establish its 
general validity if it proves correct for two early con- 
secutive members of the series. 


Properties of P,, and P,,’ 











P,(—u)=(—1)"Pn(u) (2) 
P,(+1)=(+1)" (3) 
P,(0)=0 (n odd) (4) 
1-3-5+ +++ n—1 
P,(0)=(—1)* (n even) (5) 
Dh, 26s ts 
P,'(0)=nPn-1(0) (6) 
P,/(—u)=(—1)"*Pa’(u) (7) 
P,' (41) = (241)"**- gn(n+1) (8) 
(n+1)PngitnPaai=(2n+1)uP, (9) 
Past’ — Pas’ =(2n+1)P rn (10) 
MP oa +(n+1)P ps’ = (2n+1)uP,’ (11) 
(1—w)P,’=nP,1—unP,, (12) 
2 i 1 
P,= ( ) (:-—) sin{ (n+4)0+7/4] (13) 
wn sind 4n 
2n sind \ ! 
sin’@P,’ = — ( ) sin[ (n+3)0+32/4] (14) 


Properties of Harmonics 








(0/dx)(r"P,)=nr"" Pri (15) 
(0/dy)(r"P,) = —sinér"P,_1’ (16) 
(-— 1)” o" 1 
P,= ro—(-) (17) 
n! Ox"\r 
(—1)"" Oo 
(1—u?) P,’ =" (18) 
(n—1)! ox” 


0/dul(1—w?)P,’ ]=—n(n+1)P, (19) 





*See for example E. Jahnke and F. Emde, Tables of Functions 
(Dover Publications, New York, 1945), fourth edition. 
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Tables of Legendre Functions 


Tallqvist,® Prévost,'® and Mursi" have published the 
most useful tables” of P, and of the associated func- 
tions P,,”. Of the latter, the only functions of present 
interest are P,!' or in the notation here adopted sin@P,’. 
These functions, and therefore Mursi’s table, will be 
most used. Note that sin@ is tabulated as P;'. For n 
greater than 10, P,' may be extrapolated from Mursi, 
using Eq. (11), or better Table III.§ 


Zeros of P,, and P,,’ 


These roots are significant in several connections. 
Those of P, have been tabulated by E. R. Smith" to 
n=40, those of P,’ by Radau" to n=10. By empirical 
adjustment of Eqs. (13) and (14), extended series of 
both sets may be quickly calculated (Table II). This 
approximation checks P,’ zeros deduced from Tall- 
qvist’s table within +1.5 minutes of arc from n=6 to 
n= 32 (+0.0004 in ~), with about half this error for P,. 
Here 4 is the nearly constant angular interval between 
roots, which are 6;, 02, ---, m/2, «++, m—@s, r—4, 
counting from the axis; 7/2 is omitted in the case of 
even P,, or odd P,’. 


Alternate Recurrence Formulas 


Direct calculation of P, or P,’ takes little longer than 
a second-order interpolation from tables. When all 
values of m are required, the standard forms (9) and (11) 
suffice, but usually only the alternate functions are 


TABLE IT. Approximate zeros of P, and P,’ (n>5). 











Pr 600 =x/(n +.47) P,’ 00 =2/(n+.51) 

m Om —On—1 Om/ 80 m Om —Om-1 Om/ 00 
1 1.218 1 0.766 
2 1.012 2.230 2 0.992 1.758 
3 1.004 3.234 3 0.998 2.756 
4 1.001 4.235 4 0.999 3.755 
>4 1.000 m-+ .235 >4 1.000 m—1+.755 








* Hj. Tallqvist, Acta Soc. Sci. Fenn. (Helsingfors) Nov. Ser. A 2, 
Nos. 4 (1937) and 11 (1938) P,(u), 6D, n=1(1)16, «=0(0.001)1. 
P,(cos0), 6D, n=1(1)32, 2=0°(10’)90°. No differences. 

10 Georges Prévost, Tables et Formules de Fonctions S pheriques 
(Gauthier-Villars, Paris, 1933) P,,(u), 5D, n=1(1)10, u=0(0.01)1. 
P,\(u), 5D, n=1(1)9, w=0(0.01)1. First differences only. Reliable 
interpolation is difficult. 

1 Zaki Mursi, Tables of Legendre Associated Functions (E. and 
R. Schindler, Cairo, Egypt, 1941) (Stechert, New York). P,(u), 
8D, n=1(1)10, w=0(.001)1. Modified second differences 5m’’. 

” For other tables see Fletcher, Miller, and Rosenhead, Index 
of Mathematical Tables (McGraw-Hill Book Company, Inc., New 
York, 1946). 

§ Again, if Tallqvist’s table is available, this function may be 
found from it in any of three ways. Direct evaluation of the slope, 
using H. E. Salzer, Table of Coefficients, Nat. Bur. Stand. App. 
Math. Ser. 2 (1948) yields three decimals, but five may be > 
tained by use of Eq. (12). More than two applications of Eq. (10) 
to extrapolate an alternate series from Mursi may endanger the 
fourth decimal, because the errors accumulate. 

3 E. R. Smith, Iowa State Coll. J. Sci. 12, 263 (1938), 6D. 

4 R. Radau, J. Math. 3 (6), 307 (1880), 8-10D. 
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TABLE III. Alternate recurrence coefficients. 











Past n Even P42 n Odd 
Po=1 P2=}(3u? —1) Pi=u P3=} (Su? —3u) 
n+2 M A B 2 n+2 M A B Cc 
4 36 105 55 14 5 100 315 161 54 
6 70 231 117 44 7 378 1287 649 260 
8 616 2145 1079 450 9 312 1105 555 238 


10 1350 4845 2431 1064 11 1870 6783 3401 1512 
12 836 3059 = =1533 690 13. 3276 12075 6049 2750 
14 4186 15525 7775 3564 15 1750 6525 3267 1508 
16 6480 24273 12151 5642 17 7888 29667 14849 6930 
18 3162 11935 5973 2800 19 11286 42735 21385 10064 
20 13300 SOSOS 25271 11934 


Pao? n Odd Pas? n Even 
PP; =1 Ps =9 (Su? —1) Pi =3u Po =§(7u3 —3u) 
n+2 M’ A’ B *y n+2 M’ A’ B’ ag 
5 20 105 49 36 6 140 693 333 220 
7 90 429 209 130 8 462 2145 1053 630 


9 728 3315 1635 952 10 360 =1615 799 456 
il 510 2261 1121 630 12 2090 9177 4557 2530 
13 924 4025 2001 1100 14 1196 5175 2575 1404 
15 4550 19575 9747 5278 16 1890 8091 4031 
17. 2320 9889 4929 2640 18 8432 35805 17853 9520 
19 3366 14245 7105 3774 20 3990 16835 8399 4446 








needed. These can be found from Table III, which was 
developed by solving simultaneously three equations of 
the form of (9) or (11), using consecutive values of n. 
The result is 


1 
Prio(u)= we u’— B)P,(u)—CP_-2(u) | 


with an analogous primed form for P,’. The general 
coefficients are: 


M = (n+1)(n+2)(2n—1) 

M’ =n(n+1)(2n—1) 
A= (2n—1)(2n+1)(2n+3) 
A’=(2n—1)(2n+1)(2n+3) 
B=2n?(2n+3)—1 

B’ =2n(n+2)(2n—1)—3 
C=n(n—1)(2n+3) 
C’=n(n+1)(2n+3). (20) 


The table is complete through n= 20, and since in each 
case the first two functions are given at the head of the 
column, it is also self-contained. || 


|| In evaluating Legendre polynomials directly, the number of 
correct figures declines with rising order, for the terms alternate 
in sign and their individual magnitudes exceed the sum by larger 
factors as m increases. With the recurrence forms there is no 
systematic growth of legitimate rounding errors, but any lapse 
of the calculator is disastrous. Fortunately it is easy to devise 
simple over-all checks. For example, Table III is useful even when 
all values of » occur. Here the terminal values of each series, odd 
or even, involve every preceding member, while the two sets have 
no common basis. Thus a single application of (9) or (11) to the 
three terminal values is conclusive. Again, if the terminal value 
of P,’ lies within the range of Mursi’s table, it may be checked 
directly, while beyond this range it is sufficient to apply (10) to 
the last two members of an alternate series, using Tallqvist. 


THE AXIALLY SYMMETRIC CENTRAL FIELD 
AND ITS ERRORS 


In this section the central field is examined apart 
from its origin. Such a disembodied approach separates 
the restrictions imposed by Laplace’s equation from 
those of boundary conditions peculiar to the windings, 
When to suit experimental needs a possible type of 
central field has been chosen, in particular one in which 
the region of uniformity has a desired (and realizable) 
shape, there may remain much freedom of choice of the 
system geometry. This follows from the small number 
of possible variations in the field or its gradient, whether 
produced by isolated filaments or by massed windings, 
with or without equatorial gaps. When design proceeds 
outward from field specifications to the generating 
sources, it is less subject to irrelevant restrictions, and 
a more suitable shape or size of magnetic system may 
result. 

The central field is defined as axially symmetric, 
bounded by a sphere that contains no sources, and with 
finite potential at the origin, which is the center of the 
sphere. Symmetry or antisymmetry about the equa- 
torial plane is usually postulated; that is, each source 
is mirrored in the central plane, without or with re- 
versal of current. This harmless restriction can be re- 
moved at any time by superposing a symmetrical and 
an antisymmetrical system. 

The central potential, together with all its derivatives 
in cartesian coordinates, satisfies Laplace’s equation 
and can be written as an infinite series of solid zonal 
harmonics. The subscript 0 will designate potentials or 
derivatives that are to be evaluated at the origin. 
Since V is finite, the central-field series contain only 
ascending powers of r. Without loss of generality one 
may set Vo=0, and so suppress the zero-order term. It is 
convenient to employ the exponent (m), in parentheses, 
to indicate m successive differentiations with respect to 
the axial coordinate x. From Eq. (15) it is seen that all 
the x-derivatives V‘™ may also be expanded in ascend- 
ing zonal harmonic series. But y as here used is not 
cartesian. Equation (16) shows that the series for 
y-derivatives contain derived polynomials like P,’ in 
place of P,,; the factor sin@ satisfies the axial boundary 
condition H,=0, imposed by the symmetry. On intro- 
ducting the field constants /, and the arbitrary factor 
—1/n, there results: 


«o 


=— > -har"P,(cosé). (21) 


n=17 
This equation must conform, as a boundary condition, 
to the Taylor expansion of the axial potential Vx, 
that is, to 


Vox. (22) 


Combine the last two equations with (3) and substitute 
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H. for —V: 
Hz,o°*- = (n— 1) thy. (23) 


Thus each of the field constants A, is proportional to 
one x-derivative of the axial field at the origin. Evi- 
dently An receives contributions from all the field 
sources, and this dependence is conveniently expressed 
in terms of a set of dimensionless source constants q, 
(Eqs. (43) to (54)) defined from the relation 


Qn=cCro"h,/2mi (gaussian units). (24) 


As previously noted, 7o is an arbitrary reference radius. 
Since at this stage the sources must not impose bound- 
ary conditions upon the field, further discussion of the 
source constants is deferred. 

The fields H, and Hs may be written down at once 
by differentiating (21); Hz, H,, and their higher de- 
rivatives with respect to cylindrical coordinates x, y are 
found from the same equation by applying (15) and (16). 





HO= > har” P,-1(cos6) (25) 
n=1 
HO = Y (n—1)har"Pn_2(cos8) (26) 
Hi= har™—™P n—m(cos6) (27) 
n=m (n— m)! 
«e | 
v=— ¥ Agr” sinOP,_1'(cos@) (28) 
n=2 


0H./dy=0H,/dx=— > har” sin6P,_2'(cos6). (29) 
n=3 


Equation (27) may be written 


HS" =(m—1)! hn+-:-. (30) 


The series receives no contribution from any term of 
(21) before the mth. Its first term agrees at the origin 
with (23), but it offers a broader interpretation of the 
field constants. Each measures the strength of a par- 
ticular x-derivative, not merely at the origin, but 
throughout the region since no field coordinates appear 
in the first term of Eq. (30). Its later terms are dismissed 
as belonging to field constants of higher order than the 
mth. Thus any axially symmetric central field is fully 
described by stating the amplitudes k, of a set of 
standard harmonic components. Harmonic /y is a uni- 
form field; 2 is a uniform gradient H,™, with H, pro- 
portional to rsin20, and so on. There is a certain 
resemblance to fourier analysis, but here each com- 
ponent is a three-dimensional field pattern, while the 
amplitudes depend upon the choice of origin. Figures 2, 
3, and 4 show contours of constant H, in‘ fields of 
types hs, hs, and hz, respectively, that is in fields for 
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which H,”, H,, or H, is constant. More generally, 
they are contour maps of H,‘™ in fields Amis, Amis, 
hm4z, where m may be odd or even. Harmonic types 
with odd h, are characterized by symmetrical H, pat- 
terns, with antisymmetrical x-gradient and H, patterns, 
and conversely. 

No direct use has been suggested for field types of 
order higher than the gradient /2, though it is easy to 
produce a field that reduces to hs or A, near the origin, 
and in theory any harmonic is easily generated in pure 
form. To produce h,, wind a sphere with surface current 
density proportional to sinaP,’(u), that is with axial 
current density proportional to P,’. The single com- 
ponent H,"-» is then uniform throughout the sphere. 
A later section discusses systems of circular filaments 
that approximate such current sheets. 


Field or Gradient Errors and Error Maps 


The error », of order ¢ is arbitrarily defined, for field 
systems, as the dimensionless ratio of the error-field 
H_ contributed by the term of order e+1 to the 
fundamental field H, 9 due to 4, while the corre- 
sponding ratio for gradient systems is that of the com- 
ponents H,™ due to h.42 and to Ap. In field analysis, 
it is convenient to write the errors in terms of coeffi- 
cients k, derived from the field constants, while for 
coil design a more appropriate set of error coefficients €, 
may be defined from the source constants. The latter 
set, like gn, are pure numbers. From Eqs. (24)-(26), 


Ne= k.r*P.(cosé) _ €-(r/19)*P.(cos6) (31) 
where 
ke=Itess/hy €e= Jo+1/91 (Field) 
ke=(e+1)hey2/h2 €e=(€+1)Ge42/g2 (Gradient). (32) 


Assuming a plane of symmetry or its converse, e= 2, 4, 6, 
- and the errors are solid zonal harmonics of even 
order. The equal error contours conform to the equation 


r°P({cos@)=const (e=2, 4, 6, ---). (33) 


Therefore, all contours of a given order are geometri- 
cally similar to one another, and are the same for field 
as for gradient systems; they are identical for all 
systems, regardless of the number and complexity of 
their sources. In fact they are identical with certain 
electrostatic equipotentials and with a number of other 
surfaces in various Laplacian fields, over which some 
scalar magnitude is constant. 

The order of error of any system is defined to be that 
of its lowest order error, measuring the gap, if any, in 
its even or odd harmonic expansion; if m terms are 
missing, the order of error is 2m+2. Universal error 
maps may be drawn to cover all cases in which interest 
is confined to a region so near the origin that the lowest 
error term alone is significant, or alternatively the first 
two. Figures 2, 3, and 4 cover single-error fields of the 
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Fic. 2. Second-order error contours for central field or gradient. 


second, fourth, and sixth orders, respectively,{] while 
Figs. 5 and 6 represent two-error hybrid fields. The 
contour interval is logarithmic. In the first three figures 
the errors increase by powers of ten (for example, 0.01 
percent, 0.1 percent, 1 percent), and in the last two by 
powers of two. Where three levels are shown, the inner- 
most set is merely indicated by short arcs. The most 
elementary magnetic fields to which these diagrams 
correspond are (Fig. 2) Ampere’s loop, (Fig. 3) the 
Helmholtz field pair or Maxwell’s gradient pair, and 
(Fig. 4) Maxwell’s three-loop system.”® 

The H, error, defined for field systems as H,/Hz,o, 
may be similarly mapped. The contours are given by 


(e=2, 4, 6, -- ) (34) 


and they show a general resemblance to those for H,, 
but with the axes rotated through an angle approxi- 
mately 2/2e. In this case the axis and the mid-plane 
are limiting cases of zero-error cones, instead of repre- 


r* sin@P,’ (cos@) = const 





Fic. 3. Fourth-order error contours with error spheroid. 


{ From the trend of the figures, the higher orders are easily 
visualized. Compare Fig. 3 of Shortley and May (reference 3) 
which shows the 8th-order two-dimensional contours of the 
cylindrical harmonic r* cose? (e=8). For the simplest electro- 
static equipotentials of second order (Fig. 2, present paper) 
place equal point charges +Q; at +x, 0. For Fig. 3, add a pair 
—Q: at +x2, 0, where Q:x27=Q2x;'. The analogy may be improved 
and extended by substituting charged rings for the axial point 
charges. 

Pian or Maxwell, Treatise on Electricity and Magnetism, Vol. II, 
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senting error maxima.** Equations (13), (14) with (25) 
and (28) show that for all values of e the magnitude of 
the error H, is much the same as that of H,.}} 

In each figure, the zero-error contour for H, or 9,0 
is a set of cones with e sheets intersecting at the origin, 
with half-angles corresponding to the roots of P,=( 
(not shown in Fig. 4). The cones separate compartments 
whose errors alternate in sign, but no signs are shown 
since each field occurs in positive and negative variants 
McKeehan" has discussed the cones, but not the re. 
maining contours. Principal interest attaches to the 
shape of the low error region. For stated limits such as 
1 percent, the available space is best described as 
cylindrical in second-order fields, while it is more nearly 
spheroidal for all higher orders. In fact, a true spheroid, 
tangent to the axial and equatorial error sheets, always 
clears safely the intervening oblique sheets of a single. 
error field. Such a tangent ellipsoid (as shown in F ig. 3) 
is called hereafter the error spheroid, and is considered 
to bound the useful region. When as in Figs. 5 and 6 
the contours are warped by superposed higher orders, 


Cv, 






Fic. 4. Sixth-order error contours, omitting cones. 


they generally lose the spheroidal form, and each 
assigned error limit bounds a differently shaped space. 
The aspect ratio of the error spheroid of order ¢, 
defined as the ratio of the axial to the equatorial 
diameter, is [P.(0) }*. As this is less than unity, all 
single-error central fields are oblate. Table IV lists the 
aspect ratios from the second to the twelfth order. The 
plus sign which is written when e is a multiple of 4 
means that the sign is the same for the axial and equa- 
torial errors (because the error reverses sign at each of 
4¢ zero-error cones). To illustrate the comparative at- 


**In the two-dimensional case (Fig. 3 of reference 3) the 4, 
errors are proportional to the cylindrical harmonic r* sind, 
thus are identical with the H, errors, as mapped, rotated 
an angle 7/2e. 

tt H. Nagaoka, Phil. Mag. 41, 377 (1921, plates follow p. 54) 
drew second- and fourth-order maps for the Ampere and Hela 
holtz fields, separately, both Hz and H,, but his sixth-order map 
is meaningless. Here a numerical error in the complicated derive 
tion from elliptic integrals changed one coefficient from 35 
1235! Nagaoka did not notice that his results finally emerged as 
zonal harmonics expressed in x,y, nor did he ascribe to 
maps of special cases a more general validity. 

16, W. McKeehan, Rev. Sci. Instr. 7, 150 (1936). 
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vantage of high order fields for extreme uniformity, 
note that if in Fig. 2, as in Fig. 4, an inner third con- 
tour were shown, it would embrace only one percent of 
the area of the outer contour. On the other hand, high 
order fields have increasingly sharp boundaries, as the 
errors involve higher powers of r. This is shown in 
Table IV, where the term “limit ratio 10:1” means the 
ratio of diameters of two error spheroids having errors, 
respectively, 107 and 7». Such ratios are even roots of 10. 
Table IV when added to the error maps gives an ade- 
uate summary of all single-error fields. 

Can all fields be cast in so rigid a mold? There are 
three reservations. First is the limitation to a spherical 
space that contains no field source. Though (subject to 
reservation two) only the innermost end-turn of a 
smooth solenoid bounds the field, the nearest of a series 
of openly spaced turns must be taken. However, if the 
spacing is uniform and close, the system may be con- 
sidered smooth and the gaps superposed as a perturba- 
tion, as is often done to estimate the effect of winding 
errors. 

Second is the boundary condition encountered at a 
current sheet, such as the wall of a thin solenoid. Here 
fictitious fields H,’ and H,’ are first calculated to the 
previously defined limits of the central region. If N’ is 


TABLE IV. Aspect and limit ratios. 








Order of error 2 4 6 8 10 12 


—0.707  +0.783 —0.824 +0.850 
3.162 1.778 1.468 1.334 





Aspect ratio 
Limit ratio 10:1 


—0.869 +0.883 
1.259 1.212 








the linear turn density, the true fields are then given by 
H,=H, H,=H,'—4nN'i/c. (35) 


For, at all points in the field of an arbitrary cylindrical 
current sheet with normal end-faces (not restricted to 
circular cylinders) the axial component is 


H,=QN'i/c (36) 


where 2 is the solid angle subtended by the current 
sheet, regarded as a gaussian surface but with open ends. 
This angle varies continuously except for the sudden 
increment 4x at the wall. Thick solenoids require step- 
wise increments, layer by layer, as the wound space is 
traversed. With these modifications, the error contours 
continue through the walls as if they were absent, but 
each contour represents two distinct levels spliced to- 
gether at the wall, differing from each other by 42N’i/c. 


Hybrid Fields, Prolate and Oblate 


The third reservation is the restriction to a single 
order of error. Removal of this restriction permits minor 
alterations in the aspect ratio of the useful field, for 
some specific error tolerance that is preassigned. Varia- 
tions resulting from combination of two or more error 
terms are more limited than one might expect, for the 
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Fic. 5. Combined second- and fourth-order errors, 
with error spheroid; prolate case. 


significant features all appear in the prolate and oblate 
field maps of Figs. 5 and 6. The writer knows of no 
proposed hybrid in which the second order is absent, 
though the success of the oblate field of Fig. 6, mixing 
second and fourth, suggests that a proper combination 
of fourth- and sixth-order errors without the second 
might be even better. Present discussion concerns the 
second and fourth orders alone.{{ Though many have 
employed the prolate field of Fig. 5, especially when 
using solenoids with over-correction of the end errors, 
the oblate field is more useful. It was introduced by 
Shaw,!*?8 and the minima in Koch’s curves’ for thick 
cloud-chamber coils correspond to the same field type, 
though Koch’s data do not readily yield any over-all 
field pattern. Either prolate or oblate fields may be 
generated by a variety of systems; some facts about 
each type have been given, but more systematic analysis 
is lacking. The following treatment applies equally to 
systems producing either fields or gradients. With these 
hybrids added to the single-error types, it may be 
doubted that further basic central fields exist. 

If two consecutive orders have the same sign of error 





Fic. 6. Combined second- and fourth-order errors, 
with error spheroid; oblate case. 


tt In a later paper, a field similar to that of Fig. 5, produced 
by a pair of thick-solenoid cloud-chamber coils, will calcu- 
lated through the tenth order. Little change results from this 
extension, because as shown below (Eqs. (55)-(58)) the initial 
terms converge rapidly. 

17 A. E. Shaw, Phys. Rev. 54, 193 (1938). 

18 Ference, Shaw, and Stephenson, Rev. Sci. Instr. 11, 57 (1940). 
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on the axis they differ conversely at the equator. The 
lower order error is dominant near the origin, but the 
higher order varies as a higher power of r and soon 
outweighs it. Thus with one sign of the higher order, 
its addition accelerates the normal monotonic growth 
of error on the axis, while in the plane x=0 the error 
reaches a maximum, declines to zero, changes sign, and 
thereafter increases rapidly. The region of low error 
is extended equatorially but is axially compressed, be- 
coming more oblate. The prolate case requires a change 
of sign of one error pattern; since it is similar except 
that the axis and the equatorial plane exchange roles, 
the two cases may be discussed together. 

Let 0, y» define the equatorial circle, or +x», 0 the 
axial points, at which the error reaches its maximum 
value, while at 0, yo or at +o, 0 it has fallen again to 
zero. For the second and fourth orders, Eq. (31) re- 
duces to 

n=ke*Potke'P,. (37) 


From this the maxima and the zeros are found to be as 
follows: 


yr= 4ko/3ks, x= —- ko/ka, 
Vm? =2ko/3ks, Xm?= —ho/ 2k, (38) 


TABLE V. Comparative dimensions of error spheroids. 








Prolate Spherical Normal Oblate 





Fig. 5 Fig. 5 Fig. 3 Fig. 6 
Aspect ratio 1.22 1.00 0.78 0.38 
Equatorial limit 0.82 0.89 1.00 1.39 
Axial limit 1.27 1.14 1.00 0.67 
Useful volume 0.86 0.92 1.00 1.30 








while the magnitudes of the maximum errors are 
Jae™ k?/6ks, 2m, — ke?/4R. (39) 
Equation (38) shows that k, and 4 must be of the same 


sign in the oblate case, opposite in the prolate. In either 


case the zero-error contour (dashed in the figures) is 
divided. The first part is asymptotic at the origin to 
the cone P,=0 and at remote points to one of the two 
P, cones. The remaining parts, through yo or %, are 
asymptotic at far points to the second cone. Thus each 
drawing reduces to Fig. 2 near the origin and to Fig. 3 
at the periphery. The drawings are again universal, 
their scale being set by the ratio k2/ky, which deter- 
mines the positions of the zeros and the maxima. The 
interval is logarithmic, the error doubling at each step. 
Thus the contours drawn are +m, 2m, +4nm, of 
which +7,, intersects itself in the circle y,, or at the 
points +2x,. The entire region between the dashed 
contours has the same sign of error as the branched 
contour +7,» that lies within it, while errors of opposite 
sign are encountered everywhere else. To construct the 
maps, the quadratic (37) was solved for a considerable 
number of angles. 


Maximum field uniformity occurs wherever the con 
tours branch. Contours near the singular points +; 
or near the origin have the exact form shown in Fig. 2 
The circle of radius y» is an ideal orbit for charoea 
particles, and it was so used by Shaw. In this circle ty 
cones intersect at right angles. Since the error is mayi. 
mum, 0H,/dy=0, while the remaining first derivatives 
vanish from symmetry. Second-order variations alone 
remain and the circle is the axis of an annular region of 
excellent uniformity. The annulus has, for a given erro; 
approximately the same width radially and axially, as 
may be proved directly from Laplace’s equation jp 
cylindrical coordinates. Since 0H,/0,=0, the second de. 
rivatives of H, with respect to x and y are equal and 
opposite. Of these Hz can be found from Eq. (27), 
retaining only the terms in h3= k2h. Substitute P,=~ 
and insert the value of r?= y,,? from (38) ; the result is 


#H,/ dy = 0H,/ dx? = 2kohy= 2h. (40) 


The foregoing theory is easily extended to include higher 
orders. 

In these hybrid fields, the shape of the useful space 
depends on the magnitude of the tolerable error. Assume 
that errors of either sign are allowed, up to a stated 
maximum 7, and that a spheroidal working space is 
desired. Previous writers have identified 1 with 1,, 
but the figures show that the oblique sheets pinch off 
part of the space enclosed by +m. To be quite safe, 
nm must be reduced to 4 in oblate fields, and to 41 in 
prolate fields. Comparison of the normal fourth-order 
spheroid of Fig. 3 with those of Figs. 5 and 6, which 
correspond to the values of 4 just named, shows that 
the presence of a second-order error may change the 
aspect ratio significantly. 

The design procedure is, starting with Fig. 3 (k,=0) 
to modify the aspect ratio by slight adjustment of 
position or dimensions of some part of the source 
system, whereby the proper small value of ez is realized. 
In this process, which requires Eqs. (43)—(54), (24) and 
(32), k changes little; both m and k, will be con- 
sidered constant. To compute Table V, set 4no=m,2 0t 
2no= m,y, and solve for axial and equatorial values of r. 
These are the semi-axes of the spheroids of the figures. 
All quantities except the aspect ratio express ratios of 
the modified dimensions to those of the normal fourth- 
order case, for the same tolerable error 0. The spherical 
case is derived from Fig. 5 by selecting a set of contours 
beyond mm in which a sphere may be inscribed. The 
sphere passes well inside the oblique sheets. Though for 
special purposes these hybrid fields are superior to pure 
fourth-order fields, the sixth-order solenoid forms de- 
scribed at the end of this paper are still better, and may 
prove equally easy to construct. 


CALCULATION OF THE SOURCE CONSTANTS 


The central field of any axially symmetric system is 
fully determined when the source constants of Eq. (24) 
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can be computed. The unit source is a filament f;, 
whose field, at the origin, is 


Vo= —iN Q/c= —2miN (1—U;)/c. (41) 


Expand this equation along the axis, using Eq. (22), 
without the arbitrary constant Vo. Then eliminate u;‘” 
with the aid of Eq. (18). Here drop the factor (—1)"", 
since the x-differentiation in (18) implies axial motion 
of the source, whereas in the Taylor expansion (22) it 
refers to motion of the field point. The result is 





2a o lyx\" 
Vsxz=— N; sin’a; Zz -(-) P,, (uj). (42) 
vj 


c n=1N 


This must be fitted as a boundary condition to the 
harmonic expansion (21), using also Eq. (3). On writing 
the result in terms of the constants defined by Eq. (24), 
at the same time summing over u;, the source constants 
qx({) are found, for a complete filament system :§§ 


qn(f) =. Nj sin’a;(ro/1;)"P n' (uj). (43) 


To deduce g,(s) for a solenoid system, rewrite the sum- 
mation as an integral, replacing the element N; by 
N,/dx. After gi, the integrals are found from (18). 
Insertion of the limits introduces the coordinates of the 
end-turns alone of the thin-solenoid system.!® 


qi(s)=1ro > Nx'ux 
k 


(n>0), Qnyi(s)= . u Nx’ sin?ax(ro/r.)"Pn'(ux). (44) 


The following equation relates the source constants 
for one end of a solenoid of strength N,’ and those of a 
coincident filament N;: 


(n>0), N sqn+1(s) nha (ro/n)N.qn(f). (45) 


This follows from the last two equations, or from (36) 
and (41), which express V(f) and H,(s) in terms of the 
same solid angle. More generally, x-differentiation trans- 
forms a cylindrical current sheet into a circular filament, 
a thick solenoid into a spiral disk (Eq. (47)), or any of 
the quantities 4,, gn, 7"P,, or r~” sin’aP,,’ into the simi- 
lar quantity of next higher order. Especially useful is 
the series relation among the constants gn. From Eqs. 
(18) and (43), 

Qnti= — (ro/n)0q,,/ dx. (46) 


Here g needs no specific argument, as (f) or (c), since 





§§ These differ only by a constant from McKeehan’s S, 
(reference 16). 

“The method, though not the form, is essentially that of 
Andrew Gray, Phil. Mag. (V) 33, 62 (1892). See also Andrew Gray, 
Absolute Measurements in Electricity and Magnetism (MacMillan 
Company, Ltd., London, 1921) 2nd ed., pp. 201-206, 796-797. 
A certain lack of organization in Gray’s treatment may explain 
the general neglect of this simple method. It was used by Dwight 


(reference 6) to derive a number of formulas with restricted 
choice of origin. 
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the equation involves no source coordinates. It holds 
for each circular turn, hence also for every type of 
complete axially symmetric system. 

In a later paper, Eqs. (43), (44) will be expanded as 
power series in the section coordinates of moderately 
thick solenoids, referred to origins at the central fila- 
ment of each square section or at the central filament 
of each end-face of a more general section. Such series 
for gn, are sometimes useful, but the same constants 
may also be found by integrating Eqs. (43), (44) with 
respect to a, yielding (48) which is valid for sections of 
unrestricted thickness. From (43) are derived source 
constants g,(d) for a system of plane annular current 
sheets (transverse disks), while from (44) come the 
thick-solenoid forms. Since the disk is a thin slice from 
the end of a solenoid, a relation like (45) holds for the 
two sets of coefficients: 


(n>0), Na'qnyi(c)=—(r0/n)Ne’gn(d) (47) 


where V7’ and N,.” are, respectively, turns per (radial) cm 
and turns per cm?, and the disk edges coincide with those 
of the solenoid. It is easy to approximate the disk by 


TABLE VI. Coefficients for series 542. 











n+2 Ao Ae As As As A. Aw 
3 1 
4 1 3 
5 2 3 15 
6 2 3 0 35 
7 8 12 15 —70 315 
8 8 12 15 35 —315 693 
9 16 24 30 35 315 —2079 3003 








rolling up a narrow tape, in the manner described by 
Bitter® and others," but the possible advantages of 
such a geometry are unknown. 

The limits of integration introduce coordinates of the 
circular edges; the outer right-hand edge of a positive 
winding takes the plus sign. From Eqs. (44), (46), 
gn(c) is easily found. Only q;(s) is directly integrated, 
while the higher orders require only successive differ- 
entiations. The source constants will first be written in 
powers of x rather than of 7;, because in practice it is 
convenient to add contributions from the two edges of 
each end-plane before multiplying by «,". 


1+sina, 
gilc)=ro > Ni’x1 in(——) 
1 


1+sina; 
go(c) =r" >. Ni’ sina. in(——“) 
l 


uy 


uy 





(n>0), Qni2(c)= DX Ni’ (r0/%1)"Sn4a(ur). (48) 


n(m+1) 1 


20 F, Bitter, Rev. Sci. Instr. 7, 482 (1936). 
2 L. G. Coonrod e al., Rev. Sci. Instr. 20, 408 (1949). 
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TABLE VII. Coefficients of 2048U n+». 











oo 

n+2 u ui us u? u® uu 43 us 

3 +3072 —768 —128 —48 —24 —14 -—9 - 

5 — 11520 +21760 — 6000 — 1056 —410 —210 — 125. —81. 

7 + 22400 —1 09200 +1 27344 — 29260 — 4695 — 1726. — 853. —494. 
9 — 35280 +3 24576 —7 99092 +6 73668 —1 28555. — 18321. — 6207. — 2892. 
11 +49896 —7 41510 +30 84345 —50 88817. +33 56557. —5 42992. — 68764. — 21333, 
13 — 66066 +14 44014 —90 36590. +239 32015. —297 02787. +160 82329. —22 50561. —2 55127. 








Here s,42(™) is a summation that is usually best com- 
puted as follows: 


Saus(u)=1—sinta = u™'P,!(u)=1— | falu). (49) 


The second half of (49) defines a series /,,(«) from which 
Sn42(%) is computed as a running sum. The first half 
expresses compactly the general series that results from 
repeated differentiation of g2 in Eq. (48), though the 
early terms are more easily derived as polynomials 
(Eq. (50)) whose coefficients are listed in Table VI. 


$3(u)=1—sin’a 5,4(u)=1—sin®a(1+32) 


sin’'a 





Sn+2(u) =1-— 
Ao 
XK (Apt Agt?+A q!+ +++ +AU?" *). (50) 


The series f of Eq. (49) may be extended indefinitely 
by using a recurrence formula based on Eq. (11): 


fr=sin’a fo=3u? sin’a 


u 





fn= [(2m—1)fm—+— mf m2]. (51) 


m—1 


When m is 10 or less, the last function, f,=sin’au™"P,,’(u), 
may be checked from Mursi’s table. This verifies the entire series, 
and suffices for five errors of the system, whether for field or 
gradient. The function u~"sn»,o(u) is roughly of the order of 
magnitude mn}, for all values of u. Let ro/r; be of the order unity. 
When wu is small, ro/x; is large, sn42 diminishes rapidly with in- 
creasing m, but the decrease is offset by the rapidly rising factors 
(ro/x1)*. The convenience of Eq. (48) is lost, and it is better to 
rewrite it in closer analogy to (44), even though each source now 
requires a separate power series in r:. 


re s y,, T 
2 Ni" (ro/r1)"U ng2(r) (52) 


atta n(n-+1) 4 


Qn+2(C) = 


where 


U not) SUu-"Sn42(u) =u-"—sinka D u™-*'P,,'(u). (53) 


m=1 
The function U,,,2 is computed as follows: 
U3(u) =u-“"(1—sin’a) 
U,(u)=uU »_1(u) —sinba Pp 2'(u). (54) 


The series —sin’aP,,’ is developed from —sin*a, using Eq. (11). 
In computing, either from Eqs. (52)-(54) or from (48)-(S1), 

if « is too small the number of significant figures declines with 

advancing m, since the absolute errors accurhulate in a running 


total of decreasing magnitude. The remedy is to multiply Eq. (50) 
out in full, after expanding sin*’a by the binomial theorem, 
Table VII lists enough coefficients of the resulting infinite power 
series in u to satisfy all reasonable demands for precision, up to gy, 
for u as high as 0.5. This formidable table is rarely needed in 
practice for « greater than perhaps 0.25, and then only a single 
line of it, from which some coefficients at the right end may 
usually be omitted. The best method is to enter the table, when 
necessary, at the last value of m+2 that is required, e.g., at 11 if 
five error terms are needed. Having computed the terminal 
coefficient to about four digits, proceed backward using (54) or (49) 
and retaining a constant number of decimals. Check the terminal 
value ss or Us by computing sin*a directly. This check confirms 
all results, and all will be found to have enough significant digits, 
Table VII gives coefficients of um in the series 2048U m2; to find 
Sn42, multiply by u"/2048. The factor 2" allows a reasonable 
number of integral coefficients. Only those at the lower right, with 
decimal point appended, have been rounded off. 

The foregoing treatment of thick solenoids has some relation to 
that of L. W. McKeehan, Rev. Sci. Instr. 10, 371 (1939). Here 
occur two functions equivalent to qs(c) and qs(c). The actual 
expressions were so complicated that the series was little used, 
and no attempt was made to extend it further. Actually the three- 
term equivalent of s3 can be reduced by trigonometric substitu- 
tions to sin’a, and presumably the nine-term function would 
similarly reduce to 55. 

H. W. Koch (reference 7; Koch cites also previous work) has 
recently written out the first four error terms of two rather 
difficult series for thick solenoids. Together, they cover the range 
a> 2/4, giving fields at points in the plane of the origin. From 
these series he computed a table, as a basis for further graphical 
analysis. The table gives H, at equatorial points for solid-wound 
cylinders, corresponding to single sources cz, but Koch’s expres- 
sions do not reduce readily to a form like Eq. (48), from which 
presumably they differ by some function of x;. This is inferred 
from numerical comparisons that included over a dozen selected 
tabular entries. Only when two tabular values with the same 
x-coordinate were added algebraically to yield H, for a complete 
solenoid end-plane did the results agree with calculations from 
Eq. (48). With this restriction, the last figure checked within one 
or two units, but second and fourth differences formed from the 
complete table reveal at least one large error, with one or two 
small ones. From various comparisons it was concluded that the 
rate of convergence of Koch’s series is much the same as that of 
the more versatile and convenient series developed herein. 


At all stages of this work, numerical checks were 
liberally employed. Errors were computed at the same 
point, using different origins. Calculations from thick- 
solenoid formulas were checked against gaussian nu- 
merical integrations using four or six thin solenoids of 
suitable strength properly distributed through the sec- 
tion, and against fourth-order section expansions of 
median thin solenoids or filaments. Limiting cases were 
analyzed, and many other special tests were devised. 
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RATE OF CONVERGENCE OF ZONAL 
HARMONIC SERIES 


The discussion here concerns the rate of convergence 
of the complete series giving, for example, H, or H, at 
a central or remote field point, or the mutual inductance 
¥ of two systems. Assuming the usual alternate series, 
the rate is measured by the ratio of the contribution 
from order n+2 of such a series to that from order n. 
Complete series that involve both field and source 
coordinates are not written out explicitly in this paper, 
but they may be derived from Eqs. (25)-(29) by elimi- 
nating hn, using Eqs. (24) and (43), (44), or (48). 
Analogous series occur for remote fields and for mutual 
inductances. It seems at first sight difficult to treat the 
general case concisely, since each of these three types 
of series has distinct forms for filament systems, for 
thin and for thick solenoids. But all conform to a 
common pattern, in that each term is the product of 
factors of three kinds, each with its own habit of con- 
vergence. Over-all constants are dismissed as irrelevant. 

The first factor, which of itself converges steadily, is 
a power of a ratio of two polar radii; for example, the 
ratio of the field-point radius to a source-point radius, 
as r/r; when combining Eggs. (25)-(29) with (43). In the 
corresponding remote-field case the ratio is inverted. 
Though the actual factors gn, px involve summations 
over all sources, the rate of convergence after a few 
terms depends mainly upon the more persistent con- 
tributions from the nearest source in the case of gq, or 
from the most remote in the case of p. Mutual in- 
ductance series contain products of gn1, from the outer 
or primary system, and no, from the secondary inner 
system. The persistent terms arise from source pairs of 
minimum 7; and maximum fr». It is therefore a safe 
approximation to discard all sources except those least 
favorably placed, and from these to define the r-de- 
pendent factor p as the ratio r/r;, r;/r, ro/ri, etc. 

The second factor is a product of reciprocals of 
integers nearly equal to the term order n, as n, n+1, 
n+2. In considering the ratios of consecutive terms, the 
eflect of the increment +1 or +2 is of second order, 
decreasing rapidly with rising m. Write, therefore, m for 
any of these integers, and m? for any of their products 
of degree p. 

The third factor is a product of two (sometimes 
three) angle-dependent functions. Dropping the dis- 
tinction between @ and a, these may be Pp, sinOP»’, 
sin'6P,’, Um, or a fifth function that replaces U, in the 
remote field. All exhibit oscillations-in-m of quasi- 
sinusoidal character. The asymptotic behavior of Pm 
and of sin’@P,,,’ is described by Eqs. (13), (14) ; that of Um 
and its analog is not known with precision, but these 
functions seem to behave like sin’6P,,’, and such a 
property will be tentatively assumed here. When m 
varies, P,, and sin?@P,,’ oscillate at nearly the same 
fate as sinm@ or cosmé, i.e., with period-in-m close to 
2x/@, but with amplitudes nearly proportional to m~! 
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and to m}, respectively.|| || The two functions are related 
like sine and cosine in that when @ varies the zeros of 
each coincide with maxima of the other (Eq. (19)) while 
when m varies the two functions are in quadrature 
(Eqs. (13), (14)). Write S(mé@) for a sinusoidal function 
of constant amplitude and undefined phase, with period 
like that of sinm@, i.e., 27/@. Interpret the symbol ~ to 
mean “converges as,”’ that is let it be used to connect 
quantities that depend similarly upon m and that 
converge at similar rates. Then, 


MP =m P m! =m U m= S(me). (55) 
It is expedient to replace gm or Pm by a generalized 
source constant ¢m. Equations (25)—(29) now show that 
H., H,, with their gradients and all higher derivatives, 
converge at similar rates. Writing H for H, or H,, 


H,§™ =m cnp™S(mé). (56) 
From Eggs. (43), (44), (48) and from their remote-field 
analogs, 


Cr(f)~m)S(m8), Cn(s)~cn(d)~m-!S(mB) ’ 
Cn(c) = m-*S(mé). (57) 


The series for mutual inductance (from a later paper) 
contain m~*gniPn2, and, when the axes of the primary 
and secondary systems intersect at angle 0, P,(cos@) 
also. Since the last factor may be absent, it will be 
enclosed in brackets, thus: 


M,~m*29™,2[ S(mé) }. (58) 


The rate of convergence for any complete series can be 
estimated by substituting (57) into (56) or (58). For a 
given field point, the resulting series contain products 
S(m6;)S(m@2), with periods respectively, 27/6, 21/62; 
such products oscillate with “beats.”’ The oscillations 
are “damped” only by the factors in p and in m, so 
that any monotonic decrease must depend upon these 
factors rather than upon the choice of angles or com- 
binations of angles. This fact has sometimes been mis- 
understood. 

The ratio of the “amplitudes” alone of successive all- 
odd or all-even terms is p?(m/m-+2)”, where p ranges 
from zero for the field produced by filaments to 11/2 
for the mutual inductance of two thick solenoids. The 
m-factor may thus influence strongly the convergence 
of the first few terms, though with increasing order its 
effect diminishes and may become negligible, whereas p” 
remains constant throughout. The field series converge 
more slowly than those for mutual inductance, because 
of the lower value of the exponent p, and for the same 
reason the series for filament systems converge more 
slowly than for solenoids, especially thick solenoids. But 
this advantage of thick solenoids is partially offset by a 
tendency to higher values of p. With massive windings 
it is hard to avoid sources near the origin in central 


al || The factor 1—(1/4m) of Eq. (13) has only a second-order 
effect. , 
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TABLE VIII. Cotangents for fourth-order split solenoids.* 











=—=—_—_— 
a ca bn!’ at c2 bm’? ray C2 bm’’ 1 ca bm’ a1 C2 iy 
01 2.955 308 11 1.315689 5130 21 0.956437 1304 31 0.747 347 592 41 0.600937 34° 
02 2.408 057 12 1.266269 4260 22 0.931199 1185 32 0.730538 556 42 0.588 519 330 


03 2.120617 70000 13. 1.221145 3590 23 0.907149 1081 33 0.714285 524 43 0.576 433 316 
04 1.928870 44000 14 1.179636 3060 24 0.884182 991 34 0.698557 494 44 0.564 662 393 
05 1.786205 27 800 15 1.141209 2640 25 0.862208 911 35 0.683323 467 45 0.553195 29) 


06 1.673134 18900 16 1.105442 2310 26 0.841147 842 36 0.668557 442 46 0.542018 279 
07 1.579736 13580 17 1.071992 2030 27 0.820930 780 37. 0.654 233 420 47 0.531121 2% 
08 1.500308 10180 18 1.040581 1800 28 0.801493 725 38 0.640329 399 48 0.520492 258 
09 1.431285 7900 19 1.010975 1605 29 0.782782 676 39 0.626824 380 49 0.510121 249 
10 1.370296 6300 20 0.982982 1443 30 0.764748 632 40 0.613699 362 50 0.500000 249 











* The cotangents ci and ¢2 are ratios of length to diameter for the central gap and for the winding. The column dm” gives second central differences 
modified by the “Comrie throwback” to include the fourth order, i.e., 5m” =3” —0.1848!. To interpolate fg between consecutive entries fo and f;, where ¢ 
is the fraction of the tabular interval 0.01 and ¢=1-—6, first compute an intermediate difference 59” =4[(1+¢)5mo”’ +(1+6)5m1”], Then 


Sg =ofotOfit toss”. . 


fields and undue projections upon search coils, in rela- 
tion to the mean radius. This affects adversely both the 
size of the low error region and the space in which the 
field is easily calculated with precision. But if the range 
of central uniformity is appraised in relation to the 
inner radius, experience confirms the excellence of the 
thick coil when carefully designed. It confirms also 
the general advantage of solenoid forms, hitherto in- 
adequately exploited. 

In practice, thin-solenoid fields are conveniently cal- 
culated to one part in 10° and thick-solenoid fields to 
one part in 10‘, using five or at most six error terms, 
when p is as high as 0.7. Note that p is a ratio of polar 
radii, and it may sometimes be expedient to lower it by 
shifting the origin. With the same value 0.7, thin- 
solenoid mutual inductances can be found to better 
than one part in 10°, using ten terms computed from 
Table III. The method is less arduous than those in 
common use for precise calculation of M. Fields may 
still be computed to one-tenth percent with p about 0.8. 
Higher values are increasingly awkward, and a zonal 
harmonic expansion seems incapable of yielding even 
an approximate result for self-inductance (p= 1). 


SPECIAL CENTRAL-FIELD SYSTEMS 


Here the methods and results of earlier sections are 
applied to certain special systems for illustration. 


Filament Systems Approximating Harmonic 
Windings 
Loop combinations that suppress several central error 
constants q, immediately following qi or g2 have been 
ably discussed by McKeehan.'*- Early in the present 
work, it was noticed that one of the four-loop systems” 
adds a fourth member to a series that began with 
Ampere’s loop, the Helmholtz pair, and Maxwell’s 
three-loop combination." The series may be indefinitely 


2 L. W. McKeehan, Rev. Sci. Instr. 7, 178 (1936). 
% Reference 16, Table III, Note (e). McKeehan seems not to 
have noticed that these loops coincide with the roots of P;’=0. 


extended ; all of its members generate uniform J, anj 
may be designated as of harmonic type /, (Eq. (30)), 
To indicate this, only the subscript (1) will be retained, 
and the system will be classified as (P»’),, since the 
(m—1)th member consists of m—1 filaments placed on 
the surface of a sphere, at positions “jm defined by the 
roots of P,,’=0. The turns Vj», are proportional toa 
set of constants A jm’ from which further series (P,’), 
++, (Pm’), may be derived. (Pm’)2 generates a gradient 
(42) while (P,,’), generates a field of type h,. The tun 
ratios of the general system conform to the equation, 


N jmn= A jm’ Pp! (uj) Xconst, (59) 


and occupy the same positions on the sphere for all 
values of m. Whether m is odd or even, the (P,’), 
system has a lowest order error constant gom—1, hence its 
order of error is 2m—2. 

Of the gradient systems, only Maxwell’s (P,’=0) has 
been described previously. Systems of even m have 
errors of order 2m—4, using only m—2 filaments, while 
odd-m systems are less economical in this respect. In 
even-m (P,,'), systems, beginning with Maxwell’s, the 
equatorial coil corresponding to P,,’(0)=0 has the 
largest turn count (maximum A;,’). But in gradient 
systems, the equatorial coil is suppressed altogether 
since the factor P,’ of Eq. (59) becomes P,'(0), which 
vanishes. 

For each series (P»’), there is a corresponding series 
(Pm)n, in which filaments of strength Ajm occupy 
positions at the m roots of P,,=0. Only one member 
of any such series, namely (P,):, has been previously 
noted.* They require one filament more than (Ps) 
systems, for the same order of error. Jf 

* Reference 16, Table III, Note (c). ; 

{{ As stated above, Figs. 2 to 6 may represent electrostatic 
equipotentials, contours of constant axial electric field Es, d 
constant gradient E,, etc. The generating systems may be 
charged rings on a spherical surface, in the same positions 
by the magnetic filaments, and may be classified into (Pm)o, (Pa) 
and (P)2 systems, with corresponding P,,’ forms. In the 
static case, P, appears in place of the P,’ of Eqs. (43) and (9), 


while it is the (P,,) systems that require fewest rings for a givea 
order of error. 
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AXIALLY SYMMETRIC 


All these systems evidently approximate the con- 
tinuous spherical current sheets previously described. 
In fact, Ajm and A jm’ are just the weight coefficients 
that occur in the numerical integration formulas of 
Gauss and of Radau,” respectively. Each filament 
system stands in precisely the same relation to the true 
harmonic current sheet as does the weighted summation 
of ordinates to the integral for which it substitutes.*** 
Since the publication of 15-figure gaussian coefficients 
to m= 16,26 only common sense forbids the construction 
of a 16-filament system with 30th-order error! 

The remote-field equivalents of Eqs. (43), (44) de- 
scribe a set of constants p, analogous to g,. Those 
immediately following ; or p2 determine the errors of 
search coil systems, for field or for gradient, and the 
equations show that whenever g,=0 for a spherical 
filament system, p, also vanishes. Thus every spherical 
system (Pm’)n Or (Pm)» may in theory serve as a search 
coil to measure the particular derivative H,™ that it 
generates as a current system. But the most practical 
search coils are thick solenoids. Excellent starting 
points for their design are the solenoid analogs of 
spherical filament systems. In these the filaments at 
the roots of P,,/=0 become end-turns of solenoids, 
whose turn-densities VV’ replace N in Eq. (59). If the 
filament system suppresses q,, hence also p,, its solenoid 
analog suppresses gn41 (see Eqs. (43), (44)) and also 
ps1 The first member of the series derived from (Pm’)s 
is Gray’s solenoid, with ends in the Maxwell position; 
here gs and 3 vanish. Further discussion of this series, 
including thick-solenoid systems derived from it, will be 
deferred to a later paper. 


Fourth-Order Thin Solenoids 


Equations (44) show that g; cannot vanish for a single 
solenoid unless u=O=q, or sin’a=0; that is, the 
solenoid is either infinitely short or infinitely long. The 
second-order error of any finite solenoid may be cor- 
rected by omitting or short-circuiting some equatorial 
turns. The solenoid may then be regarded as an elon- 
gated Helmholtz pair whose cross section has an infinite 
aspect ratio. Such a system has the well-known pre- 
cision of a cylindrical winding, with better field uni- 
formity than a conventional Helmholtz pair of the same 
cylindrical radius a; also it is more easily cooled, and 
often it fits better into the available space.” It may be 
designed with a gap wide enough to admit a shaft or 
other device. Equation (44) shows that the positions of 


*R. Radau, J. Math. (3) 6, 307 (1880). 

*** This elegant relation was pointed out to me by W. F. Brown 
(private communication) after I had spent much time computing 
Aim’ through m=9, and A jm through m=7, by a semi-empirical 
method based on an elaboration of Eq. (64). (See M. W. Garrett, 
Phys. Rev. 74 (A), 1231 (1948).) The coefficients of Radau 
(to m=10) date back to 1880, and those of Gauss to 1814! 
wn Davids, and Levenson, MT 18, Natl. Bur. Standards 

* This convenient design seems to have escaped notice, except 
that A. and F. Sauter, Z. Physik 122, 120 (1944) solved three 
tases graphically to about five percent. 
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the ends are given by 


U; Sintay = U2 sintas. 


(60) 


In practice the cotangents x/a are more useful, and 
these have been computed for Table VIII at intervals 
of 0.01 over the complete range of cota. Interpolation 
using the tabulated differences permits a precision in 
excess of any experimental requirement. Table IX lists 
the first two error coefficients, ¢, and ¢€¢, for several of 
the solenoids of Table VIII. These correspond to a 
choice of r>= a in Eq. (31). For slight elongations of the 
ideal Helmholtz filaments (cy=c2=0.5) the improve- 
ment is of course not marked. 

In the same way, and with similar advantages, 
Maxwell’s gradient pair may be replaced by a split 
solenoid with opposed windings. The equation to be 
solved is 

(61) 


Limiting cases are a semi-infinite pair with near ends 
in the Helmholtz position, and of course the infinitely 
short pair or Maxwell filaments. Intermediate solutions 
are easily found. 


sin®ay(5u;?— 1) =sin5ao(5u?—1). 


Fourth-Order Thick Solenoids 


These will be treated in a later paper, by expansion of 
filament and of thin solenoid forms, and by using the 
integrated coefficients of Eqs. (48)-(50). For fourth- 
order fields or gradients, the Helmholtz or Maxwell pair 
with general rectangular section meets all requirements, 
since these simplest systems afford only a single adjust- 
able parameter, and one suffices to annul the second 
order. In more complex systems, additional adjust- 
ments are possible, which in a well-designed system 
ought to be used to suppress errors of higher order than 
the second. It matters little whether the axial spacing 
or one of the two section dimensions is chosen as the 
single disposable parameter. Two of these three may be 
set arbitrarily and when the third is adjusted to annul 
qs or gs, the fourth-order error is nearly the same for 
any coil cross section. It will be shown that for square . 
sections whose side A is no greater than four-fifths of 
the mean radius do, the proper Helmholtz spacing of 
section centers is, to a fraction of one percent, 


2x= a_1+0.02083(A /ao)?+-0.0703(A/ay)*] (62) 


and that the fourth-order error is nearly the same as 
for a filament pair of radius a» at its proper spacing do. 

When the normal axial spacing of a thick Helmholtz 
pair has been slightly increased or decreased, fields 


TABLE IX. Error coefficients ¢, and ¢¢ for split solenoids. 
(Referred to ro=a.) 








a 60.50 0.40 0.35 0.30 0.25 0.20 0.15 0.10 0.05 


« —1.152 —1.098 —1.027 —0.925 —0.794 —0.640 —0.470 —0.297 —0.133 
ee +1.262 +1.191 +1.100 +0.972 +0.814 +0.638 +0.456 +0.282 +0.128 
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Fic. 7. Three eighth-order systems, with Helmholtz pair for 
comparison (small circles and innermost error limits). The long 
arcs with circle ends are 1 percent error limits, the short arcs are 
0.1 percent limits. 








identical with those of Fig. 5 or of Fig. 6 (respectively) 
result. The oblate field is useful for cloud-chamber coils, 
and examples of the arbitrary rectangular cross section 
will be calculated, including the errors of tenth order 
and lower. Here again, the section may be chosen 
freely, and the field regulated by varying the axial 
spacing alone. 


Sixth-Order Solenoids 


Many workers have employed solenoids with over- 
wound ends but no one has made full use of the two 
available arbitrary constants. If a single-layer solenoid 
is double-wound at the outer ends, with a central gap, 
there exist unique values of both angles, i.e., that of the 
total length and that of the singly-wound gap, which 
annul both g; and qs of Eq. (51). The correct values are: 


cota;= 1.82234, cotas= 1.39327. (63) 


The first six error coefficients are, in parts per million 
choosing ro=a in Eq. (31), —5504 (6), —2634 (8), 
—193 (10), +238 (12), +82 (14), and —5 (16). This 
field will later be mapped in detail, since the improve- 
ment over other systems that can be precision-wound is 
drastic. H, is uniform to one part in 10° out to 0.72¢ on 
the axis, and to 0.98a at the equator, while the axial 
1 percent limit is 1.03. 

Using this solenoid as a point of departure, it has been 
found possible to design sixth-order thick solenoids 
with nearly complete freedom in the choice of their 
dimensions, except that the innermost layer must have 
a length somewhat in excess of its diameter. The correc- 
tion is effected by removal of turns in a single region of 
rectangular section. If considered in relation to the 
inner radius, thick solenoids are even better than thin. 


Extreme care will be required in winding if their ey. 
cellent theoretical performance is to be realized, 


Eighth-Order Systems 


A single set of three systems will be discussed here 
(Fig. 7). The areas of the rectangular sections in the 
figure indicate the turn ratios correctly, but the calcy. 
lations assume ideal filaments at the centers of the 
squares (P,’=0) and a thin current sheet at the mean 
radius of the long coil of rectangular section (P;'=0), 
The small circles mark the Helmholtz positions, for 
reference only. The three eighth-order fields are pro. 
duced by combining the two (square) loop-pairs, or by 
the use of either pair with the solenoid. The four-loop 
system is McKeehan’s.* It was later rediscovered by 
Sauter and Sauter.?” The following derivation is both 


simpler and more general than those previously given, 
From Eq. (11), if 


(P,’=0), then, Payi'/Pr1'= —(n+1)/n 
Pays! /Pn—2 = —(2n+3)/(2n—1). (64) 


It follows from this equation and (43) that, for either 
of the pairs of filaments at the roots of P,’=0, 


Pé/Pé=—6/5, q:/9s= —13/9. (65) 


It is easily verified from Eqs. (43) and (1) that when 
both filament pairs are used, with a turn ratio 1.4660372 
(as shown in Fig. 7) g3 for the combination vanishes, 
But (65) shows that the same ratio of turns that annuls 
gs must also annul g;, and since gs vanishes for each 
loop pair separately, an eighth-order field results. When 
the remote field is discussed, it will appear that the 
left-hand equation of (65) leads in just the same way 
to a sixth-order search-coil system composed of two 
solenoids. The same idea, when applied to the roots of 
P,=0, using Eq. (9) in place of (11), leads to Me. 
Keehan’s (P,); combination.” 

Either pair of P;’ loops may be combined with Gray's 
solenoid (P,’=0) to yield an eighth-order field. It 
appears from Eq. (44) that for this third element also 
gs=0, while the solenoid and the loop pair may be 
made to annul g; and q; simultaneously since there 
remain two adjustable ratios; that of the total solenoid 
turns to total loop turns (NV,/N,) and that of the polar 
radius of the solenoid to that of the loop pair (r,/r)). 
Set gn(f)+¢n(s)=0 (n=3,7) substitute values of 
from (43) and (44), and divide the equation in q by 
that in g3. The result is: 


1 P;' (uz) Po (us) 1-9 -11 33 
(n/1))'== =-X—X— 
3 P;'(us)Po'(u) 3 13 7 





where both P’ ratios have been evaluated from (64). 
The same ratio r,/r; holds for either filament pall. 
Since the solution is now easily completed, further 
algebraic details are omitted. 
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AXIALLY SYMMETRIC 


The signs both of g3 and of g; are opposite for the 
ial and equatorial filament pairs, otherwise one 
current would have to be reversed in the original (P’); 
combination. It is found that the solenoid errors are of 
the right sign to annul those of the paraxial pair, and 
the field of this three-element combination is more 
yniform than that of any other known system of com- 
ble simplicity. When the equatorial pair is used 
with Gray’s solenoid, one of the currents must be 
reversed. Such a combination, besides having lower 
current efficiency, yields a less uniform field, but it 
might prove useful in some application that demands a 
highly oblate over-all geometry, or an extremely wide 
angle of access to the central region. 

In the figure, arcs ending in small circles indicate 
1 percent error limits of various systems, while the 
short plain arcs are 0.1 percent limits. The innermost 
limits, given for comparison, belong to the Helmholtz 
pair. The wider limits occur in sets of three. Of these 
the outermost correspond to the optimum combination 
of Gray’s solenoid with the paraxial P;’ pair. These 
enclose the limits of the (P;’),; loop system, which in 
turn enclose those of the third system using opposed 
currents. The optimum system might be mounted 
quite simply on a single cylinder. Taking into account 
the difficulty of extending the inherently sharp bound- 
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TABLE X. Eighth-order field systems. 
All dimensions are referred to r. 

Element N (total) r u a H;z 
Solenoid 1.000 1.000 0.6546537 0.755929 1.000 
Paraxial pair 1.530572 1.288641 0.7650553 0.829839 0.4925 
Equatorial pair —2.243876 1.288641 0.2852315 1.235109 —1.600 

Equatorial 
Axial limits limits 
0.1 per- 1 per- 0.1 per- 1 per- 

Combination 6 cent cent cent cent 
Solenoid- paraxial 0.141 0.54 0.72 0.63 Wall 
Four loops 0.297 0.49 0.65 0.58 0.77 
Solenoid-equatorial —0.683 0.44 0.59 0.52 0.69 








ary of the eighth-order field, it may be seen that the 
expansion shown in Fig. 7 represents a significant 
advance in design and corresponds to a very low coeffi- 
cient of error. Relative numerical data are assembled 
in Table X. The total turns N,, polar radius r,, and 
central field H, of the Gray’s solenoid are arbitrarily 
taken as unity. Errors are those of ¢g alone, which is 
here referred to ro=7,. 

It is a pleasure to acknowledge the assistance of 
Alfred Curtis Hunting and of Laura C. Maurer, who 
carried out many of the calculations for Figs. 5 and 6, 
Table VIII, and the coefficients Aj’ and A jm, which 
were later found to check accurately with those of 
Radau and of Gauss. 
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Shannon’s theorem about the capacity of a channel is discussed, and it is shown that the most efficient 
coding is the one yielding the most probable distribution of the code symbols. A specific rule is obtained for 
this most probable distribution. Most efficient coding is essential for communication channels or memory 


devices in large scale computers. 


I. INTRODUCTION 


N a recent paper,' the author discussed the connection 
between entropy and information, and used a 
statistical method to justify Shannon’s fundamental 
formula about information.? The aim of the present 
paper is to apply similar methods to the definition of the 
“capacity of a channel” according to Shannon, and to 
discuss Shannon’s great theorem about codings, enabling 
one to use a channel to its full capacity. It will be shown 
that the best codings are the ones yielding the most 
probable distribution of the symbols, and specific rules 
will be given for finding these optimum coding systems. 
Let us first rewrite here some of the results of the 
preceding paper.' We assumed that we were using 1 
different symbols in our communication system, and we 
computed the total number of different combinations of 
such symbols (let us call them “telegrams”) when the 
numbers V ,.V2---N;---N, of the different symbols used 
in the telegram were given in advance. Let 


Go= NitN:,: “ “+N.=L N; (1) 
| 
be the total number of symbols in the telegram and let 


yuh JG, F pnt (2) 


j=1 


represent the relative density of the jth symbols. The 
total number of different telegrams of this type is given 
by (reference 1, Eq. (17)) 


P=Gp!/TI;N ;! (3) 
or approximately, using Stirling’s formula, 
InP=—Gp Dj pj Inp; (4) 


(reference 1, Eq. (43) with all the P;’s equal to unity). 
This formula was used to define the amount of infor- 
mation obtained when one special telegram is selected 
out of the P possibilities: 


I= —khGo Xj pj |npj, (S) 


where & represents Boltzmann’s constant. 


'L. Brillouin, J. Appl. Phys. 22, 338 (1951). 

?C. Shannon and W. Weaver, The Mathematical Theory of 
Communication (University of Illinois Press, Urbana, Illinois, 
1949). 

* Reference 1, Eq. (47). 


Il. WHAT DO WE CALL A “CHANNEL”? 


If we want to transmit information or to store it ina 
memory device, we first select a physical medium: a 
cable, a radio link, a mercury line, a magnetic tape, etc, 
and we have to study the limitations occurring in this 
physical problem. For instance, if we use a cable witha 
band width Av, the shortest signals to be transmitted 
will have a duration Af: 


Al- Av=1. (6) 


Next comes a technical problem of devising a set of 
symbols, adapted to the physical medium, and enabling 
us to use it for communication; dots, dashes and spaces, 
signals of different intensities or polarity, etc. Once this 
choice is made, we have defined a communication channel, 
For our statistical discussion, the main point is the set 
of n discrete symbols, S,- --S;---S, to be used, and the 
length (or duration) /,---/;---/, of these symbols. 

Shannon‘ defines the capacity of a discrete channel in 
the following way: He considers a long interval of time 
T and computes the total number N(7) of different 
telegrams of total duration T that can be obtained by 
using all the available symbols in all possible ways 
(instead of “telegram,” Shannon uses the word “signal” 
which may lead to misunderstandings). The capacity of 
the channel is defined as 
C=(k/T) Lim InN(T). (i) 
T+ 

If logarithms of base 2 are used instead of napierian 
logarithms, the constant k should be replaced by 


k'=k \n2, (8) 


and the capacity will be given in bits per second. The 
constant k is needed if we want to measure information 
in usual entropy units. 

Let us first assume that no restrictions or constraints 
are applied on the possible sequences of symbols. Let 
N(t) represent the number of sequences of total duration 
t, we have a relation,° 


N()=N(t—h) + N(t—b): ++ +N(UI-b). =O) 


It simply states that the total number .V(‘) is equal to 
the sum of sequences ending in symbols, Si, S2, ot 5s 
and these are V({—?,)---N(t—tn), respectively. 


* Reference 2, p. 


7. 
5 Reference 2, p. 5. 
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CODINGS FOR COMMUNICATION OR MEMORY DEVICES 


It is a well-known result of the theory of finite differ- 
ences that for very large ¢ the function \(¢) will be 
asymptotic to AX‘ and increase exponentially. Substi- 
tuting this asymptotic expression in Eq. (9), we have 

Xt=X44 X4... Xn, 
or 


X-H4 X-t.. 64 Xtra, (10) 


We must choose the largest real solution Xo of this 
characteristic equation (10) and we obtain N(t)—A Xo‘; 
hence, 


C=k |nXo. (11) 


Shannon also discusses problems with restrictions 
imposed on the possible sequences of symbols S;, but we 
shall restrict our present discussion to the preceding 
problem with no restrictions or constraints. 

After defining the capacity of a channel, Shannon 
introduces his definition of the entropy af information, 
which we discussed in a previous paper. We called 7 the 
density of information per cell,® which is thus defined in 
bits per symbol. 

Shannon proves a fundamental theorem’ for a noise- 
less channel : 

If the channel has a capacity C (bits per second) and 
accepts telegrams from a source of information i (bits 
per symbol), then the best possible coding system will 
enable us to use the channel at the rate of R=C/i 
(symbols per second). 

We intend to discuss more precisely the physical 
meaning of this very important theorem, and to specify 
the properties of the coding systems enabling one to use 
the channel to full capacity. 


Il. A FIRST EXAMPLE: SYMBOLS OF EQUAL LENGTH 


Let us consider first a simple example, assuming all 
symbols to have an equal length /;. A long time interval 
T contains 


G=T/t, (12) 


positions (or cells) for different signals. For each cell we 
can use n different symbols, hence 
N(T)=n%=nT! 


(13) 


aresult which checks with previous computations. Our 
definition (7) now yields for the channel capacity, 


C= (k/t) Inn. (14) 


Shannon considered a special example of this type, when 
he computed the channel capacity for teletype symbols. 
In the problem of channel capacity, no assumption is 
made about the a priori density of the n different 
symbols. When we defined “information,” according to 
Shannon, we assumed that we knew the a priori densities 
of the different symbols: p1, po: ++ pj-- *p» and we ob- 





* Reference 1, Eqs. (36) and (47). 
’ Reference 2, Sec. 9, p. 28. 
* Reference 1, Eq. (24). 
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tained for the information density (per symbol) : 


j=n 


i=—k> p; \np; 


7=1 


(15) 


as stated in Eq. (5). The information density i is maxi- 
mum when all p;’s are equal 


fi= ee *pi= ee Pr= 1/n; 


hence 


jue —h 5" (1/n) in(t/n) = b tne, (16) 
i=1 


since we have n equal terms in the sum ).. This 
distribution is the most probable distribution, and yields 
the largest possible number of different symbol distribu- 
tions (or telegrams) when the total number G of symbols 
is given. 

The similarity between Eqs. (14) and (16) is striking. 
In the computation of channel capacity we used all 
possible distributions of symbols. In the case of informa- 
tion, we assumed an arbitrary a priori set of densities, 
which we adjusted later on (taking p;=1/m) in order to 
maximize the probability, and we end up with identical 
results. 

When averaging over a very long period of time, the 
average distribution becomes identical with the most 
probable distribution. In other words, making no as- 
sumption about a priori densities is equivalent to 
assuming the most probable density choice. 

With these general remarks we may now discuss 
Shannon’s great theorem and specify that the most 
efficient coding is the one yielding for the different symbols 
the most probable a priori density distribution. 

This is almost obvious now, since Shannon’s relation 
yields a rate of transmission, 

R=C/i=1/h (17) 
from Eqs. (14) and (16) and we certainly cannot trans- 
mit more than 1/t; symbols of length 4; per second. 
Hence, in our simplified problem, the best coding is the 
one using all symbols in equal proportion. 


IV. GENERAL PROBLEM: SYMBOLS WITH . 
DIFFERENT LENGTHS 


We now want to discuss the general problem of Sec. IT, 
with symbols of different lengths, and we shall prove 
that our preceding result still applies: 

“The most efficient coding is the one yielding for the 
different symbols the most probable a priori density 
distribution.” Furthermore, we are going to define this 
most probable distribution and to explain the meaning 
of our previous Eq. (10). 

The discussion is slightly more involved for symbols 
of different lengths, and can be made in the following 
way. We start with the assumption of a telegram of total 
duration T, and we first specify that we are using N);, Ne, 

-+V;-++N, symbols of types 1, 2---j---n. The total 
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duration of the telegram is 


T= > » N jt; 


j=l 


(18) 


We introduce the total number of symbols Gp and 
their relative ‘proportions p; 


Go= DL Ni, pi=N;i/Go, (19) 
7=1 
hence, 
2 pi=1 (20) 
= 
and 
T=Gy > pil}. (21) 


j=l 


The total number P of different telegrams that we can 
build by interchanging the positions of the different 
symbols is still given by Eqs. (3) and (4), 


InP= —Gy 2) p; Inpj, 


j=l 


(22) 


and all these telegrams have the same duration 7, since 
they use the same numbers J\---J, of the different 
symbols. 

Now we want to obtain the most probable distribution. 
This means maximizing InP, while taking into account 
the two conditions (20) and (21). This is done with the 
method of Lagrange’s multipliers. We simply write the 
condition, 


d(InP)—ad(d_ pj)—BdT=0, (23) 


with two arbitrary multipliers a and 8 to be determined 
later. The variables are Go, pi-++pj-+* Pn. Differenti- 
ating (22), we obtain 


d(InP)=—dGo X p; Inp;—Go X dp,(1+Inp)). 


We use this expression in condition (23) and obtain 


—dGLX pj lnpj;+B8 DX piti] 
+> dp — a— BGot ;—Go(1+1np;) ]=0. (24) 


We must now treat the dG» and dp,’s as independent 
quantities. The total differential can be zero only when 
all brackets are zero: 


 pillnp;+Bt,)=0, (25) 
Inpj=—1—Btj—a/Go, j=1,2,---n. (26) 

Equation (26) can be used in (25) and gives 
LX pi(—1—a/Go)=9, (27) 


but we also have condition (20); hence, we must choose 


1+a/Go=0, a=—Go (28) 
and (26) reduces to 
Inpj=—Bl;, py=en4i. (29) 
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The arbitrary constant 8 is determined by condition (20): 


LU p= Le M=1; (30) 
)=1 j=1 
but if we write 
X= e, (31) 


we note that this equation is identical with Shannon’; 
Eq. (10) of Sec. II. We have again the identity between 
the average distribution (Shannon) and the mogt 
probable one (that we have just computed) when we 
consider infinitely long telegrams. 

Let us now complete the discussion. Our most 
probable distribution yields a number P of different 
telegrams (Eq. 22): 


InP= —Go D0; pj Inpj= +Go Dj BijeP'1=GoB ¥ 1p; 


or 


*nP=$T, P=eT=X", (32) 


according to condition (21). Our P (most probable dis. 
tribution) is again identical with Shannon’s N(T) corre. 
sponding to all possible distributions, and the channel 
capacity, according to formula (11) is 


C=kInX=kB. (33) 


For long telegrams, the most probable distribution is 
so much more probable than any othér one that all 
other possible distributions can be simply omitted and 
ignored. The most efficient coding is the one that obtains 
this most probable distribution of symbols, namely, 


(Inp;)/t;= —B a constant (34) 


according to (29). The largest real root 8 of Eq. (30) 
corresponds to the largest X solution of Shannon’s Eq. 
(10) and yields, according to (32), the utmost probable 
distribution, with the largest possible P value. 

If we use the most efficient code, and a distribution of 
symbols corresponding to the most probable one, we 
have a density of information per symbol 


i=—k Dj pj lnpj=+kB Di tipj=+kst (35) 
calling ¢ the average length of a symbol, when the 


probability of the different symbols is (29) or (34) and 
the rate of transmission in (Eqs. (33), (35)), is 


R=C/i=1/t, (36) 


a formula very similar to (17). 

The smaller the probability p; of a certain symbol Sj, 
the larger (—Inp;). Hence, the longer the symbol durz- 
tion ¢; according to Eq. (34). This explains the exact 
meaning of this relation. 


Vv. CONCLUSION 


The condition (29) or (34) corresponds to the coding 
system that matches the channel (or the memory 
system) most efficiently. It is just as important in coding 
problems, as the condition of matching characteristic 
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impedances, in circuit problems. Shannon uses, in a 

jal problem, a procedure that leads to a very similar 
rule? We proved here that the result is absolutely 
general and applies to all coding problems. 

Let us note, in concluding, that the coincidence of 
“ayerage” and “‘most probable” distribution is a well- 
known result for extremely large numbers of events. 
This rule plays a most important role in statistical 
thermodynamics, where it explains the coincidence be- 
tween different definitions given by J. W. Gibbs, 





9 Reference 2, pp. 29-30. 
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Maxwell, Boltzmann, or Planck. This point was very 
clearly discussed by H. A. Lorentz.’° 


Note added in proof.—The problem of Maxwell’s demon was very 
carefully discussed by P. Demers in two interesting papers. [Can. 
J. Research 22, 27 (1944) and 23, 47 (1945) ]. The author ana- 
lyzes previous discussions presented by Lewis, Slater, and 
Smoluchowski and comes to final conclusions that are very 
similar to those of the present author. [J. Appl. Phys. 22, 334 
(1951) ]. 


1H. A. Lorentz, Legons au College de France (Les theories 
statistiques en Thermodynamique (B. G. Teubner, Leipzig, 1916)). 
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An integral equation for the current in an apex-driven symmetrical V-antenna is derived and solved by 
successive approximations. General formulas for the distribution of current and the impedance are ob- 
tained. The zeroth-order impedance is evaluated for a leg-length h=)./4 as a function of the enclosed angle 


and used to estimate experimental results. 


1. INTEGRAL EQUATION FOR SYMMETRICAL 
V-ANTENNA 


HE symmetrical, center-driven V-antenna shown 

in Fig. 1 is a general form of the symmetrical, 
center-driven antenna. It differs from this only in 
having the identical halves of the antenna inclined at 
an arbitrary angle A with respect to each other instead 
of being collinear with A=. Let half No. 1 of the 
antenna lie along the z-axis; the other half, No. 2, 
along the s-axis in the xz-plane with positive direction 
defined by the unit vector 


s=z cosA+x sinA. (1.1) 
A scalar potential difference, 
Vs=$1(2= 5) —2(s= 6) = 2¢(5), (1.2) 


is maintained across the base of the V-structure by a 
balanced transmission line so that the currents and 
charges in the halves satisfy the conditions, 


Is,(s')}=—I,.(2’);  go(s’)= —qilz’), (1.3) 


when s’ equals z’. Terminal-zone effects and antenna- 
to-line coupling effects are ignored in the analysis. 
Account may be taken of them by as uitably designed 
lumped-constant network. 

The derivation of the integral equation for the cur- 
rent in half No. 1 of the V-antenna parallels the deriva- 
tion for the antenna with collinear halves! to which the 
V-antenna reduces when A=z. For simplicity, it is 





'R. King and D. Middleton, Quart. Appl. Math. 3, 302 (Janu- 
ary, 1946). 


assumed that the two conductors have the same radius 
a and are perfect, so that the tangential components 
of the electric field vanish on their surfaces. If required, 
terms to take account of ohmic resistance may be added. 
The boundary condition at a point P on conductor 
No. 1 is 


r;=a 
6 = 


: E..= — (0¢/02z):— jwA lz 


= — j (w/Bo?)((0/dz) divA,+f'0A1,)=0. (1.4) 
Since with A,=0, 
divA, = (0A 12/02)+0A 12/OX, (1.5) 





——ow 
————_——an,_—__—_—_ 




















Fic, 1, V-antenna. 
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Eq. (1.4) yields the following differential equation valid 
on the surface of conductor No. 1: 


(A 12/02") +Ber?A isc? = aA 12/020; | ‘ 


6S2h 


|. (1.6) 


Expressions for the components of the vector po- 
tential in (1.6) are: 

















1 h e-iPoR1 
Au= f {1.2 dz’ 
Arvo 3 R, 
e iBoRi2 
+cosAI>2,(s’) as, (1.7a) 
12 
sind 7” e~ Boks 
Aiy:= f T2,(s’) ds’, (1.7b) 
Arvo 12 
where vp= 1/u9= 10"/4x meters/henry and 
R= ((s-#'+0")); 
Ri2=(2?— 22s’ cosA+s’2+<a?)!. (1.8) 


The distance Rj: defined in Eq. (1.8) is measured 
from ds’ on the axis of conductor 2 to dz at P on the 
surface of conductor 1. It is assumed that P has the 
coordinates, («=0, y=a, z). In order to obtain 0A,,/dx 
at x=0, it is necessary to evaluate 0A,,/dx at some 
point P’ at a distance x from P before x is set equal to 
zero. That is, it is necessary to use (1.7b) with 


Rioe= (2+ 2?— 2(22+-22)!s’ cos(A—y)+s+ 7)! 
=(?+<a")!, 

instead of Ry. as given in (1.8). Note that 

cos(A—y) =[z cosA/ (22+)! ]+ x sinA/(22+27)!, (1.10) 


so that 
P= 2?+ x°— 22s’ cosA—2xs’ sinA+s”, 


(1.9) 


(1.11) 
and 


(dé/dx),-0= —s’ sinA/(z*—2zs’ cosA+s’*)'. (1.12) 
With (1.9) to (1.11) the derivative of (1.7b) becomes 


OAiz sinA h 
(i) ef 
Ox z=0 4arvo 8 




















0 e iBoR iz dé 
x{—( )-| ds’, (1.13) 
dt Riz dx z=0 
With (1.12) this becomes 
OAi: sin?A h 
(i) Sa 
Ox 7 2-0 4 45 
1 8 exp[ — jBo(#+a*)! 
|-— pL ib 4 sds’. (1.14) 
Edé (#+-a?)! z=0 
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Let 





1 9 expl—jBo(e-+<%)] 


Kz, s’)= \- 
BoE OE — Ba++")! 
eiBoRi2 


=~ Sap, a tt iBeRu) 
0 4412 


Also, let the symbol used for the variable of integration 
in (1.14) be changed from s’ to 2’ after use has been 
made of (1.3a). This gives 





(1.15) 





jw 0A lz 
(== ( 
Ox 


2 
0 


) a "Ap(s), (1 
=— sin? 
oe P(z), (1.16a) 


where 
h 


p(s) =B¢ J Tile’ \Rils, 2!)s'ds', (1.160) 
where K,0(z, 2’) is given by (1.15) with 
Ryo= (22— 222’ cosA+2’?+a?)}, 
With (1.16) the differential Eq. (1.6) becomes 
(0°A1./02°) +B0?A 1. 7 
= (jB0?/w)(9¢12/02) ; | al . (1.18) 


=—s= 


(1.17) 


By differentiating (1.18) with respect to z and using the 
Lorentz condition, 


(0A 1,/0x)+ (0A 1./02)+ jBo?/woi=0, 


the following equation may be obtained for the scalar 
potential : 


(1.19) 


=a 


(0°1/02") + Bo'd1 = Bobi z | , 


= Ou 


I. (1.20) 


The solution of the nonhomogeneous differential Eq. 
(1.18) consists of the sum of a particular integral anda 
complementary function as follows: 


—J 
A1z=—L[C, cosBoz 
Vo 
s=<6 
— 


+C>2 sinBoz— 3(z) }; ( ) (1.21) 
6=2Sh 


This expression differs from the corresponding one for 
collinear halves only in the added particular integral 





? Od12 
a= f i sinBo(z— w)dw (1.22) 
é Ow 


and in the absence of the small ohmic terms. When 
A=r, it follows from (1.16) that ¢::(w)=0. The factor 
—j/v is introduced in (1.21) to make the constants 
and #(z) dimensionally voltages ; 19 = 3X 10° m/sec. 
The scalar potential on conductor 1 is obtained by 








dif 
91° 


or 
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differentiating (1.21) using, 
4,=(jo/Be)[(0A./82)+9A,/0x] 


= (jw/Bo*)(9A 12/02 ]+¢rz. (1.23) 
Differentiation of (1.21) gives 
$1(z) = —C1 sinBoz+C2 cosBoz— 31(z)+¢r2(z), (1.24) 
where . 
no= f (612(w)/dw) cosBo(z—w)dw. (1.25) 
5 


The driving voltage V; is maintained across the gap 
from z= 6 to s=6 by the transmission line. Using (1.2), 
it follows that 


V;=261(6) = 2[ —Ci sinBod+C2 cosBod+¢12(5) ] (1.26) 
so that 


C= (4 Vet Ci sinBod— ¢12(6) |/cosBoé. (1.27) 
For convenience let 
4V;=4Vs—¢1.(8), (1.28) 
so that - 
C= [4K.+ Cy SinBod |/cosBod. (1.29) 


This is like the corresponding formula for the straight 
cylindrical antenna but with V; replacing V5. 

The integral equation for the current J;,(z) is ob- 
tained by equating (1.21) with (1.29) to (1.7a). It is 
convenient to apply (1.3) and to change the symbol of 
the variable of integration from s’ to z’ in the second 
integral. The resulting integral equation is 


— j4r 





h 
1,,(2')K,(2, 2’)d2' = [C, cosBo(z—6) 
6 


Fo COSBod 
is jan 
+3V 5 sinBoz ]+—#(z) (ri=a;6S2Sh). (1.30) 
0 
This may be arranged as follows: 


— 74 





h 
I,.(z’)K, (2, 2’)d2’ = {C1 cosBo(z— 4) 
5 


0 COSBd 


LV; sinBoz}+J,(2) (ni=a;8S2Sh), (1.31) 


jar( f* Odbiz 
1am) f vist) sinBo(z—w)dw 
c é Ow 








sinBoz 





COSB9d 
Integration by parts in (1.32) and rearrangement of 
terms using (1.16b) yields 
J,(z)= ~sin'al p(6)tanBod cosBo(z— 6) 


+60 pw)cossoe—w)de}. (1.33) 
3 
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The kernel in (1.31) is defined as follows: 
K,(z, 2’) = (e~ 0*1/R,)—cosAe~ oF 12/Ryo. (1.34) 


Note that when A=z, (1.31) reduces to the integral 
equation for the perfectly conducting cylindrical an- 
tenna. When Az, (1.31) is formally like the equation 
for the cylindrical antenna but with a different kernel 
and with the added term J,(z). 


2. SOLUTION OF INTEGRAL EQUATION 
FOR V-ANTENNA 


The integral equation (1.31) may be solved by the 
same method of iteration employed for the straight 
antenna (A=). Let an expansion parameter WV, be 
defined as follows: 


V,=|V¥,(z,)| ; ¥o(z) = f g(z, 2’)K,(2, 2’)dz’, (2.1) 


where g(z, 2’) is a distribution function that is chosen 
to make /,,(z)V,(z) approximate closely the integral on 
the left in (1.31). For this purpose the zeroth-order 
distribution is satisfactory, viz., 


g(2, 2°) =I1(2’)/I(z)=sinBo(h—2’)/sinBo(h—z). (2.2) 


The resulting expression for the current is like that 
for the cylindrical antenna with appropriate changes in 
the functions as indicated by the addition of subscripts 2. 


j2nV; 
CoV, 
- —_———_et [My28(z)/W,.2]+--- 
cosBo(h— 5)+ (Ay?/V,)+ (A v2? /W,?)+ visite 





I,.(z)= 





(2.3) 


In the following, only the first-order solution is con- 
sidered. Higher order terms may be evaluated if 
required. 


The first-order functions M,,°(z) and A,;° in (2.3) 
are defined as follows: 


M ,:°(z) = F,1°(z)sinBoh—G,1°(z)cosBoh 
+G,1°(h)cosBoz— F,1°(h)sinBoz, (2.4) 
Ay? = Fy1°(h)cosBod +G,1°(h)sinBod, (2.4b) 
where with Fo,= (cos8oz— cosBoh), Goz= (sinBoz—sinBoh), 


h 
F(z)= Fote— f FoK,(z, 2’)dz’+J,(Foz, 2), (2.5a) 
Ci) 
h 
F,,(h)= -{ Fo2K,(h, 2')dz'+J,(Fo:, h), (2.5b) 
j 
h 
Gy1(z) = Go.V.— f Go K,(z, z')dz' +J (Gos, z), (2.5c) 
3 
h 
Gyi(h) = -f Goz K,(h, 2’)dz’ +J,(Goz, h), (2.5d) 
3 
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where J,(Fo:, z) is the same as J,(z) in (1.33) but with 


Fo, substituted for /;.(z’) in p. Specifically, 


h 


p( Foz, z) -6¢ f Fo.Kis 2, 2')s'dz’. (2. 


& 


6) 


A corresponding function is defined with G substituted 


for F. 


In order to express (2.5) in terms of tabulated func- 
tions it is convenient to define the following integrals: 


h 
Culh, =f COsBo2’ (e~#0%1/Rj)dz’; (27a) 
0 


h 
Cux(h, 2, A) = f cosBos!(e-i#012/Rys)de!;  (2.7b) 
0 


h 
Sulh, =f sinBo2’ (e~081/R)dz’; — (2.7c) 
0 
h 
Si2(h, z, a= f sinBo2’ (e~#0%12/Ry»)dz’;  (2.7d) 
0 
h 
Eq(A, =f (e~ i081 /R,)dz’ ; (2.7e) 
0 
h » 
E,2(h, z, a= (e~#0R12/Ryo)dz’ ; (2.7f) 
0 
where 
R,=((2’—2z)?+a?)! (2.7g) 
R.=((2’—2,)?-+4,7)3, (2.7h) 
2,=zcosA; a,=(z* sin?A+a’)!. (2.7i) 


The first four of these functions may be expressed in 


terms of generalized sine and cosine integrals? using 
U=£B)(2’—z); A=Boa, Un=Boz; U1=Bo(h—2z), 
and 

U,=Bo(2’ —2,) = Bo(2’ —2z cosA) ; 


U os = Boz = Boz cosA ; 
U w=Bo(h—2») =Bo(h—z cos). 


Culh, z)=cosU 9 Cc,(A, U,)+Cc,(A, Uo) 
—jSc(A, U,)—jSc(A, Uo) ] 
+sinU ol —Cs(A, U1)+Cs(A, Uo) 


+ jSs(A, U;)—jSs(A, Us)], (2.10a) 
Su(h, 2)=sinUo[Cc(A, U)+Cci(A, Uo) 
—jSc(A, U1)—jSe(A, Uo) ] 
+cosUofCs(A, U1)—Cs(A, Us) 
— jSs(A, U;)+jSs(A, Us)], (2.10b) 


2 Tables of Generalized Sine and Cosine-Integral Functions (Har- 
vard University Press, Cambridge, Massachusetts, 1949), Vols. I 


and IT. 


(2.8) 


A,=Bo(2? sin?A+ a’)! 


(2.9) 
The final formulas for the integrals (2.7a) to (2.7d) are 
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Ci2(h, 2, A)=cosU [Cc A,, Uw)+Cei( Av, Uo.) 
—jSc(A,, Uw)—jSc(Ar, Vor) | 
+sinU [| —Cs(A,, Uw)+Cs(A,, Uw) 

+jSs(Av, Uw)—JjSs(Av, Uoo)], (2.10¢) 

Sio(h, 2, A)=sinUoLCe(Av, Uw) +Cci(Av, Uo) 
—jSc(A,, Uw)—JjSc(A», Uv) | 
+cosU »[Cs(A,, Uw) —Cs(A,, Uo) 

~jSs(Av, Urs)+j55(Av, Uw) ], (2.108) 


where 
C,(A, U)=sinh"(U/A)—C(A, VU) (2.11) 
Cc(A, U)=sinh"(U/A)—C(A, U)—Cc(A, U), (2.12) 


The functions E,,(,z) and Ejs(h, 2, A) defined in 
(2.7e, f) may be expressed in terms of generalized sine 
and cosine integrals following the procedure used for 
the cylindrical antenna.' The results are 


Ex(h, 2) =C(A, Us)+C(A, Uo) 
—jS(A, U:)—jS(A, Uo), (2.13a) 
E,s(h, z, A)=Ci(Av, Uw) +C(Av, Uw) 
— jS(Av, Uw)—JS(Av, Uo). (2.13b) 


If the functions defined in (2.5a-d) are expressed 
in terms of the integrals in (2.7a-f) as expanded in 
(2.10a—d) and (2.13a, b), they have the following form: 


F,,°(2) = FosWe—[Cu(h, 2)—Cu(6, 2) ] 
+cosBoh{ Eu(h, 2)— Es(h, 6) J 
+cosA{[Cio(h, z, A)—Ci2(6, 2, A)] 
—cosBoh[ Ei2(h, z, A) — Ey2(6, z, A) ]} 

+J,(Foz, 2). 

F,,°(h) = —[Culh, h)—Ci(4, 4) ] 

+ cosBoh Eii(h, hk) — E11(6, h) 

+cosA{[Cio(h, h, A)—C12(5, h, A)] 

—cosBoh[_ Eyo(h, h, A) — E2(6, h, A) }} 
+J,(Foz, h). 

Gi,°(z) =Go.¥.— [Sulh, z)—Sild, z) | 
+sinBoh| Exi(h, 2)— Enh, 5) | 
+cosA}{[Sio(h, z, A)—Si2(4, 2, A) ] 
—sinBoh[ E,2(h, z, A)— Ey2(6, 2, A) ]} 

+J,,(Goz, 2). 

Gi,*(h)=— [Siu(h, h)—S11(6, h) | 
+sinBoh[ Exi(h, 4) — E,1(6, h) } 
+cosA{[Si2(h, h, A) —S12(6, A, A) ] 
—sinBoh[ E,2(h, h, A)— E,2(6, h, A) }} 

+Je(Goz, h). (2.144) 


If the gap 4 is zero, all terms involving 6 vanish. 


(2.14a) 


(2.14b) 


(2.140) 
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The terms in J, arising from the particular integral 
have not been expressed in terms of tabulated functions. 
However, they may be evaluated by numerical methods. 

The expansion parameter YW, defined in (2.1) may be 
determined readily. Thus 


h 
¥,(z) = sinBoh f cosfo2’ K,(z, 2’)dz’ 
F 
h 
— cosBoh f sinBo2’K,(z, 2’)dz’. (2.15) 
8 


With the definitions in (2.7), the following formula is 
obtained : 


¥,(2)=sinBoh{[Ci(h, 2)—Cu(S, 2) ] 
—cosA[Ci2(h, z, A)—C2(6, Z, A) ]} 
—cosBoh{ LSi1(h, 2) —Sir(6, 2) ] 


—cosA[Si2(h, z, A)—Si2(5, 2, A) ]}. (2.16) 


Since only tabulated functions are involved, Y,(z) may 
be evaluated and plotted to determine the range over 
which it is sensibly constant at the value V,= | V,(z,)|. 
It is to be expected that an appropriate choice of z, 
is h—o/4 when Bohk>w/2. On the other hand, the 
value z-=0 with 6=0, which was appropriate with 
collinear halves (A=), cannot be a good choice. This 
follows from the fact that A, decreases rapidly near 
z=6. This decrease is not eliminated by letting 6=0 
except when A~7. It follows that for Bpyh=7/2, z, must 
not be 0 or 6 but somewhere not too close to z=0 or 
z=h. A reasonable choice appears to be z-=h/2. That is, 


2,-=h/2, Boh=x/2 
v,= | W.(z,)| 


. (2.17) 

Zrp=h—d)/4, Boh> 2/2 
In evaluating V,, no significant error is involved if 6 
is set equal to zero. Application of (2.17) in (2.16) 
gives, for example, with Byh=2/2, 


Boh=2/2: V,= iCulh, 5h) —cosAC,2(h, th, A)| (2.18) 
Bh=x/2, A=mn: V,= i\Cul(h, h) 
+Ci2(h, 3h, r)| =Calh, 3h), (2.19) 


where C,(h, z) is defined in Eq. (11) of the appendix in 
footnote reference 1. Since V,(z) is essentially constant 
over the length of the antenna with collinear halves 


(4=n) and zero gap (6=0), except quite near the ends, 
it follows that 


¥,=Ca(h, th) =C.(h, 0) = Vx, (2.20) 


where Vx; is the expansion parameter for the straight 
cylindrical antenna.! . 
General formulas for the current in a V-antenna have 


been derived. Numerical calculations have not been 
made. 
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3. IMPEDANCE OF V-ANTENNA 


The general formula for the impedance of the V- 
antenna is obtained from (2.3) by forming the ratio 
V;/1,.(6). Thus, 


Z3u= V;/7;.(4) 
_ ~ Hoe { CosBo(h— 8) + (Avr'/W)+ > *- 
2e | sinBo(h—8)+(Bu®/W)+-°-) 





(3.1) 
where 
B= M,1°(8). (3.2) 


Numerical evaluation of Z,; from (3.1) has not been 
carried out. 

The most important and the simplest special V- 
antenna is with 6y=7/2. For simplicity, also let 5=0, 
since terminal-zone and gap effects, if significant, can 
be included in a lumped corrective network if required. 
The impedance is as follows: 


—*! An 
Z0= 
Qn 1+B,;/¥, 
ond F (h 
_ Sof i() | (3.3) 
Qe Li+(1/¥,)[Fe1(0)+Ge(d)] 


where, from (2.5) with (2.7), 








F,,(0)=V¥,—Cu(h, 0)+ cosACi2(h, 0, A), (3.4a) 
F,1(h) = —Cu(h, h)+-cosAC2(h, h,A) 

+Jo(Foz,h), (3.4b) 
Gyi(A) = —Sir(h, h)+cosASi2(h, h, A) 

+Jo(Goz, h). (3.4) 


Substitution of (3.4a-c) in (3.3) leaves the following 
simple expression for antennas which are sufficiently 
thin to make V, quite large: 


Boh=n/2 ° Zw= — joF o1(h)/2e 
= C jfo/2r ]LCulh, h) —cosAC}2(h, h, A) 
—Jy(/2)]}. (3.5) 


The three functions involved in (3.5) are obtained from 
the general formulas (2.10a), (2.10c), and (1.33) by 
setting z=h, Byh=x/2, and 56=0. Specifically, these 
functions are as follows: 


Culh, h)=(Cs(A, r/2)—jSs(A, 2/2) ], 

Ci(h, h, A)=cosUn | Cei(Ar, Uw) +Cei(Ar, Vow) 
— jSc(A,Uw)—jSc(A v) Ur) | 
+sinUo[ —Cs(A», Ui) +Cs(Avo, Uor) 

+jSs(Av, U)—jSs(Av, Ue) ], (3.6b) 
where, with Boh=2/2, the following definitions apply: 

Uy=2 cosA/2; Uy=2(1—cosd)/2; 

A,=((m sinA/2)?+ A*?)!=- sind/2. 


(3.6a) 


(3.7) 
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Fic. 2. Zeroth-order impedance of V-antenna; By=2/2; Q= ~. 


The approximate formula for A, on the right in (3.7) 
is valid when (x sinA/2)*>><A? or sin?A>>16a?/A¢’. 

The function J,(x/2) in (3.5) is J,(Foz,h) with 
Boh=x/2. With z=h, Boh=2/2, and 5=0, it is given by 
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a/2 x/ 
J(x/2)= —sinta f sinudu K,.(u, u’)u’ cosu’du’, 
0 0 





(3.8a) 
where 
e7i 

K32(u, u’)= — 3 (1+-j2), (3.8b) 

v= BoRi2= (u?—2uw’ cosA+u"?+A?)!,  (3.8c) 

u=Bow; u’=Bow’; A=fya. (3.8d) 


The term in A? is negligible in (3.8c) except when both 
u and u’ are very small. 

The exact solution of (3.82) has not been achieved 
in closed form except when A=z and when A is very 
small. In these two cases, the following values are 
correct: 


A=n: J,(x/2)=0, (3.9) 
A*K(m sind/2)?; A*K12: 
J ,(m/2) = (1—4A?)Siw = (1—4A?)(1.85). (3.10) 


The value (3.9) follows directly; the value (3.10) may 
be obtained by direct integration with appropriate 
approximations.’ In order to obtain values of J,(x/2) 
for A between x and the upper limit of formula (3.10), 

3In the range of small values of A, v assumes correspondingly 
small values when |u’—1| is small. Hence, the significant con- 


tributions to the integrand in (3.8a) are when » is small and 
K,2(u, u’) large. The appropriate approximations are 


A*K12:cosA=1—44?; v= (u?—2uu’(1—4A*)+u)) = (3.10a) 
PK12: Ki2(u, u’) = —1/2*. (3.10b) 


It is assumed in (3.10) that contributions from A? are negligible. 
Since the principal contributions to the integral occur when w’ is 
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(3.8a) was evaluated graphically for A=2/3, 1/2, 2x/3 
In Fig. 2 curves of Z.o=Rwo+jXvo as functions of 4 
are shown as computed from (3.5). Note that this is, 
zeroth-order solution (Q= ©) for a V-antenna driven 
from a discontinuity in scalar potential at the apex 
With A=z it gives the familiar value Z,=73.1+ j425 
for the thin cylindrical antenna. It is readily verifieg 
that the value Z,=0— 111 agrees with the value ob. 
tained from the theory of nonuniform transmission 
lines for a uniformly tapered, perfectly conducting ling 
of electrical length of Bok=2/2.4 

In practice the V-antenna is not driven by a djs. 
continuity in scalar potential at the apex, but by a 
potential difference maintained at the junction of q 
transmission line and the V-antenna. Since the Vy. 
antenna is a symmetrical structure, it must be driven 
from a balanced transmission line. Three methods of 
connecting a V-antenna to a two-wire line are shown in 
Fig. 3. In general, the apparent terminal impedances 
for the lines in Figs. 3(a) and 3(b), differ significantly 
from each other and from the impedance of the idealized 
V-antenna driven by a slice generator. These differences 


near 4“, no serious error is made if u’ is replaced by w in the slowly 
varying factor cosu’. With (3.10a) and (3.10b) and cosw’ =cosu, 
a/2 
0 


/2 
J (x/2) =a f sinu cosudu f u'du’/e. — (3.10c) 


The w’ integral integrates directly using standard formulas (eg, 
Pierce, 170). Retaining terms in A? the result is 


x/2 
f u' du’ /v® = — tn[1/u(4ar—u) ]+2/A2u. 
Substitutions of (3.10d) in 3.10c) and integration give 


J (x /2) = (1— 44?)Siw= (1— 4A?) (1.85). (3.10e) 


‘It is shown by S. A. Schelkunoff (Electromagnetic Waves 
(D. Van Nostrand Company, Inc., New York, 1943), pp. 239 and 
293) that the resonant electrical length of a tapered line open 
at z=h and closed at z=0 is 


Boltr=}x(1+5), (3.10f) 


1 T 
ae = R.(y)cosydy; y= 2Boz. 


(3.104) 


where, 


(3.10g) 
In (3.10g) 
R.(y) = 120 In(2z singA/a) = 120 In(y singA4/A)  (3.10h) 


is the variable characteristic impedance of the lossless tapered 
line, and R.o is the average characteristic impedance. Integration 
by parts gives directly: 

5=120Six/rReo. (3.10i) 


The input reactance of a section of lossless uniform transmission 
line of length s is 
Xin= —R, cotpos. (3.10)) 


Since the resonant electrical length of the tapered line is greater 
than 2/2 by 5/2, the input reactance of a section of length /2 
is given approximately by the input reactance of a section of un- 
form line with characteristic impedance Reo and of electrical 
length 54/2 below resonance. For the uniform-line resonance is at 
x/2, so that the length (#/2)(1—4) is related to x/2 approximately 
* for the tapered line, /2 is related to (/2)(1+4). Hence, with 
<K1, 


Xin = — Reo cothw(1— 8) = — Reo tan$ax6 = — R,w5/2. 
Using the above value of 6, 
Xin=—O60Six ohms= — 111 ohms. (3.101) 


This agrees exactly with the value obtained from (3.5) with 4 
very small. 


(3.10k) 
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THEORY 


are due to transmission-line end effects and to coupling 
between the V-antenna and the transmission line. Only 
when b/Ao is extremely small (0.001 or less) do the 
apparent terminal impedances for the lines in Figs. 
3(a) and 3(b) approximate each other and the theo- 
retical value for the slice.generator. Note that this last 
is the impedance as 6 approaches zero. In the circuit 
of Fig. 3(c), on the other hand, there are no antenna- 
line coupling effects, and transmission-line end effects 
may be compensated by adjusting the stub so that a 
voltage maximum is maintained across the terminals 
of the antenna when this is disconnected. If this is done 


and the inductive reactance of the two half-bridges 


joining the line wires to the antenna is small, the ap- 
parent terminal impedance loading the line in Fig. 3(c) 
should be approximated closely by the theoretical value 
for a V-antenna driven from a slice generator. 

The accurate calculation of the apparent terminal 
impedance as a function of A in either of the circuits in 
Figs. 3(a, b) is difficult if b/Ao is not extremely small. 
However, it is possible to derive the general nature and 
behavior of the impedance in a semiquantitative manner 
by modification of the zeroth-order solution of the ideal 
apex-driven V-antenna. This involves determining the 
equivalent lumped elements of terminal-zone networks 
for the practical circuits of Figs. 3(a, b), and combining 
these with the theoretical impedance for the ideal iso- 
lated V-antenna shown in Fig. 1. Note that both /# and 
§ are functions of A, whereas h’=h—6 is constant. As 
A approaches zero, 6 becomes infinite, since when A+0, 
the antenna structure ceases to be a tapered line and 
becomes a section of two-wire line. Although a general 
formula for the impedance of the V-antenna has been 
derived with both 6 and / parameters, the actual evalua- 
tion in a quantitative sense is difficult since 6 does not 
remain small. An instructive and valuable estimate of 
the variation of the impedance with the enclosed angle 
A may be obtained from the zeroth-order solution for 
the idealized V, the terminal-zone networks for Figs. 
3(a,b) and the transmission-line impedance at A=0. 
This is true in particular when 6yh=7/2. Let the two 
circuits illustrated in Figs. 3(a,.b) be analyzed succes- 
sively. Since the circuit of Fig. 3(b) is slightly simpler, it 
is considered first. 


Antenna Perpendicular to Plane of 
Two-Wire Line 


In the circuit of Fig. 3(b) there is no inductive coupling 
between antenna and line. Therefore, the series in- 
ductive element Lr of the terminal-zone network is® 


Lr=—(b—a)/2rv. (3.11) 


The evaluation of the shunt capacitive element Cr 
differs from Cr for A=z, only in the formulas for 





*R. King, “Theory of antennas driven from a two-wire line,” 


Cruft Laboratory Technical Report No. 41, and J. Appl. Phys. 
20, 832-850 (1949). 
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Rir and Rez. The following expressions apply : 
Rir=(s?+w+a")}; 

Ror= (s+ 2s’b sinsA+w?+b?+<a?)!. (3.12) 
As shown in Fig. 3(b), w is the distance along the line 
to the point of calculation of the potential, s’ is the 
distance along the antenna to the element of charge 
qds’. Both these distances are measured from the 
junction of the antenna and the line. The line spacing 


is 6, the radius of all conductors is a. The following in- 
equality is assumed: a*<b*. Cr is given by 


Cr= f [(00) —ce Jao, (3.13) 


where d= 105 and where 
Le(w) —co]/co 
[—— (w/a) —sinh—(w/b)+k, InB—In(b/ 4 


sinh (w/a) —sinh—(w/b)+, InB+I1n(b/a) 
(3.14) 





The charge-ratio factor kg=1 when #oh is near x. 
When oh is near 1/2, the effect of Cr in parallel is rela- 
tively unimportant so that Cr may be omitted. 

The accurate determination of the apparent im- 
pedance terminating the line in the circuit of Fig. 3(b) 
is involved. The following steps are required: (1) The 
evaluation of the theoretical isolated impedance Z,,5 
from (1) for the appropriate values of 4 and A. Note 
that 6=(b/2)csc(A/2), so that 6 is large if A is small. 
(2) Combination of Z,; with the terminal-zone network 
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Fic. 4. Reactance of V-antenna. 


consisting of Lr in series and Cr in parallel with Z,5. 
Since numerical values of Z,3 are available only from a 
zeroth-order solution with 6=0 and Boh=2/2, an ac- 
curate quantitative determination of the apparent ter- 
minal impedance in Fig. 3(b) is not possible at present. 
Nevertheless, a valuable qualitative picture of the 
apparent impedance as a function of A may be ob- 
tained for Boh’ =Bo(h—5)=2/2 by applying the ter- 
minal-zone correction to the theoretical zeroth-order 
impedance for 5=0. As an example, consider a rather 
thick antenna (Q=2 In(24/a)=9) driven from a two- 
wire line that is quite widely spaced so that b=0.05Xo, 
a=0.016. With f=750 mc/sec, 


wh r= —b/2rvp= — 18.8 ohms. (3.15a) 


In Fig. 4 is shown the zeroth-order curve for X, for 
5=0, Byh=x/2 as taken from Fig. 2, together with a 
curve of X,+wLr. Since for A= at 6=0 the zeroth- 
order reactance, 42.5 ohms, is a fair approximation of 
the reactance even of quite thick antennas, and since 
the principal effect of a finite but small gap 26 on the 
theoretical terminal impedance is taken into account 
by using h’=h—6 in place of h, it follows that X,+oLr 
in Fig. 4 should be a rough approximation of X,; when 
A is sufficiently near so that 8o5= (89b/2)csc(A/2) is 
small compared with unity. With od as large as 0.314, 
the acceptable range is limited to A=120°. Evidently 
X,+wLr is a reasonable approximation of the ap- 
parent terminal reactance over a much greater range 
of A when smaller values of Bob and of Lr are involved. 
However, X,+w7r is in no case a good approximation 
for small values of A, since the assumption 6=0 im- 
plied in X, is then not a good one. For A+0, the im- 
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pedance of the antenna reduces to the impedance of g 
section of two-wire line of electrical length Boh=x/2 
Conventional transmission-line theory gives zero im. 
pedance for such a section if the conductors are treated 
as perfect. However, if account is taken of the capacitive 
end effect, a lumped positive capacitance C7 is required 
across the open end of the section. This capacitance jg 
given by (3.13) with (3.14) provided k, is set equal to 
zero. Graphical integration with b/a=6 gives Cr=0,163 
X 10- farad. The reactance looking into a quarter-waye 


section of lossless line terminated in Cr is 


Xin=oC7RZ2=35 ohms, (3.15b) 


where R,=215.4 ohms. This is the input reactance at 
an electrical distance Bow=2/2 from the end of a 
straight transmission line. Since there is a right-angle 
bend at this value of Bow, the apparent impedance jp. 
volves a terminal-zone network. At a low voltage point 
the capacitive effect is small, but the inductive effect 
is great. In order to correct uniform line theory on each 
side of the bend, series inductances Lr are required, 
Thus, the reactance terminating the line is X;, in 
(3.15b) in series with 2L7 where Lr is the same as 
(3.15a). Thus, 


X a= Xin +2wL r= 35—37.6= —2.6 ohms. (3.16) 


This point is indicated by P in Fig. 4. Evidently, be- 
tween A=120° and A=0°, the curve X,+wLr7 must 
bend up so that it ends at X,a= —2.6, the value for the 
two-wire line, instead of at X= —111, the value fora 
tapered line. It is to be expected that the true curve 
tends to follow X,+wLr but ultimately bends up to 
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Fic. 5. Resistance of V-antenna. 
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the point P. For a relatively thick antenna a curve 
such as the dotted one in Fig. 4 appears reasonable. 
It is seen to approximate the experimentally deter- 
mined® curve marked Boh’ =2/2. An experimental curve 
for a slightly smaller value of h’ is marked Boh’ =1.55. 
The presently used rough method of determining the 
approximate reactance curve of a thick V-antenna 
driven from a two-wire line with large spacing provides 
a clear picture of the several factors that determine the 
shape of the experimental curve and the striking de- 
parture from the simple curve X, of the thin V-antenna 
driven from a two-wire line with negligible spacing 0b. 
In addition, the great significance of terminal-zone 
effects in determining the reactance of the V-antenna 
is clarified. 

The terminal-zone effects do not alter R, signifi- 
cantly. It is seen in Fig. 5 that the zeroth-order theo- 
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Fic. 6. Reactance of V-antenna. 


retical curve R, for the extremely thin antenna with 
5=0 and 6ok=2/2 agrees in shape with the experi- 
mental curve R,3 for a V-antenna with Q=9, Boh’ 
=6o(h—6)=2/2 driven from a two-wire line with b/Xo 
=0.05, a=0.16b. Numerical differences for A<_7 are 
consistent with the difference at A= where the theo- 


retical value is R,=Ro=73.1 ohms for a very thin 
antenna. 


Antenna in the Plane of a Two-Wire Line 


An estimate of the apparent impedance terminating 
the line in the circuit of Fig. 3(a) is more involved than 
for the circuit of Fig. 3(b), since inductive as well as 
capacitive coupling existing between the antenna and 
the transmission line. The lumped elements Lr and 





* Experimental data are those of D. Angelakos. 
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Fic. 7. Sideway-tilt V-antenna. 


Cr for the corrective-terminal-zone network are deter- 
mined by the same general method. Thus, the lumped 
shunt capacitance Cr is given by (3.13) and (3.14) 
but with’ 


InB= kor'(w)= f [(1/Rir)—1/Rer |ds’ 





;, k cos}A+5 sin}A+ (w?+b*)! 
=In 


| (3.17a) 
w cossA= (w?+a?)! 


where 
Rir= (s"-+2s'w cos}A+w*+a’)!; 

Ror= (s’2+2s’(w cossA+5 sing A)+w*?+0?)! 
in place of (3.13). 

The series inductance Lr involves both end effect 
and coupling. It is determined from the inductance 


per unit length of the two-wire line with the V-antenna 
attached, i.e., from 


(3.17b) 


Lr= f [ 1¢(w) —1o* |dw 


1 4 [Tw cossA+6 singA+ (w’?+0*)! 
= {cosha f n| Jew 
0 w cossA+ (w*+<a?)! 


4 fwt(w?+2)! 
- f nf lew (3.18) 
0 w+ (w*+a’)! 


7R. King and K. Tomiyasu, “Terminal impedance and gen- 
eralized two-wire line theory,”’ Cruft Laboratory Technical Re- 
port No. 74, and Proc. Inst. Radio Engrs. 37, 1134-1139 (1949). 
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where d= 100. 
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é X sa= X in=wC7RZ=35 ohms, (3.19) Bs 
& the 
& for the particular case under study. The point X=35 and 
As : is labeled P in Fig. 6. As before, the true impedance a 
Fi? curve must connect X,+wlr between A=120° and aia 
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Fic. 8. Forward-tilt V-antenna. 


The combination X,+wLr is shown in Fig. 6 for 
the same antenna and line analyzed previously for the 
circuit of Fig. 3(b). This curve for the circuit of Fig. 3(a) 
is seen to differ considerably from the corresponding 
curve for the circuit of Fig. 3(b) shown in Fig. 4. 
Notably, the reactance increases rather than decreases 
as A is reduced from x. Since the theoretical curves 
assume 6=0, X,+wlr can be expected to be a fair 
approximation for thick antennas with 6<0 only for A 





R AND X IN OHMS 


























































sufficiently large. For the same line spacing, )>=0.05), a me 

the range 120°=A=180° is reasonable. | ger 

7 lib 

oe CTCL LLL wT TiItitl(iitAttitti iy - 

+ > > - _ ‘ + — 4 — . of 

00 a “IT TTLLLIt ELLE ™ 

) ' arene ' ap) 

wer |_| | E : Fic. 10. Variations in V-antenna impedance with length for bil 
a 7 | <r . various angles of forward tilt. 

|_ £41; : cid 

800 sp 

P The analysis has made it clear how important ter- — 

= 400 5 minal-zone effects are when }b/X» is not vanishingly ‘ 

z small. The rough qualitative study based on the theo- : 

od retical zeroth-order reactance X, is adequate to explain 

a the shape of the experimental curve and the reasons nol 

‘iat for its departure not only from the theoretical zeroth- a 

a order curve for the ideal V-antenna but also from the | 

ams voix? | | td experimental curve for the identical antenna driven Te 

| | from the same line but in the circuit of Fig. 3(b) in- Pa 

_ ae stead of that of Fig. 3(a). The great importance of the thi 

| | tii tli ft t | particular circuit connection in determining the ap- . 

Fic. 9. Variations in V-antenna impedance with length for parent reactance of a V-antenna is brought our clearly. ok 


various angles of sideway tilt. The resistance of the V-antenna is essentially the same pr 











STRESS-FUNCTION APPROACHES OF BOUSSINESQ AND TIMPE 


in both the circuits in Fig. 3(a) and Fig. 3(b). It is 
given in Fig. 5. 
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APPENDIX. EXPERIMENTAL MEASUREMENT OF 
THE IMPEDANCE OF V-ANTENNAS 


Complete experimental curves for the apparent impedance of 
the V-antenna drives with the antenna in the plane of the line 
and perpendicular to the plane of the line are in Figs. 7 to 10. 
Note the striking differences between the measured impedances of 
the same antenna when driven from the same line in the two 
orientations. The two sets of curves agree only when the two legs 
are collinear and the two orientations become identical. 
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The experimental measurements were made by D. Angelakos*® 
on the image-plane line described elsewhere.* The notation on 
Figs. 7-10 differs somewhat from that used in the main body of 
this paper. The electrical] leg length Soh used as parameter is the 
electrical half-length of the antenna when the legs are collinear. 
That is, in these figures Boh=Bo(h’+a+c), where 2(a+c) is the 
line spacing 6. Note that A, the enclosed angle of the V, is repre- 
sented in the form (4—2y) for the antenna in the plane of the line 
and (x— 2a) for the antenna perpendicular to the plane of the line. 
The angles y and a@ are the angles of tilt of each leg of the V from 
the collinear position. 


8D. Angelakos, ‘Current and charge distributions on antennas 
and open-wire lines,” Ph.D. thesis (Cruft Laboratory, Harvard 
University, Cambridge, Massachusetts). 

*P. Conley, “Impedance measurements with open-wire lines” 
(Cruft Laboratory Technical Report No. 35, March 18, 1948). 
P. Conley, J. Appl. Phys. 20, 1022-1026 (1949). 
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In the first part of this note the stress-function approaches of Boussinesq and Timpe to the rotationally 
symmetric problem in the classical theory of elasticity are referred to general orthogonal axisymmetric 
curvilinear co-ordinates. Although the underlying computations are of a routine character, it is felt that the 
presentation of the final results may serve a useful purpose. In the second part of the note, a connection 
between the two stress-function approaches is established. 


INTRODUCTION 


HE torsion-free rotationally symmetric problem 

in the theory of elasticity has been attacked by 
means of stress functions in a variety of ways.' The 
general solution of the displacement equations of equi- 
librium in terms of three harmonic functions, which 
was apparently initiated by Boussinesq [3],? in case 
of rotational symmetry yields an approach via two 
harmonic functions. Probably the most widely used 
approach is that due to Love [1] in terms of a single 
biharmonic function. Love’s solution, moreover, coin- 
cides with the general solution of Galerkin [2] in the 
special instance of rotational symmetry, as was pointed 


* The results presented in this paper were obtained in the course 
of an investigation conducted under Contract N7onr-32906 with 
the ONR, Department of the Navy, in Washington, D. C. 

t Associate Professor of Mechanics, Illinois Institute of Tech- 
nology, Chicago, Illinois. 

- Research Assistant, Illinois Institute of Technology, Chicago, 
nois. 

§ Associate Professor of Mathematics, Illinois Institute of 
Technology, Chicago, Illinois. 

‘See [2] (numbers in brackets refer to the bibliography at the 
end of the paper), which contains a comprehensive treatment of 
this subject. 

*The three-function approach ‘was independently established 
by Papkovich [6] and subsequently by Neuber [7] who has em- 
ployed it extensively [8]. A particularly elegant completeness 
proof for the Bossinesq solution was given by Mindlin [9]. 


out by H. M. Westergaard.’ A variant of Love’s solu- 
tion was given by A. and L. Féppl [4]. More recently, 
Timpe [10] and Weber [11] have introduced further 
stress-function approaches to the axisymmetric problem. 

The relative merits of the general solutions referred 
to above depend upon the particular axisymmetric 
problem under consideration. For applications involving 
the use of noncylindrical curvilinear co-ordinates, the 
stress functions of Boussinesq and Timpe appear to 
offer definite advantages over those of Love and Weber, 
which give rise to comparatively unwieldy expressions 
for the curvilinear components of stress. In what follows 
we exhibit explicitly the solutions of Boussinesq and 
Timpe in general orthogonal axisymmetric co-ordinates.‘ 

From the point of view of applications, it furthermore 
seems useful to examine the connection between the 
various approaches. The connection between the solu- 
tions of Boussinesq and Love was given by Mindlin 
[9]. The relation between Weber’s solution and that of 
Boussinesq is also immediate, as is pointed out by 
Butty [2]. In the current note we relate Timpe’s ap- 
proach to that of Boussinesq, and thus to the remaining 
approaches cited. 


3 See [13] in which this observation of Westergaard is cited. 

‘ Although the curvilinear transforms of the corresponding dis- 
placement fields are available elsewhere [2], [10], they will be 
included here for the sake of convenience. 
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BOUSSINESQ’S APPROACH 


In accordance with the three-function approach of 
Boussinesq [3], the general solution of the displace- 
ment equations of equilibrium in case of rotational 
symmetry about the z axis, and in the absence of body 
forces, is representable as the sum of the following two 
displacement fields which are here referred to the 
cylindrical co-ordinates (p, y, 2): 


2G[u,, uy, uz |=gradg, (1) 
2G[ up, Uy, Uz |= grad (zy) — LO, 0, 4(1— vw}, (2) 


where 
V?o(p, z)=0, V*y(p, z)=0, (3) 


and [,, uy, uz] denote the radial, transverse, and 
axial components of displacement, whereas G and v 
designate the shear modulus and Poisson’s ratio, re- 
spectively. The two solutions generated by the stress 
functions ¢ and y will henceforth be called the first and 
second Boussinesq solutions. 

We now introduce general axisymmetric curvilinear 
co-ordinates (a, 8, y) by means of the transformation 


x= f(a, B) cosy 
y= f(a, B) siny s, (4) 
2= g(a, B) 


which is assumed to conform to the orthogonality 


condition 
fafst gags=9 (S)® 


so that the coordinate surfaces a=const, 8=const 
represent mutually orthogonal families of coaxial 
surfaces of revolution which are in turn perpendicular 
to the meridional half-planes y=const. The differential 
of arc-length is given by 


da\? dB\? dy\? 
(JE) 
hy he hs 
and the metric coefficients become 
1 
hz=—. (7) 
If! 


By the usual transformation methods [12], we ob- 
tain for the displacement fields of the Boussinesq solu- 
tions in curvilinear coordinates, 


hy=(fa?+ga")', h2=(fe?+ge"), 


Ua= hy¢a/2G 
; (8) 
up=happ/2G 
Ua= (h;/2G) [gVa— (3— a (9) 
ug= (h2/2G)[gbe—(3—4»)geh]) 


* Subscripts attached to functions which originally bear no 
subscript denote partial differentiation. 


STERNBERG, EUBANKS, 


AND SADOWSKY 


and for the associated fields of stress; 





Oh, h2 Oh, 7} 

Ga>= hy aat hi— ga—- — ——¢s 
Oa 1 Og 
Oh» h?? dhe 

o3> h? ppp+ h2— ¢p— — 
0 he 0a 

h? fa hifs o> (10) 
o,= Pat $B 
f f 

1 dhe 

Tap hyhe Yast hy— Pat hy— sp 
0B 0a 





oh, 
oa>= hYgWaat (is s- 2hten We 
0a 


h? dh, oh? 
—— — gat 2v(hygaba— hz? 
b Oe 8 1g. 2’ gas) 


1 
Oh» 
op=hegbeet+ (ue - 2htes oo 


h? dhe 
= — gat 2v(hegaba—hy gaa) 


2 (ed 


g 
oy= ’ aes aWat he? fae) — 2v(hrgabat he geyg) 


Oh Oh, 
Tap = hyhogPag+Z (:: 1— Vet hr) 
Oa 0p 
— (1—2v)hyho(gave+ gaa). 


In the foregoing equations ua, ug and Ga, 78, Oy, Tag are 
the curvilinear components of displacement and stress, 
respectively ; the displacement , as well as the stresses 
Tya, Tyg Vanish identically by virtue of the rotational 
symmetry. Finally, we record the curvilinear transform 
of Laplace’s equation, which must be satisfied by the 
Boussinesq stress functions. If ¢(a, 8) is harmonic, 


0 thy re) fhe 
—( be) +— 6) =0. (12) 
0aX he OB\ hy 

TIMPE’S APPROACH 





We next consider the stress-function approach due to 
Timpe [10]. Timpe represented the general axisyn- 
metric integral of the displacement equations of equi- 
librium as the sum of two displacement fields which, 
in cylindrical coordinates, appear as 





2G[ up, ty, u,]=grad®, (13) 

4(1—y) 
2G[u,, Uy, Uz |= gadv—| V, 0, of (14) 

p 
where 
V’P(p, 2)=0, 

2 av (15) 

A’¥(p, 2) =V¥—- —=0. 


p Op 
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STRESS-FUNCTION APPROACHES OF BOUSSINESQ AND TIMPE 


Thus the displacement field (13) of the first Timpe solu- 
tion is of the same form as that of the first Boussinesq 
solution given in (1). The stress function W of the second 
Timpe solution satisfies the partial differential equation 
which characterizes the stream function in axisymmetric 
potential flows of an ideal, incompressible fluid. Upon 
transformation of (14) inte curvilinear coordinates, 


we obtain 
hy r 1 ] 
Ua= —| Va—4(1—v)-f.¥ 
2GL 
hef S.:4 
ug=—| Vg—4(1—v)- 
2GL ap 











(16) 


and the corresponding field of stress has the curvilinear 


representation 
hy Oh; 
C= h?YVaa— a0 fa f— |e 


h? 
- nd 


1 


<n l {1 .. | 
f 1 aa f a 





Oh, h? dh, 
tiiGe fg 
0a hy 0B 


hey “Lae hoff f] 
og=h2V 3g3—— —v)hofg— f— |v 
8 2 f 2/8 aB B 


me 2vh 
= Vv fot fe 


A afinty 
21/88 rn 





f 
Oh, hy dhe 
+ heofs———fa— Vv 
OB he da 
1—2py 
a Sethi ieee 
4(1—v) 





Chi fa + he? fe? 


hy dh, 
ra hh ashe 2 ane fr-— |W. 
f op 


Oa 


lids 1 
j the} fap ele] 


dh» dh, 
+i fs—+t hofa— | Vv 
0a 0B 


he Ohe 
hf 20-9). J 








’ 


(17) 
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whereas the second of Eqs. (15) becomes 


da fhe te) ()- i 


A CONNECTION BETWEEN THE SOLUTIONS OF 
BOUSSINESQ AND TIMPE 


(18) 


We now determine Boussinesgq stress functions g and 
y which are equivalent to given Timpe functions ® and 
V in the sense that they generate the same displacement 
and stress fields. To this end we equate the displace- 
ment fields of the complete Boussinesq and Timpe 
solutions, and obtain with the aid of (1), (2) and 


(13), (14), 
4(1—») 
Vv, 0, o| 


= grad(y+y)—[0, 0,4(1—»)y]. (19) 


Application of the divergence and curl operators to (19) 
yields 





grad(®+ v)— i— 


py.=V,, php=— (20) 
Hence y¥(p, z) admits the line integral representation 
¥(p, z)= 


(p,2) 1 1 
| --v.te+—v.ds] (21) 
(p0,20) p p 


where (pp, Zo) is an arbitrary fixed point of the meridi- 
onal half-plane p> 0. In view of the second of Eqs. (15), 
the integral (21) is independent of the path, and hence 
y is. single-valued in any simply connected domain 
throughout which W is regular. Moreover, 


V*¥(p, z)=0. (22) 


The function y corresponds to the velocity potential 
in the axisymmetric potential flows referred to earlier. 

Equating p-components and z-components in (19), 
and making use of (20), we reach 


(0/dp)(e—®) = pf.—2p,— [4(1 aa v)/p]¥, 
(0/dz)(e—®) = (3—4v)p—2y.— py. 


Equations (23) at once imply the following determina- 
tion of ¢: 


¢(p, z)=P(p, z) 


(p,2z) 
+ {| v.24. 


(0,20) 


|, @9 





4(1—y) k 
v |dp 
p 


+[@—4)¥—s1.— ot, 


(24) 





7 


We observe, on the basis of (20), that ¢g(p, z) is single- 
valued in any simply connected domain in which 
W(p,z) is regular, Furthermore, direct computation 
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yields 
V*p(p, 2)=0. (25) 


Equations (21) and (24) constitute an explicit connec- 
tion between the two stress-function approaches under 
consideration. ; 
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The Offset Wave-Guide Junction as a Reactive Element* 
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A new type of wave-guide circuit element has been described that has a number of desirable electrical and 
mechanical properties. These include ease and accuracy of adjustment, and simple analytical expressions for 


some of the more important properties. 


The capacitive junction allows the practical construction of capacitively coupled resonant cavities. Such 
cavities have a relatively constant band width over their tuning range, as compared with the more com- 


monly used inductively coupled cavities. 


INTRODUCTION 


HE microwave circuit designer has at his disposal 

a number of different mechanical forms with 
which to produce lumbed capacitive or inductive re- 
actances. One can produce a capacitive shunt reactance 
across a wave guide by means of a tuning screw whose 
axis is parallel to the electric field lines in the guide, 
or by means of an iris or partition across the guide 
(Fig. 1a). Similarly, inductive shunt reactances can be 
realized by posts across the guide, or by irises (Fig. 1b). 
Except for the capacitive tuning screw, which can 
produce only small susceptances, none of these struc- 
tures is easily variable. Furthermore, the capacitive 
iris, which requires very narrow gaps in order to pro- 


ih 


Fic. 1. Conventional forms of capacitive and 
inductive elements used in wave guide. 











(9) (b) 


* This work was supported in part by the Signal Corps, Air 
Materiel Command, and ONR. : 


duce appreciable susceptances, is difficult to fabricate 
with any precision. 

The offset wave-guide junctions described in this 
paper are characterized by a rugged mechanical con- 
struction and ease of adjustment. Figure 2 illustrates 
the three basic forms of these junctions: capacitive, 
inductive, and resonant. They are made from sections 
of wave guides having plain flanges, clamped or soldered 
together at the desired offset. This simple construction 
allows gaps to be adjusted to extremely close tolerances 
by means of ‘“‘feeler gauges,” so that, for example, it is 
relatively easy to make a 0.005-inch capacitive gap ina 
1X3X0.050-inch wave guide. Similarly, very narrow 
resonant gaps can be made without the difficulties from 
warping that are encountered in conventional irises. 

In addition to their mechanical features, the offset 
junctions have some interesting electrical properties. 
The capacitive junction turns out to be the equivalent 
of an infinitely thin asymmetrical capacitive iris and 
can be described by the same equation. It behaves asa 
simple shunt capacitance across the wave guide, located 
in the plane of the junction. The inductive junction, 
because of asymmetry of the H field on opposite sides 
of the junction, must be described by a T of inductances. 








The 
for ¢ 
the 
of c 
loci 
load 


3.3 


F 





THE OFFSET WAVE-GUIDE JUNCTION AS A REACTIVE ELEMENT 1125 





3 
rs 
ea __ SSS 


o SO —>gs 


onc- 








: : = 
rob- SS 
































cher INDUCTIVE 


1ON 
CAPACITIVE seaeedies 
JUNCTION i, 


(b) 


















































idre- S 
ition WEA 
16, Gf YY 







































emi- Up, 
, RESONANT 
JUNCTION 
951 (c) 


Fic. 2. The three principal forms of the offset wave-guide junction. 


The shunt element varies as predicted by the equation the range of susceptance to be determined, measure- 
for an infinitely thin, asymmetric, inductive iris. Finally, ments were made with either a precision magic T or 
the resonant junction can be described in terms of loci with a slotted line. 


of constant resonant frequency with varying Q. These Figure 3 is an admittance plot for the capacitive and 
loci turn out to be hyperbolas, but no expression for the inductive junctions, in parallel with a matched termina- 
loaded Q has yet been obtained. tion. The offset distances, 5 for the inductive and 6, 


for the capacitive junction, are indicated along the 
curves. It can be seen that the points for the capacitive 

All measurements were made at wavelengths around Junction lie very closely on the 1+ 76 circle, correspond- 
3.3 cm with an RG-52U wave guide. Depending upon Ng to a pure shunt capacitance. This is not true of the 
icate points for the inductive junction. A lossless two- 


CHARACTERISTICS OF OFFSET JUNCTIONS 
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con- According to Dicke' a wave-guide obstacle may be 
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Fic. 3. Admittance vs offset (4 or 5-) of the inductive and Circuits (McGraw-Hill Book Company, Inc., New York, 1948), 
ANces. capacitive junctions, in parallel with Zp. Radiation Laboratory Series, M.I.T., Vol. 8. 
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Fic. 5. Susceptance vs 1/A, of a capacitive junction. 


to make the field in the plane of the obstacle zero by 
sending two waves of appropriate magnitude and phase 
from opposite sides. That is, the series elements of the 
equivalent T circuit vanish. Since the y variation of the 
electric fields is the same on both sides of the junction 
and the x variations are the same except for sign, this 
test is met by the capacitive junction. In the inductive 
junction, this condition cannot be satisfied because of 
the reversed variation of Hz on opposite sides of the 
junction, and the complete T circuit must be used. 

Figure 4 is a plot of the normalized shunt susceptance 
of a capacitive junction, compared with the expression 
for an asymmetrical iris! 


B/Yo=(8b/X,) In{icsc(axd/26) }, 
where d is the iris opening, and b the guide height. The 
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agreement is well within the experimental error. Figur, 
5 is a plot of B/Yo vs 1/d, for one value of offset the 
points represent a straight line, in agreement with the 
equation. 

Figure 6 shows the values of the shunt and serie, 
elements of the equivalent T circuit of an inductiye 
junction. The theoretical value of the shunt suscep. 
tance of an infinitely thin asymmetrical iris is alg 
plotted' in Fig. 6a: 


B/Yo= —[(A,/a) cot?(wd/2a) ][1+csc*(d/2a)], 


where a is the guide width. 

Figure 7 is a plot of the loci of constant resonant 
wavelength of the resonant junction, in which the guides 
were displaced diagonally, with their transverse axes 
parallel. The intercepts at which the vertical opening 
just vanishes, are very nearly equal to half of the air 
wavelength, as indicated in the table: 


2a’ N 
3.124 cm 3.136 cm 
3.328 3.359 
3.532 3.613. 


These curves are very closely described by hyperbolas 
of the form 


a’[1—(d/2a’)?}! Bb’ 
af1—(d/2a)?}! b 





No extensive measurements of loaded Q of these 
junctions were made. It is known, however, that 
Ql», the Q of the junction loaded by 2Y6, is low; and 
for a horizontal offset 6y=0.21, O1.~3. 
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Fic. 6. Equivalent circuit of the inductive junction, A=3.321 cm. 





Book 
Series 


Ce fr wo 


at 
nd 





THE OFFSET WAVE-GUIDE JUNCTION 






































sor 
fo 1S Om 
g -_- —---—-—~ ———— 1 664cm 
| | j—_______ . sezca 
040}—- 
2 = 
- 8, 
v7 . pe 
a « *3.6i3cm T ; a 
o20- ° + 3.359em > Ee 
*23136em 
t 5 
me mh oy 
QO} 
. l 1 1 1 ! n n n well 
% 010 0.20 030 040 050 060 Q70 0.80 a90 
3, -INCHES 


Fic. 7. Loci of constant resonant wavelength for the 
resonant junction. 


APPLICATIONS TO FILTERS 


It is to be expected that these junctions will find 
their greatest usefulness in the design and construction 
of microwave filters. A typical set of building blocks for 
a quarter-wave coupled filter is shown in Fig. 8. These 
are simply wave guides cut to the desired length (ap- 
proximately \,/2 and A,/4, respectively) and equipped 
with plane flanges. The theory of multiple cavity filters 
is well developed,” so that, given the characteristics of 
the elements, one can predict the filter performance 
with a high degree of precision. 

The accuracy with which the elementary resonant 
cavity can be designed is illustrated in Fig. 9. These 
curves are for inductively and capacitively coupled 
tunable cavities. The tuning was accomplished by means 
of screws at the centers of the respective cavities. The 








Fic. 8. Multiple cavity filter assembly. 


*G. L. Ragan, Microwave Transmission Circuits (McGraw-Hill 
Book Company, Inc., New York, 1948), Radiation Laboratory 
Series, M.I.T., Vol. 9, Chapters 9 and 10, pp. 540-715. 
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loaded Q was calculated* from the equation 
(b0?+ 1)64(Xo/)?+ bo 
Lo>= ’ 
(1/b,?)+ (1/b2*)+¢- 


where 6; and b, are the normalized coupling suscep- 
tances, g. is the normalized conductance of the cavity 
at its midpoint, and the tuning screw susceptance is 


2bo=((b1+ tan6)/b, tané]+ (b.+ tané)/b» tand, 
where 





9=2rl/d, and 2/=cavity length. 


or 
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Fic. 9. QL2 vs tuning of capacitively and inductively coupled 
cavities. (a) 6.-=0.005”", 2/=0.952”’. (b) 54=0.430", 2/=0.798”’, 
£eK1/b;?. 


These curves illustrate the advantage of using capaci- 
tively coupled cavities for tunable cavities, or filters; 
the variation in loaded Q with tuning is considerably 
less than for an inductively coupled cavity.‘ 


3 L. D. Smullin and C. G. Montgomery, Microwave Duplexers 
(McGraw-Hill Book Company, Inc., New York, 1948), Radia- 
tion Laboratory Series, M.I.T., Vol. 14. 

*L. D. Smullin, Technical Report No. 106, Research Labora- 
tory of Electronics, M.I.T. (1949); Abstract, Proc. Inst. Radio 
Engrs. 37, 12 (1949). 
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Mathematical Data for Electron Drain on Positive Ion Sources 
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A study of the motion of electrons moving in the presence of crossed electric and magnetic fields is pre- 
sented. Special electromagnetic regions are selected for discussion which assist in the controlling of electron 
discharge on positive ion sources when used with large mass-spectrograph units. The article compares the 
components of motion parallel and perpendicular to the magnetic field in the following regions: uniform 
crossed electric and magnetic fields; electric field produced by nonparallel plane condenser plates, uniform 
H parallel to one plate; electric field produced by coaxial circular cylindrical condensers, uniform magnetic 
field normal to axis of cylinders; uniform electric field, circularly bowed magnetic field. The components of 
motion are expressed in terms of mathematical functions, and where it is deemed useful, additional results 
are presented in graphical form so that the conclusions can be applied with a minimum of calculations. 





INTRODUCTION 


N the operation of positive ion sources for nuclear 

investigations, such as in the electromagnetic separa- 
tion of isotopes, an important engineering problem 
arises in controlling the loss of electrical power due to 
electrons. The positive ion source is maintained at a 
high positive voltage but is surrounded by a ground 
shield to prevent electrical field spread into the high 
vacuum magnetic region. Electrons multiply by familiar 
processes in the gaseous region between the positive 
ion chamber and its ground shield. The electrons have a 
component of motion both parallel and perpendicular 
to the magnetic field, but unfortunately the component 
perpendicular to the magnetic field in the direction of 
the equipotentials can be very large. Effective engineer- 
ing designs attempt to maintain minimum electron 
paths and velocities because in the large units the drain 
of electrons upon the positive source absorbs large 
amounts of electrical energy, producing excessive heat- 


ZH 
x 








Fic. 1. Uniform crossed E and H. 


ing, and in serious instances destroys metallic surfaces, 
Various types of electron traps are employed in prac. 
tice to assist the reduction of electron multiplication jp 
such regions. 

The available literature concerning the paths of 
charged particles in crossed electric and magnetic 
fields is concerned with application where the initial 
energies of the charged particles tre important in de. 
termining the type of path. Consequently, cycloidal and 
helical paths have been studied fully.'~> The previous 
studies do not offer directly results that can be used for 
electron trap regions. In the present discussion the 
initial energies of electrons are negligible in comparison 
with the energy of the electric field or the energy gained 
by the electron in the field. Thus the electrons havea 
drift component in the direction defined by EXH, that 
is, along equipotentials, with only minor fluctuations 
due to cycloidal variation. In addition the positive ion 
space charge is considered negligible for the regions 
being studied. 

In the following work, it is assumed that E is in esu, 
V is in practical volts, H is in gauss, and distances are 
in centimeters. 


I. UNIFORM CROSSED E AND H 


Let the uniform magnetic field H be parallel to thes 
axis, the parallel condenser plates be perpendicular to 
the x—z plane, the uniform electric field E be inclined 
at an angle @ with the x axis, as shown in Fig. 1. 

The equations of motion are as follows: 


mé=eE,—eyH/C, 
mij = ezH /C, 
m2z=eE,. 
The solution of the system of differential equations is 


quite simple upon assuming initial coordinates and 
velocities to be zero. Then the parametric form of the 


1 N. D. Coggeshall and M. Muskat, Phys. Rev. 66, 187 (194). 
2 N. D. Coggeshall and M. Muskat, Phys. Rev. 70, 270 (196). 
3 A. J. Dempster, Proc. Am. Phil. Soc. 75, 755 (1935). 

4F. W. Aston, Nature 137, 357 (1936). 

5R. G. E. Hutter, Phys. Rev. 67, 248 (1945). 
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ELECTRON DRAIN ON 


solution becomes 
y= (CE,/H)i, 


z= (eE,/2m)*. 


Thus the electrons travel along equipotentials with 
energies corresponding to the average drift velocity 
v=C-E./H. 

Let the separation between the parallel plane con- 
denser plates be s. The distance y that an electron 
travels in the drift direction in traversing a distance z 
parallel to H is 


y=58.2 (cos@/H)(E,/sin6)'. 


Example: E=2 esu, H=3000 gauss, 9=5°, then 
y=0.024(z)* cm. 

The drift distance y for an electron to travel from the 
negative condenser plate to the positively charged plates 
is given by 

y= (C/H)(mV/150e)! coté 
=[(V)!/H]-3.37 coté. 


Example: V=10,000 volts, H=3000 gauss, 
y=0.112 cot@ cm. 


then 


Il. E PRODUCED BY NONPARALLEL PLANE 
CONDENSER, UNIFORM H PARALLEL 
TO ONE CONDENSER PLATE 


Let H be parallel to the Z axis, the condenser plates 
be perpendicular to the x—Z plane and intersecting at 
an angle 8, the negatively charged plate be parallel to Z 
axis. At the time /=0, let the electron be located at 
(r, 9), where r and @ are polar coordinates in the x«—z 
plane, as shown in Fig. 2. 

For the above configuration, 


E=V/300r8, E.= V-sin@/300r8, E,= — V-cos6/300r8. 


The distance y that the electron travels parallel to the 
equipotentials in order to reach the positive surface is 
given by 


tanédé 








CymV \! f% 
Pa) i. (6-6)! 
CymV \*; 7% tané—tandy 
A) Sn. (A.— 6)? 
+2 tan6y(o+ B— 2/2)! ; 


It is easily shown that for 0< 0 


% /tand— tan, 
{ ( )qs <4(tan@)— tan@)(@.—@)?; 
6 (A0— 6)} 














therefore, 


CsmV \3/0.+8—27/2\3 
aneme ygtenniny 
H\150e B 


. ¢ ( mV (= tan9o\ /%+8—7/2\3 
y>— , 
2H \150e 2 )( B ) 








POSITIVE 
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For small 6, 


CsmV \'/6+8—27/2\3 
y~—_(—) (—~) tan§. 
H\150e B 


Define ¢=}327—0, do0=327—O6o, then 


Cs mV ; do ; 
yr —) cotéo(1-—) , 
H \150e B 


V)} do 
y~—0.275 cotdo( 1 =). 
H 28 


Example: let H=3000 gauss, V= 10,000 volts, ¢o/28 
=0.5, then y~0.007 - cot¢o cm. 


III. E PRODUCED BY COAXIAL CIRCULAR 
CONDENSER, UNIFORM H NORMAL 
TO AXIS OF CYLINDERS 


Let the axis of the cylinders be coincident with the y 
axis, the radii of circular cylinders be a and 6, a<8, 
(r, 09) be the location of the electron at ‘=0, where 
r and @ are polar coordinates in the x—z plane as shown 
in Fig. 3. The electric field is described by E= V/300r 
-In(b/a). For the following let K = V/300-In(6/a). The 
type of path followed by the electron is dependent upon 
the positive charge being located on the outer or inner 
cylinder of the condenser. The two possible cases are 
described separately in the following. 


A. Positive Charge on Outer Cylindrical 
Surface of Condenser 


The distance y traveled in the drift direction for the 
electron to move from 4 to @ along a line of the magnetic 


Z.H = ay 


1) 
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Fic. 2. E produced by nonparallel plane condenser, 
uniform H parallel to one condenser plate. 
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Fic. 3. E produced by coaxial cylindrical condenser, 
uniform H normal to axis of cylinders. 


field is easily shown to be 


“(yf dé 

2 eee: eens SS 

H\X 2e % secé \ } 

(») 
secOy 


or for the purposes of computation it becomes 





H [ln(6/a) } 











° is 30 4s py 1s 9 
(=) 


Fic. 4. 7; as a function of 4 and @. 
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where 
6 1 cots 
1,=1.686) [ — dé 
% secO\ 4 (@—6 )! 
(mS) 
secOy 


+2 cotOo(6—6,)! 








I, as a function of 6) and @ is presented in Fig, 4, Ey. 
ample: let H=3000 gauss, V= 10,000 volts, b/a=1,2 
then y~0. 08 - “Th; if A= 30°, d= 45°, h=28 ond 
y=0.2 cm. 


B. Positive Charge on Inner Cylindrical 
Surface of Condenser 


1. a<x<b. 


In this region the electron cannot reach a positive 
surface because of its restriction to move parallel to 
the magnetic field for its component of motion parallel 
to the z axis. Thus the electron oscillates between +4, 
and —@p as it drifts in the y direction. 

The period of oscillation is given by 


eK Ga 1+ = 
1+ 
where u=tan0, %9=tan@o. Upon letting 
- du 
I7=0.954 f —_—_——_—- 
0 1+ u,? i 
(2) 
1+“ 
In(b/a) 
T= +( Vv 2) ‘Ir: 10-7. 


The wavelength of oscillation is given by 


=(~=) f du 
i H é 0 1+ u¢? 


T=4« 
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ELECTRON DRAIN ON POSITIVE 


The average drift velocity in the direction of EXH 
becomes 
v=)/T, 
v=[V/xH In(b/a) }-J,- 108, 
where 
I, =I1)/Ir. 


. Figure 5 presents I7, J, 7, as a function of 6p. 
Example: let H = 3000 gauss, V = 10,000 volts, b/a= 1.2, 
=30°, Ir=1.75, 1,=1.45, I,=0.86, and T=7.5-x 
107 sec, A= 1.2 cm, v= 1.6/x- 10° cm/sec. 


2. 0<x<a. 


For this range of x values the electron can strike a 
positive surface after traveling the distance y in the 
drift direction, where 


“(==) dé 

-— 2e 8 seco : 

(SS) 
sec0 


For convenience of computation the above is written 
in the form, 





y=(V3/H) -Te, 
where 








I,= 


1.686 ®r 2ctn4 1 
f dé 
9 


[In(b/a)} (Ao— 6) =) 
( "a 


a 4 ctn6o(Ao— 6) | 


J 


In Fig. 6, J. is presented as a function of b/a and x/a 
with the additional requirement that the electron is 
initially at the outer cylinder and traverses the region 
to the inner positive cylinder. 

Example: let H=3000 gauss, V=10,000 volts, b/a 
=1.4, x/a=0.6; then J>= 1.65, and y=0.055 cm. 





IV. UNIFORM E, CIRCULARLY BOWED H 


Consider an electric field produced by. a parallel 
plane condenser whose plates are perpendicular to the x 
axis. Let the x—y plane be the plane of symmetry for 
the circularly bowed magnetic field, the magnetic field 
not be a function of the y variable, the electron be 
located at (r, 09) at time ‘=0, where r is the constant 
radius of curvature of the magnetic field and @ is the 
angle of inclination of the radius vector to the electron 
above the x—y plane, as is shown in Fig. 7. 

The motion of the electron is the resultant of the 
following: acceleration along H towards the positive 
surface, m-r-§=cE-sin@, a cycloidal drift velocity given 
by y= (cE/H) cos. The distance y traveled in the drift 
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Fic. 5. I7, I, Ty as a function of 6. 


direction for the electron to move from 6 to @ is given by 





C 6 cos6dé 
y=—(Erm/e)! f : 
H # [.2(cos@)>—cos6) |! 


It is convenient to make the following definitions, 
a= 180°—6, aop=180°— 4, sinao/2=k, sina/2=k-sing. 
Then, the previous statement for y can be expressed as 


* 7/2 sin’hd@ 
y= —(Erm/6)}| 2k? J 
H ¢ (1—'sin’p)! 


+F(, k)—F(x/2, k)}, 
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Fic. 6. J. as a function of b/a and x/a for an electron 
to move from outer to inner cylinder. 
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Fic. 7. Uniform E, circularly bowed H. 


¢ =arcsin [(cos0/2) /k] do 
F(@, b= f aan 
s (1—? sin’)! 














where 





Thus 
C 
ly| <r re/s, k)—F(¢, k)}. 


For the physical applications, r is comparatively large 
and @ is small. As 0-0, ¢—7/2, and thus 


Cc 
ee e)*{ (4/2, k)—F (4, &)}, 


y~L(E)!/H - F;]- 10° 
F3=C(mr/e)*{ F(x/2, k)—F(, k)} -10-*. 


Figure 8 presents F; as a function of r and 2, for the 
electron to travel from z= 29 to z= 25 cm. Example: let 
E=10 esu, H= 3000 gauss, r= 1200 cm, z9=5 cm; then 
F;3= (3.20) - 108, y~3.0 cm. 


DISCUSSION 


The primary concern in controlling the electron drain 
upon the positive ion chamber is to minimize the length 
of electron paths, to minimize the gas pressure between 
the chamber and ground shields, and to distribute the 
electron drain over a large surface area in order to 
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Fic. 8. F; as a function of r and 2» for an electron to 
travel from z=2) to z=25 cm. 
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prevent localized high temperatures. Most electrop 
traps can be made very effective in making the drift 
distance in the direction EXH negligible, but large dis. 
tances parallel to the magnetic field continue to exist. 
If the distances between electrostatic plates are de. 
creased, it is then found that the gas pressure in the 
region rises rapidly. Unfortunately the multiplication of 
electrons is more sensitive to gas pressure than to smal} 
changes in distances. Perforations in the ground shields 
help to remove the gas liberated from the metallic 
surfaces but the capacity of the vacuum system limits 
the amount of decrease of distance between plates. 
Figure 9 displays the typical electron trap regions, 
Figure 9a permits long paths parallel to H. This can 
be remedied only by inclining the plates at a large angle 
with H. Furthermore, it concentrates the drain on either 
the top or bottom of the positive ion chamber. Figure 9 


AL & 
CU 


Fic. 9. Typical electron traps. 








has the advantage of spreading the drain over larger 
areas but the disadvantage of allowing multiplication of 
electrons in the median plane regions is serious. Figure 
9c simplifies the ground shield construction, but it has 
the same weaknesses as Fig. 9b. Figure 9d provides a 
region of electron oscillation without permitting elec- 
trons to reach a positive surface; however, it can be 
used with short lengths parallel to EXH. The most 
effective application has been found with the type in 
Fig. 9d placed in a scatter arrangement on the sides 
of the positive ion block. The purpose of the scattering 
is twofold, to spread the electron drain over a large 
area and to have successive traps remove the electrons 
that escaped from the preceding trap. The type im 
Fig. 9d has a simple engineering advantage in that the 
semicylindrical volumes of metal can be easily placed 
on the vertical sides of the positive ion chamber. 
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The capacity of the plates of an oscilloscope charged to 35 
or 40 volts is discharged repeatedly by approaching electrodes 
of carbon, active silver, and inactive silver. Facts about the 
discharges, which are arcs of very short duration, are inferred 
from resulting open circuit potentials and calculated electrode 
separations. 

The separation at the first arc varies in different experiments 
but corresponds on the average to a nominal electric field of 
0.6X10° volts/em for carbon or active silver and to 2X10 
yolts/cm for inactive silver. Each arc is initiated by a very small 
number of field emission electrons. The hypothesis that a single 


electron may perhaps be sufficient is consistent with observations 
at later stages of each closure when the electrodes are closer and 
the field much higher. 

The earlier observation, that the potential across a short arc is 
constant and independent of current, is not true if the arc time is 
sufficiently short. For active silver a time comparable with 2 10-* 
sec is required to establish the steady arc voltage characteristic 
of later stages of arcs which last longer than this. The initial time 
during which the potential is decreasing toward its final steady 
value is 100 times the transit time of a silver ion across the gap. 





F a capacity which is discharged by closing contacts 

is very small, phenomena can be observed which are 
not detectable in circuits in which the capacity is large. 
It is convenient to use for the small capacity that of 
oscilloscope plates, the experimental circuit consisting 
then of the contacts in series with the capacity of these 
plates and the small inductance of the lead wires con- 
necting the plates to the contacts. This circuit is par- 
tially isolated from the power supply by a very large 
inductance, or a large resistance. When the contacts 
are brought together, the oscilloscope plate capacity is 


‘ discharged; this discharge undoubtedly takes place in 


exactly the same way when the inductance or resistance 
in the principal circuit is not large, but under such condi- 
tions the small capacity is recharged so quickly that no 
precise observation regarding its discharge can be made 
and even the occurrence of the discharge may escape 
detection. Tests have been carried out by oscilloscopic 
observation of the potential across closing contacts 
which are connected to a relatively large charged ca- 
pacity through an inductance of large size. The circuit 
is just that represented in Fig. 16 of an earlier paper,' 
the only difference being the unusual size of the 
inductance. 

The size of this inductance makes it necessary to use 
a different mechanism for opening and closing the con- 
tacts. Because of the largeness of the inductance, 12 
henries in some of the tests, the large capacity is not 
completely discharged in 1/120 sec; and in consequence, 
the contacts cannot be operated at 60 cycles, as they 
were in the earlier experiments. They are opened and 
closed by the same speaker unit, but in place of 60-cycle 
operation the unit is actuated by a small direct current 
potential applied and removed at regular intervals by 
an adjustable multivibrator. The period is 1 or 2 
seconds, which is sufficiently long for the capacity to 
be completely discharged at each closure. 

In these tests the contact velocity at closure is re- 
quired, and an inconvenience attendant upon operation 





(985 H. Germer and F. E. Haworth, J. Appl. Phys. 20, 1085 


with the multivibrator is the fact that this velocity is 
not simply determined by observing the amplitude of 
the driving rod. It has to be found rather laboriously by 
measuring on the oscilloscope screen the time required 
for the contacts to close from various separations. The 
separations are changed by moving the fixed electrode, 
leaving the driving mechanism and the moving electrode 
unaltered. The position of the fixed electrode is meas- 
ured from an arbitrary zero point by a microscope with 
a filar micrometer eyepiece. For each of a number of 
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Fic. 1. Plot from which contact velocity at closure is determined. 
Abscissas represent position of the stationary electrode from an 
arbitrary zero point, and ordinates time on the oscilloscope screen 
from the tripping of the sweep until the contacts close. 
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Carbon 


Fic. 2. Potential between electrodes of active silver and of carbon as they are brought together to discharge 
a condenser through various large inductances. 


positions the time required for the contacts to close is 
determined by means of an oscilloscope, the potential 
on the speaker unit which holds the electrodes apart 
being removed simultaneously with the tripping of the 
sweep. On Fig. 1 are plotted values of time to contact 
closure, as measured on the oscilloscope screen, against 
position of the stationary electrode in the field of the 
microscope from an arbitrary zero. After measurements 
of this sort have been completed, experiments are 
carried out with the stationary electrode located at a 
position represented by an ordinate on this figure which 
lies on the straight part of the curve. The velocity of the 
contacts at closure is then known to be the reciprocal 
of the slope of the curve. For all of the tests reported 
below the voltage which the multivibrator appliesj-to 
the speaker unit was adjusted until measurement of 
the velocity showed that the contacts were closing at 
4.0 cm/sec. 


Oscilloscope traces of closures in high inductance 
circuits are reproduced on Figs. 2 and 3. These three 
series of traces were obtained respectively with contacts 
of silver activated? with d-limonene, with contacts of 
carbon, and with contacts of inactive silver. In each 
experiment the main capacity which is discharged is 
C=10-*f, the length of the oscilloscope trace is 22X10“ 
sec, and the relative velocity of the contacts when they 
touch is 4.0 cm/sec. The potential difference across the 
condenser before it is discharged is Vo=40 volts for the 
experiments with carbon electrodes and V»=35 volts 
for the experiments with silver electrodes. The effective 
capacity of the oscilloscope plates together with their 
leads is C’=40X10-" f; and when this is discharged 
across the contacts, the charge flows through a total 





2 The first section of this paper is “Part I. Dependence upon 
surface conditions and circuit parameters,” L. H. Germer, J: 
Appl. Phys. 22, 955 (1951). 
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ARCING AT ELECTRICAL CONTACTS ON CLOSURE 


circuit inductance which has been measured to be about 

The traces of Fig. 2 are intended to be representative 
of several hundred photographed patterns obtained 
with electrodes of active silver and carbon. With elec- 
trodes of inactive silver, however, about half of all 
photographed traces are like the left trace of Fig. 1A 
of reference 2 without any feature whatsoever; and the 
patterns of Fig. 3 have been chosen to be representative 
of inactive silver after eliminating these. No pattern 
without features has ever been observed for active 
silver or for carbon. 

The initial sudden drop in potential at the beginning 
of each trace of Figs. 2 and 3 represents the partial dis- 
charge of the oscilloscope plate capacity, and subsequent 
abrupt small drops which occur before final closure 
represent additional partial discharges of this capacity. 
Between these partial discharges one can observe, per- 
haps most readily in the 1-h and 0.1-h traces of Fig. 2, 
the recharging of the oscilloscope plates from the much 
larger capacity which is located beyond the large in- 
ductance. For the smaller values of inductance the 
oscilloscope plate capacity may be charged above its 
original potential before another discharge occurs, or 
several cycles of free oscillation may even take place 
before another discharge. The period of these oscilla- 
tions is utilized to determine that the oscilloscope plate 
capacity is 40X10~'* f, since this period is deter- 
mined by this capacity and by the large inductance of 
known size. 

Various features of Figs. 2 and 3 are taken up one at 
a time in the following paragraphs with as much of their 
interpretation as is understood at this time. There are 
so many striking likenesses between the two sets of 
traces of Fig. 2 that they can be considered together 
almost all the time, but these traces are markedly differ- 
ent from those of Fig. 3. This observation is in line with 
previously noted similarities between the arcing be- 
havior of contacts of active silver and of carbon, and 
with contrasts between active silver and inactive silver. 


DEVELOPMENT OF THE LARGE ARC 


For the lower values of inductance the traces of Fig. 2 
record many successive partial discharges of the oscillo- 
scope plate capacity. The current through the induc- 
tance is increasing while these discharges are going on, 
or rather for that portion of the time for which the 
voltage across the contacts is below the decreasing 
voltage on the large condenser. It is to be expected that, 
if this current finally reaches the minimum arc current,” 
0.03 amp, a steady arc will be established across the 
contacts drawing its current from the large condenser 
through the large inductance. That an arc would prob- 
ably not be established for an inductance of 0.01h is 
lear from the fact that if such an arc were to occur, its 
maximum current (V»—v)(C/L)!, where Vo is the initial 
Voltage across the contacts and 2 is the arc voltage, 
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would be slightly below the minimum arc current of 
0.03 amp; for active silver this works out to be 0.024 
amp and for carbon, on the assumption that v= 21 volts, 
to be 0.019 amp. For an inductance of 0.001h this ex- 
pression for maximum current gives 0.076 amp for silver 
and 0.060 amp for carbon. Just what maximum current 
could be reached by a large number of successive partial 
discharges of the oscilloscope plate capacity cannot be 
worked out because it depends upon the details of these 
discharges, but this maximum current is probably not 
very much below the value (Vo—v)(C/L)!. Looking at 
the traces of Fig. 2, one observes that there is no arc 
that is fed directly from the larger capacity for an 
inductance of 0.01h, but that such arcs are established 
for both active silver and for carbon when the induc- 
tance is 0.001h, the two lowest traces of the figure. The 
arc for L=0.00ih lasts a longer time for active silver 
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Fic. 3. Potential between electrodes of inactive silver as they 
are brought together to discharge a condenser through various 
inductances. 
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than for carbon, and for L=0.01h it is clear that condi- 
tions are more nearly adequate to establish the arc for 
active silver than for carbon, both of which observations 
are in line with the above figures. In the two lowest 
traces of Fig. 2 the arc is extinguished before the energy 
is consumed, presumably when the arc current has de- 
creased to 0.03 amp; and then finally during the time 
interval just before contact closure there is a new series 
of discharges of the oscilloscope plate capacity. 


ELECTRODE SEPARATION AT FIRST DISCHARGE 


From examination of a large number of oscilloscope 
traces it is found that, although the elapsed time from 
the first partial discharge of the oscilloscope plates to 
final closure varies considerably, this time seems to be 
unrelated to the inductance and to be consistently 
higher for active silver and carbon than for inactive 
silver. For active silver and carbon the time is, on the 
average, about /’=15X10~ sec and for inactive silver 
t'=4X10~ sec. The displacements of the moving elec- 
trode in these times are, respectively, 6000A and 1600A. 
If one could be sure that the energy of the discharge 
were in each case insufficient to roughen or smooth the 
electrode surfaces appreciably, these distances would be 
the actual separations of the surfaces when the first 
partial discharge of the oscilloscope plate capacity 
takes place.? The nominal electric field between the 


TaBLe I. Data for the first arc, average values. 











Active silver Carbon Inactive silver 
Potential 35 volts 40 volts 35 volts 
difference 
Time to closure 15 X10 sec 15 X10~* sec 4 X10-* sec 
Calculated 6000A 6000A 1600A 
separation 
Nominal field 0.58 X10® v/cm 0.67 X108 v/cm 2.2 X106 v/cm 
Min. are current 0.03 amp 0.03 amp 0.6 amp 
(reference 1) 








* For silver the energy in the oscilloscope plate capacity is 
C’V?/2=0.25 erg, and one sees from the traces of Figs. 2 and 3 
that somewhat more than half of this on the average is dissipated 
at the first partial discharge, perhaps 0.15 erg. The roughening 
produced by this small amount of energy can be calculated from 
the results of earlier work and turns out actually not to be negli- 
gible. In this earlier work measurements were made of the maxi- 
mum separation at which electrodes are usually welded together 
by a discharge [reference 1, pp. 1091-1092, Figs. 7 and 8 and 
Eq. (3) ]. For Vo=48 volts it was found that this critical separation 
is s*=0.05C! cm. From the straightforward way in which the 
data were interpreted it is clear that for any amount of energy E, 
not necessarily that of a condenser charged to 48 volts, the general 
expression is s*= BE! cm, where B=2.2X 10° if E is expressed 
in ergs. For the energy of 0.15 erg this becomes s* = 1200A. If one 
neglects the fact that this determination of B was made for 
platinum and the present measurements are upon silver, this 
means that at the first partial discharge of the oscilloscope plate 
capacity the true separation of the electrodes was decreased by 
mounds of metal thrown up upon their surfaces to the extent of 
1200A; and it seems to imply that the true separation of the elec- 
trodes at which this discharge occurred was greater than the 
calculated value (of 6000A or 1600A) by this amount. That there 
may be some flaw in this reasoning is apparent from the observa- 
tion reported above that there is no dependence of ¢’ upon circuit 
inductance; if the reasoning were correct,.and the approaching 
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electrodes at the first discharge would then be obtaineg 
by dividing the potential difference by these distances 
giving 0.58X10° v/cm, 0.67X10° v/cm, and 22x19 
v/cm respectively for the field between active silver 
surfaces, carbon surfaces and inactive silver surfaces, 
These values are written down in Table I. 

These nominal values of electric field at which there 
is a partial discharge of the oscilloscope plate capacity 
between electrodes which are approaching each other 
can be compared with earlier measurements of the field 
at which an arc is struck between stationary electrodes, 
In the earlier tests measurements were made of the 
separation at which platinum electrodes discharged 
various low capacities in a very low inductance circuit. 
For 48 volts it was found‘ that the average nominal field 
was 0.60X10® volts/cm, which agrees well with the 
present measurements for active silver but is consider. 
ably lower than the field for inactive silver. It has been 
reported? that when electrodes which have not been 
specially cleaned are operated repeatedly, there is 
sufficient grease or other contamination on the surface 
so that on the first few closures they are in the active 
condition. It seems altogether probable that the sur. 
faces of the platinum electrodes of the earlier experi- 
ments, at which only a very few closure arcs took place, 
were in the active condition at most closures and that 
conditions for arcing at active platinum surfaces are 
much the same as for active silver. In the platinum tests 
considerably greater spread in the nominal field was 
found than in the present tests with active silver elec- 
trodes; part of this difference may be due to some 
closures of the platinum surfaces at which they had 
become inactive, resulting in much higher fields, and 
part to occasional greater roughness of the platinum 
surfaces, due to the fact that there was no continual 
pounding together of the platinum wires as in the tests 
upon silver wires reported here. 


THE “SMALL” ARCS 


-It has been one of the purposes of the preceding 
paragraphs to present a gradual approach toward the 
conclusion that the partial discharges of the oscilloscope 


electrode surfaces were perfectly smooth, one might expect that 
the many partial discharges which occur for low inductances 
would build up one mound on top of another and thus shorten! 
considerably, so that observed values of ¢’ would be greater for 
large inductances than for small, which is contrary to experience. 
The only sensible interpretation of the anomaly seems to be that 
successive discharges occur at different places on the electrode 
surface, no doubt at sharp points located in different places, 9 
that the small mounds each of the order of 10°A high do not pile 
on top of each other. It seems probable that the 1200A correction 
for one single partial discharge of the 40 10~-f capacity should 
be applied to each of the measured values of separation, mi 
them 7200A and 2800A, respectively for active silver and for 
inactive silver. The corresponding nominal electric fields between 
the electrodes at the first partial discharge of the oscilloscope 
plates are 0.49X 10° he lle for active silver, and 1.2XxI0 
volts/em for inactive silver. The correction resulting from this 
calculation is, however, so uncertain that it has not been incor 
porated into Table I nor used later in this paper. 
* Reference 1, Table III, column 10. 
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ARCING AT ELECTRICAL CONTACTS ON CLOSURE 


plate capacity represented by the abrupt drops in the 
traces of Figs. 2 and 3 are really arcs which are funda- 
mentally like those, for example, which have been dis- 
cussed in connection with Figs. 1B and 1C of reference 2. 
Before this interpretation can be accepted, some of 
the peculiarities of these partial discharges must be 
discussed. 

A natural point for first consideration is the absence 
of any direct record of the arcs on the traces reported 
here. This is, of course, accounted for by noting that the 
arc time should be about x(L’C’)!=0.009X10~ sec, 
which is much too short to be seen. 

A second point, which is not dismissed so abruptly 
and the interpretation of which may well lead to funda- 
mental insight into the phenomena at the beginning of 
a short arc, is the fact that the open-circuit voltages 
following these arcs are always above zero, and often 
even above the known value of the arc voltage (refer- 
ence 2, Table II). In our previous experience the open- 
circuit potential following an arc has been below the 
arc voltage and has been related in just the way one 
expects to the initial voltage, the arc voltage, and the 
circuit parameters.® It is natural to assume that this 
well-established relationship® still obtains and that the 
open-circuit voltages are now exceptionally high because 
the arc voltage, which is not directly observable on 
account of the very short duration of the arc, is itself 
exceptionally high. An unusually high arc potential at 
the very beginning of an arc seems reasonable enough, 
and for an arc of sufficiently short lifetime it is to be 
presumed that such an unusual potential can be ob- 
served through its consequences as in these experi- 
ments. There are, however, other possible explanations 
that must be ruled out before one can deduce a high 
and variable arc potential from the observation of high 
and variable open-circuit potentials following an arc. 

More prosaic possible causes of high open-circuit 
potentials following an arc are (1) considerable resis- 
tance in the oscilloscope plate circuit so that the circuit 
is perhaps no longer mainly inductive, (2) early failure 
of the arc when the current is still considerable, and (3) 
partial recharge of the oscilloscope plate capacity from 
distributed capacity in the large inductance. Some 
simple considerations and experiments seem to rule out 
all of these possible explanations of the high open- 
circuit potentials. 

The resistance which would be required in the oscillo- 
scope circuit to make it critically damped is (4L’/C’)! 
=140 ohms. The dc resistance of this circuit is negligible, 
and it seems that even the high frequency resistance 
must be smaller than this value by a factor of almost 
10°, so no appreciable effect of the circuit resistance can 
be looked for. 

In regard to early arc failure because the largest arc 
current may be only slightly above the minimum arc 





*See, for example, Figs. 11, 14, and 15 of reference 1, and Fig. 
IB of reference 2. 


uations (4) and (5) of reference 1. 
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current for the electrodes, one finds that for silver elec- 
trodes the calculated largest arc current in one of the 
small arcs discharging the oscilloscope plate capacity is 
(Vo—v)(C’/L’)'=0.34 amp, which is a factor of 10 
above the minimum arc current for active silver. The 
open-circuit voltage which would be observed for an arc 
ending when the minimum arc current of i’ amp is 
reached is V;’=2—[(Vo—v)?—Li’?/C}}!, which for ac- 
tive silver (with i’=0.03 amp) differs from 20—V» by 
less than 0.1 volt. It then seems that significantly pre- 
mature arc failure from this cause cannot be expected 
for active silver. A conclusive experiment was per- 
formed by placing an inductance of 10X10~h in the 
lead from one of the electrodes to the oscilloscope plate. 
The presence of the inductance must decrease the 
largest arc current; and, if the arc voltage » were con- 
stant, the open-circuit voltage observed, after the arc 
fails when the minimum arc current i’ is reached, would 
be increased in accord with the above formula; if this 
were the dominant effect of the inductance, the open- 
circuit voltage would be raised. The experimental ob- 
servation is that this inductance lowers the open-circuit 
voltages of traces like those of Fig. 2, in many cases to 
values well below zero. This is attributable to increase 
in the calculated value of the duration of the arc from 
0.009X 10~* sec to 0.06X10~ sec and the assumption 
that the arc voltage 2 is initially exceptionally high but 
has reached its normal steady value in a time consider- 
ably less than 0.06X10~* sec. A further observation 
bearing on this matter is the fact that open-circuit 
potentials for inactive silver (Fig. 3) are not signifi- 
cantly higher than for active silver (except for the 12-h 
trace); yet the maximum current in the arcs preceding 
these opens never reaches even to 0.6 amp, which has 
been previously determined as the minimum value for 
inactive silver; the situation regarding the arcs at in- 
active silver electrodes is thus not clear. It is, however, 
readily understandable that there should be many 
closures without an arc at all in the oscilloscope plate 
circuit (by actual count, about half of all closures). But 
one must note that a trace without feature, like that of 
Fig. 1A of reference 2, may as well as not represent not 
a closure without a single discharge of the oscilloscope 
plates but rather a weld of the electrodes by the first 
such discharge which takes place. 

The third possibility of partial recharge of the oscillo- 
scope plate capacity from distributed capacity in the 
large inductance is not ruled out in all cases. The effec- 
tive distributed capacity is of appreciable size and under 
some conditions it considerably increases the open- 
circuit voltage which is observed. For example, the 
initial open-circuit potential for the discharge of in- 
active silver electrodes through an inductance of 12h, 
on the top trace of Fig. 3, is consistently higher in a 
large number of experiments than are other opens. If a 
10°-ohm carbon resistor of small physical size is placed 
in the circuit between the 12-h coil and the electrode to 
which it is attached, this difference is no longer ob- 
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served; the open for inactive silver is on the average 
about the same as all other opens. It seems clear from 
this experiment that the effective distributed capacity 
of the 12-h coil is comparable with C’, and that it is 
sufficiently isolated by inductance in the coil -itself so 
that it is not discharged with the discharge of C’ at 
inactive silver contacts, but is so discharged at elec- 
trodes of active silver. A check on the latter hypothesis 
is obtained by experiments upon active silver in which 
carbon resistors having values between 10* and 10‘ ohms 
have been used to isolate the 12-h inductance. The open 
is then much higher, obviously because of partial re- 
charge of C’ after the little arc is over with the recharge 
having a time constant RC’ between 0.04 and 0.410 
sec, which is too short for the recharge to be observed; 
the recharge can be seen with a resistance of 10° ohms. 

These tiresome considerations have been necessary in 
order to arrive, by a process of elimination, at the con- 
clusion that the effective arc voltage is above normal in 
the small arcs which discharge the oscilloscope plate 
capacity. The arc voltage is, however, not above normal 
on the average when for active silver electrodes, in the 
experiment described above, the arc time has been in- 
creased by inserting a 10 10~*-h inductance. In differ- 
ent words, one can say that the average arc voltage is 
high when the arc time is 0.009X 10~ sec, but not high 
when the time is 0.06 10~ sec; the time required for 
the arc voltage to reach its “normal” steady value must 
lie in this range and is perhaps of the order of 0.02 10-* 
sec. The transit time of a silver ion across a gap of 6000A 
with a potential difference of 20 volts is 2.0X10~"° sec, 
and the time for an uncharged atom to traverse this 
distance with a speed corresponding to the boiling point 
of silver is 8.0X10-'° sec. Thus, the time required for 
an arc to reach its steady state is of the order of 100 
times the transit time of a silver ion or 25 times the 
transit time of an uncharged silver atom at the tem- 
perature of the boiling point. This roundabout conclu- 
sion leads to the idea that one should seriously attempt 
to study by direct observation the arc potential during 
the first 0.02 10~* sec. Equipment for such tests is now 
being prepared. 


FIELD EMISSION CURRENT 


One notes that the traces of Fig. 2 end with lines 
sloping downward toward the right which are more or 
less straight for an appreciable distance before a final 
abrupt fall of the voltage to zero. In marked contrast, 
the potential across clean silver contacts (Fig. 3) never 
decreases gradually ; the final abrupt potential fall is not 
preceded by the sloping line which is seen on each trace 
recording the closure of contacts of active silver or 
carbon. 

The sloping lines for active silver or carbon represent 
a decrease of potential across the oscilloscope plate 
capacity at a uniform rate, and to a constant current 
from this capacity, a 45° slope corresponding to 1.3X 10° 
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volts/sec and to a current of 5.2X10~ amp. The totaj 
current flowing between the contacts is greater thay 
that calculated from the slope of the curve and the 
oscilloscope plate capacity by the amount of the current 
from the larger capacity C, which is quite small in some 
cases but large in others. If we neglect this latter cy. 
rent, the final current between the contacts just before 
closure is of the order of 10~* amp. The abrupt closure 
takes place when the potential across the electrodes 
reaches a critical value V_ which is of the order of 8 o 
10 volts. One can speculate that the current, which js 
10-* amp or more, is field emission current across q 
small gap between the electrodes, or-is current through 
a resistance film the resistance of which decreases by a 
factor of about 3 along the straight sloping line reaching 
a final value of 10* ohms or less. On the assumption that 
we are observing field emission current some simple 
calculations can be carried through which correlate g 
number of observations and thus lend support to this 
interpretation. 

Theoretical considerations not yet published have led 
to the hypothesis that the final sudden closure may be 
due to electrostatic forces between the surfaces. Just 
before this closure the electrodes are approaching each 
other at w=4.0 cm/sec; and in a typical average case 
the voltage between them is decreasing at a uniform 
rate dV /dt=2.5X10' volts/sec, and a constant current 
I,=10~ amp is flowing. If S, is the separation at which 
sudden closure occurs, F, the electric field during the 
time the current is constant, and /, the time between 
actual closure and when closure would have occurred if 
there had been no acceleration by electrostatic forces, 
one finds tg=V.C’/Ia=0.4X10~ sec, Sa=wi,=16 
X10 cm, and Fyz=V./Sa=6X10° volts/cm. The 
steady current of 10~* amp is flowing from one electrode 
to the other while the field between them is remaining 
constant at 610° volts/cm, and final sudden closure 
occurs from a separation of 160A. Although this calcu- 
lated field is a little too small to give much field emission 
current, it is large enough to imply very strongly that 
we are really observing field emission currents just be- 
fore the closure of electrodes of active silver or of carbon; 
the true field is presumed to be 6(6X 10°) volts/cm, 
where 6 is a factor introduced by the surface roughness. 
It is evident from the traces of Fig. 3 that there is no 
detectable field emission current at the closure of elec- 
trodes of inactive silver. 

The assumption that the sloping lines at the closure 
of contacts of active silver or of carbon represent field 
emission current, and not current flowing through a film 
of foreign material of variable resistance, can be e& 
tended to interpret other features of the oscilloscope 
traces. From the field emission interpretation of the 
sloping lines one naturally comes to the presumption 
that the first partial discharge of the oscilloscope plate 


capacity is initiated by field emission electrons. The 


nominal field at this first partial discharge is much 
smaller than that which gives rise to the current I, and 
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KX-RAY ABSORPTION 
the field emission current which it produces must then 
be less than 10-* amp by a factor which is simply 
enormous. It is to be presumed that the first partial 
discharge is initiated by a very small number of elec- 
trons, perhaps a single one. 

After one has embraced the hypothesis that the lines 
of negative slope just before closure on Fig. 2 represent 
feld emission current and that the first partial discharge 
of the oscilloscope plate capacity is initiated by field 
emission, one can make some interesting qualitative 
comparisons of some of the features of traces like those 
of Figs. 2 and 3. The fact that the first discharge occurs 
between surfaces of carbon or active silver at a much 
lower calculated field than between surfaces of inactive 
silver can be attributed either to a higher work function 
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for inactive silver, or to a smoother surface, as a result 
of which the true electric field is not so much greater 
than the calculated field as it is for the carbon or active 
silver surfaces. This assumed higher work function for 
inactive silver, or smoother surface, then explains the 
observation that sudden closure occurs for inactive 
silver before the field emission current can be detected. 
These qualitative consistencies between the features of 
Figs. 2 and 3 can be made quantitative by the use of the 
Fowler-Nordheim equation, but the uncertainties are 
great. 

I am indebted to Mr. J. L. Smith for carrying out 
most of the experiments described here, and to him and 
to Dr. W. L. Brown and Mr. F. E. Haworth for much 
valuable discussion. 





JOURNAL OF APPLIED PHYSICS 


VOLUME 22, 


NUMBER 9 SEPTEMBER, 1951 


X-Ray Absorption in a Crystal Set at the Bragg Angle 


H. N. CAMPBELL 
United States Rubber Company, Passaic, New Jersey 


(Received March 14, 1951) 


Whereas extinction effects would be expected to decrease the x-ray transmission through a crystal when it 
is set at a reflecting angle, it is shown experimentally that in many cases the transmission increases at the 


Bragg angle. 


This is believed to be due to the fact that the decrease in the effective absorption coefficient overshadows 


the losses due to reflection. 


A reconsideration of Darwin’s presentation of extinction allowing for variable u shows that the transmis- 


sion may increase or decrease depending on the values of u and ». Thus the earlier observations of Bragg and 
co-workers are reconciled with the observations reported here. 


The importance, to crystal structure workers, of determining how u varies with direction in periodic media 


is obvious. 


INTRODUCTION 


N crystal structure determinations by means of 

x-ray diffraction it is customary to consider correc- 
tions to be applied to measured intensities which allow 
for the effect of absorption in the specimen. This ab- 
sorption correction is complicated by an additional 
effect, called extinction, which is supposed to increase 
the effective absorption by removing additional energy 
from the incident beam through reflection. 

The purpose of this paper is to present some data 
which indicate that this simple picture is inexact. 

In studying the effects of extinction there are two 
cases to be considered. The first is the reflection case, 
where the incident beam enters and the reflected beam 
leaves the same face of the crystal. The reflecting planes 
are parallel to this face, and the crystal usually is so 
thick that the transmitted beam is absorbed and does not 
emerge. Second, there is the transmission case, where the 
incident beam enters one face of the crystal and both 
transmitted and reflected beams leave a second parallel 
face. If the reflection plane is perpendicular to these 
faces, the total path length for each beam is the same. 
We are concerned with the transmission case, since only 


here can the transmitted beam be measured con- 
veniently. 

According to Darwin’s theory,' extinction, whether 
primary or secondary, acts to increase the effective 
linear absorption coefficient. Consequently, when a 
beam of x-rays of unit intensity falls on a crystal of 
thickness Z’, we should have a transmitted beam, 


To=exp(—uoZ), 


when away from the Bragg angle and a transmitted 
beam, 


T=exp[—(uotg:0)Z], 


and a reflected beam, 


R=ZOQ exp[—(uot+g20)Z], 


when the beam is at the Bragg angle. Here Z=Z’ sec, jo 
is the ordinary linear absorption coefficient, Q is the 
structure factor, and g; and g> are extinction coefficients 
which may be equal. 

The important consequence of Darwin’s theory is 
that if we consider the ratios, 


T/To=exp(—g:i0Z) and R/T)=ZQexp(—g.QZ), 
1C. G. Darwin, Phil. Mag. 43, 800 (1922). 








Fic. 1. Experimental arrangement. X, cathode of x-ray tube; 
A, calcite monochromater crystal; B, specimen crystal; 7, Geiger 
counter to measure transmitted beam; R, Geiger counter to 
measure reflected beam; D, limiting apertures. 


it is evident that neither the transmitted beam nor 
reflected beam at the Bragg angle can be greater than 
the beam transmitted off the Bragg angle. 


Experimental 


The transmission case was investigated to determine 
if the expected increase in effective absorption could be 
observed. This problem had previously been considered 
by W. L. Bragg and co-workers as far back as 1921 with 
results which will be discussed below. 

The experimental arrangement is shown in Fig. 1. A 
beam of copper x-rays was rendered parallel and 
monochromatic by reflection from a cleavage face of a 
calcite crystal “A.” The cross section of the beam was 
about 0.5 mmX5 mm. The angular divergence of this 
beam was less than 15 seconds, and in some of the work 
second-order short wavelength x-rays were eliminated 
by dropping the potential on the x-ray tube below 16 
killovolts. Some of the experiments were carried out 
using copper Kg, since the K, doublet probably was not 
resolved. This beam was allowed to fall on the crystal 
under investigation, “B,”’ which was a thin slice about 1 
mm thick and 1 cm square cut so that the reflection 
plane was perpendicular to a large face. Two Geiger 
counters were set up, “7” to catch the transmitted 
beam and “R” to catch the reflected beam. The crystal 
was turned through the Bragg angle, and intensity as a 
function of angle was determined for both beams. 
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Fic. 2. Calcite (101, 1) reflection. Etched crystal ca 1 mm thick. 


A=1.54A+0.77A. 
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Fic. 3. Calcite (101, 1) reflection. Ground crystal ca 0.4 mm thic 
A= 1.54A+0.77A. 


Figures 2, 3, 4, and 5 show how the intensity varie 
for four different crystals. The solid line represents the 
diffracted beam; the broken line is the transmitted 
direct beam. In these experiments there was some 
second-order short wavelength x-rays present. 

Instead of the transmitted beam decreasing as ¢- 
pected, it actually increases in most cases. The effect of 
difference in crystal perfection is definite. 

Figure 2 is a calcite crystal. It was cut about 3 mm 
thick and reduced to about 1 mm by etching with 
hydrochloric acid. This crystal is quite perfect as judged 
from the half-width of the curve. The increase in the 
transmitted beam is striking. 

Figure 3 is a similar calcite crystal but prepared by 
grinding down a thicker slice on emery paper. This 
grinding introduced imperfections in the crystal a 
judged by the increased half-width of the reflection. The 
relative increase in intensity of the transmitted beamis 
considerably less than for the more perfect crystal. 

Figure 4 is a lepidolite mica. This is a relatively weak 
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Fic. 4. Lepidolite mica, weak reflection at 20=32.5°. 
A= 1.39A+0.69A. 
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Fic. 5. Hexamethylenetetramine (100) reflection. Crystal ca 2 
mm thick. A=1.39A+0.69A. 


reflection, and the crystal is quite imperfect. The in- 
crease in the transmitted beam is just perceptible. 

Figure 5 is a rather poor crystal of hexamethylene- 
tetramine. There is no increase in the transmitted beam 
but there is definitely no decrease. 

In all cases except the weak lepidolite reflection, the 
reflected intensity is greater than that transmitted by 
the crystal when off the Bragg angle. 

Figures 6 and 7 show the effect in calcite crystals 
when the second-order short x-rays are eliminated by 
dropping the potential on the x-ray tube. 

Figure 6 is an etched crystal 0.40 mm thick. The 
incident intensity was 1.2 10° quanta per minute. The 
intensity transmitted off the Bragg angle was 1500 
quanta/min. This corresponds to an absorption coeffi- 
cient of 167.0 cm~'. At the Bragg angle the reflected 
intensity is 36,700 quanta per minute and the trans- 
mitted intensity is 33,900 quanta per minute, corre- 
sponding to an effective absorption coefficient of 89.0 
cm, The calculated absorption coefficient is 192 cm-. 
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Fis. 6. Calcite (101, 1) reflection. Etched*crystal 0.40 mm thick. 


A=1.54A. Incident beam 1.2X 10® quanta/min. 
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Fic. 7. Calcite (101, 1) reflection. Ground crystal 0.75 mm thick. 
\=1.54A. Incident beam 1.2 10* quanta/min. 


Figure 7 is a ground calcite crystal 0.75 mm thick. It 
showed practically no transmission off the Bragg angle. 
The calculated transmission (assuming an absorption 
coefficient of 192 cm) should have been about 1 
quantum/min, which was not detectable above the 
cosmic ray background of 73/min. This crystal, how- 
ever, transmits 2100 quanta per minute at the position 
of peak reflection, giving an effective absorption coeffi- 
cient of 85 cm. The relative displacements of the peaks 
is due to slight misalignment of the crystal. 

The effect is also shown in Fig. 8 for this same crystal. 
This is a 30-minute exposure to the direct and reflected 
beams, on a film mounted between the crystal and the 
Geiger counters. When the crystal is set off the Bragg 
angle, the intensity is too low to register in this length of 
time. When the crystal is set at the Bragg angle, both 
beams register at about the same intensity. Close in- 
spection of this picture shows that the crystal is not 
uniform and that the intense regions of both beams 
come from the same parts of the crystal. 














T 


Fic. 8. Thirty-minute exposure to both beams from the same 
crystal as Fig. 7. Lower picture at the Bragg angle. Upper picture 
about 5 minutes off the Bragg angle. \=1,54A. 
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Borrmann?* has reported the same effect with quartz 
and calcite crystals. He uses a technique similar to 
Lonsdale’s divergent beam method. He finds that if a 
divergent beam falls on a crystal, some of the rays will be 
going in a direction to cause a Bragg reflection. He then 
finds superimposed on the general background intensified 
lines due to both the reflected and transmitted beams. 


DISCUSSION 


The only possible explanation of these results is that 
at the Bragg angle there is an over-all decrease in the 
macroscopic effective linear absorption coefficient. This 
does not necessarily mean that the absorbing power of 
individual atoms depends on direction ; but only that the 
periodic structure shows preferred directions where 
absorption is a minimum. 

Similar phenomena are known to exist in the case of 
wave propagation in periodic media‘ and in the case of 
multiple parasitic radio antenna arrays, but in neither 
case has the theory been extensively treated for three 
dimensions. 

Von Laue® has considered a possible explanation of 
Borrmann’s results based on the use of complex absorp- 
tion coefficients. However, his predicted intensity dis- 
tributions are not the same as observed in this work. 
Ewald has suggested a mechanism based on standing 
waves, which is the three-dimension analog of the co- 
axial cable transmission line problem. 

However, it is not the intention here to discuss why 
the absorption decreases, but to point out some of its 
consequences. 

When a beam falls on a crystal at the Bragg angle, 
there results a transmitted beam and a reflected beam. 
Both of these are subject to absorption, and each scat- 
ters in the direction of the other. 

Darwin! has shown that this results in a transmitted 
beam, 

T= }exp(—uz)+exp[—(ut2p)z], 


and a reflected beam, 
R=}exp(— uz)—exp—[(u+2p)z], 


where yu is the effective absorption coefficient and p is 
the effective scattering coefficient. He assumed yu to be 
constant but p (which is essentially the structure factor) 
to vary with angle. If we realize that u also varies but is 
always less than yo, and consider the ratio, 


T/To=} exp[(uo— u)2]+3 exp[(uo— u—29)z], 


2G. Borrmann, Physik. Z. 42, 157 (1941). 
3G. Borrmann, Z. Physik 127, 297 (1950). 
*L. Brillouin, Wave Propagation in Periodic Media (McGraw- 
Hill Book Company, Inc., New York, 1946). 
5M. Von Laue, Acta Cryst. 2, 106 (1949). 
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we see that if (uo—u)z is large enough so thy 
exp[(uo— u)z] is greater than 2, then T must be great 
than To. At the same time R can become greater thay 
T» if p is large enough. However, if uo is so small tha 
exp(— woz) is more than 50 percent, and at the same tim, 
p is large enough so that the second term is very smal 
then T may be less than 7». 

That is to say, a decrease in intensity could be ¢. 
pected only when yo is very small and p very large. Eye, 
then, T/T, cannot be less than 3. 

Bragg, Bosanquet, and James® tried to measure pr. 
mary extinction by essentially the method under cop. 
sideration. Using a NaCl crystal and short wavelength 
radiation, they found about 20 percent decrease in the 
transmitted beam. This was considerably less thay 
anticipated, and they concluded that this was not, 
satisfactory method of determining primary extinction, 
Complete details were not given; but yo is small and $ 
large, so that a small decrease in T might be expected jp 
this case and their results are, therefore, in accord with 
this treatment. 

On differentiating the expression for R, we find, 
maximum value of R when 


Zm=(1/2p) logl(u+2p)/uJ=(1/p) tanh“ p/(ut9)} 


Thus Z,, will vary with the intensity of reflection and 
be smaller for intense reflections, as observed by Bragg, 
Bosanquet, and James; however, Z,, is a measure of ) 
rather than a measure of secondary extinction as they 


assumed. 
CONCLUSIONS 


The decrease in effective absorption in a crystal at 
the Bragg angle has now been established by two 
separate methods on some 4 different crystals. 

Apart from any quantitive aspects, the fact that, at 
the Bragg angle, the intensities of both transmitted and 
reflected beams can be greater than 7» shows that e- 
tinction as usually visualized cannot be active, but that 
some opposite effect is operating. 

The experiments of Bragg ef al. cannot be considered 
as supporting evidence for the existence of extinction, 
since they are in complete agreement with the present 
treatment. 

The effects reported are only indirectly dependent 
upon crystal perfection or imperfection. The effect de 
pends only on the fact that both u and pare functionsd 
direction in a periodic medium. The manner in which) 
depends upon direction, crystal symmetry and per 
fection, and atomic structure has long been the concem 
of physicists interested in crystal structure. It is nom 
necessary to determine how u is affected by these same 
variables. 


6 Bragg, Bosanquet, and James, Phil. Mag. 42, 1 (1921). 
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Three phenomenologica! models are considered irom which can be constructed a macroscopic statistical 
description of varieties of electronic noise, of which shot, thermal, and Barkhausen noise, electron multiplier 
and precipitation noise, clutter, ignition, and impulsive random noise in general are representative examples. 
The models examined are (I) non-overlapping, periodic noise waves, common in pulse-time modulation and 
other communication schemes, where the amplitude, phase, duration, and epoch in a period interval are 
subject to statistical variations; (II), non-overlapping, nonperiodic disturbances, encountered in servo- 








mechanism operation and keyed-carrier communication techniques, for instance, which are like (I), but lack 
m- the basic periodic structure; and (III), poisson noise, consisting of the superposition of independent, ran- 
rth domly occurring elementary impulses. Much of the electronic noise mentioned above belongs to this more 
he comprehensive type, where overlapping of the basic pulses is the characteristic feature. Because all (second- 
an order) moments are required in general for the analysis of noise in nonlinear systems, the attempt is made 
here to determine explicitly on the basis of the appropriate model the second-order probability density W: 
ta in the important stationary cases. For noise of types (I) and (II) this appears impractical except in the 
On. simplest cases: only the lower order moments prove tractable. However, for poisson noise (III) an explicit 
dj treatment is possible for impulsive random noise, nearly normal random noise, and for the limiting, normal 
Lin random cases (of which shot and thermal noise are examples). In Part I the main features of the models 
ith (I-III) are discussed, and the general probability density W:(X). t,; ---;_X.,¢s) in the nonstationary in- 
stances is formally constructed. In Part II, the distribution density for nearly normal random noise is given, 
the first and second (second-order) moments of the various distributions are determined, and from these in 
da turn are found the spectral distribution of the energy in the random waves. 
p)) ; aa 
, 1. INTRODUCTION examples. To date, however, the analytical description 
an . . . e ~ > os - . ° 
ag COMPLETE statistical description of electronic Of noise systems has been largely limited to those 
ay random noise can be given with the aid of the @S€S W here the ere noise belongs to the so-called 
the, | theory of time-dependent fluctuation phenomena. In fluctuation types,® which in turn belong to a normal 
" I its details such a description must depend ultimately seneem gueeeis whose statistical properties are well 
on a microscopic, classical, or quantum-mechanical known.!° Brownian aripterer and the electronic cases 
treatment, since the basic origin of the noise lies in the Of Shot and thermal noise!* are representative. In 
alat | discrete structure of matter; but for the present pur- the present paper, on the other hand, we = o> 
0 bose of providing a large-scale statistical description, cerned with the equally important situations involving 
general phenomenological models are sufficient. These ore general types of impulsive interference. These it is 
at, at Ft inodels are satisfactory not only for electronic noise, but Convenient to discuss in three categories: 
d and for other noise and fluctuation mechanisms as well. (A () Perlelie, ancnntengies tainadio: Tien cmeinns 
eo discussion of detailed structures is reserved for a later the disturbance consists of a train of pulses, random in amplitude, 
paper.) The Brownian movement,'” diffusion in gases,’ duration, and phase, and which occur at random intervals during 
dered concentration fluctuations in colloidal suspensions,! and _ each repetition period. Such waves are common in certain types 
- of chief interest here, noise currents and voltages in * (Pulse-position) moduldtion systems, in electronic computing 
ction, . . . 3-8 ‘ : schemes, in the electronic calculation of correlation functions," 
we linear and nonlinear systems*~* are important physical and when normally periodic systems are “jittered” by noise. 
*The research reported in this document was made possible (II) Nonperiodic, non-overlapping impulsive notse: This type 
through support extended Cruft Laboratory, Harvard University, is quite similar to (I), but with the essential difference that the 
ndent B jointly by the Navy Department (ONR), the Signal Corps, U.S. durations of the periods may be random. Wave trains of this kind 
ct de Army, and the U. S. Air Force, under Contract NSori-76 T. O. I. are encountered in the operation of servomechanisms” in certain 
cama 1S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). —_—_—_—. : ; 
lons *M. C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 17, tion Laboratory Series No. 24. References 3 to 8 list further 
hich? 323 (1945). papers dealing with the large-scale problems of noise in electrical 
d pet *W.R. Bennett, J. Am. Acoust. Soc. 15, 165 (1944); BellSystem communications; see also reference 2. _ 

Tech. J. 26, 139 (1947). 9A + by M. Kac and A. J. F. Siegert [J. Appl. Phys. 18, 
oncem *S.0. Rice, Bell System Tech. J. 23, 282 (1944); 24, 46 (1945); 383 (1947) ] examines the exceptional case of rectified and filtered, 
js now § 27, 109 (1948). originally normal random noise ; owing to rectification (and filter- 
e salt A. Blanc-Lapierre, dissertation (University of Paris) (Masson _ ing) the distribution law of noise is no longer gaussian. 

et Cie, Paris, 1945). 10H. Cramér, Mathematical Methods of Statistics (Princeton 

*J. H. Van Vleck and D. Middleton, J. Appl. Phys. 17, 940 University Press, Princeton, New Jersey, 1946). 
) (1946). 108 For a discussion of thermal noise see S. A. Goudsmit and P. 
. "D. Middleton, J. Appl. Phys. 17, 778 (1946); Quart. Appl. 


Math. 5, 445 (1948); J. Appl. Phys. 19, 817 (1948); Proc. Inst. 
Radio Engrs. 36, 1467 (1948); J. Appl. Phys. 20, 334 (1949); 
Quart. Appl. Math. 7, 128 (1949); ibid., 8, 59 (1950); J. Appl. 
Phys. 21, 734 (1950). 

‘J. L. Lawson and G. E. Uhlenbeck, Threshold Signals (Mc- 
Graw-Hill Book Company, Inc., New York, 1950), M.I.T., Radia- 


Weiss, “Statistics of circuit noise,” M.I.T. Radiation Laboratory 
Report No. 192, January 29, 1943. See also references 2 and 8. 

11 Lee, Cheetham, and Wiesner, Proc. Inst. Radio Engrs. 38, 
1165 (1950). 

2 James, Nichols, and Phillips, Theory of Servo-Mechanisms 
(McGraw-Hill Book Company, Inc., New York, 1947), M.I.T. 
Radiation Laboratory Series No. 25, Chapter 6. 


1143 











eet ae 





1144 DAVID MIDDLETON 


types of communication (keyed carrier transmission), and the 
model also provides information on the spectral distribution of 
pressure-broadened spectral lines.” 

(III) Poisson noise: The distinctive feature of this model is the 
completely random occurrence of the elementary impulses; over- 
lapping is common and characteristic. Familiar physical examples 
are atmospheric and solar “static,” precipitation noise, ignition 
and lightning discharges, the interference effects of randomly 
oriented scatterers in the medium of propagation, etc. Unlike 
fluctuation noise or Brownian motion, where the density (in time) 
of the individual effects is so great that overlapping is extremely 
frequent, this latter type of disturbance is characterized by rela- 
tively few impulses per unit time, with a weak overlapping of 
individual effects, and so does not belong to a normal random 
process. Only in the limit of a high impulse density does the 
poisson noise (so named because of its statistical structure) 
exhibit gaussian properties (see Sec. 4). 


Our purpose, therefore, is to construct and examine the 
general statistical models from which the properties of 
the principal noise types (I-III) may be derived. The 
detailed applications are reserved for a later paper, as 
is also the explicit study of the “‘atomic” structure of 
the noise. Earlier efforts were restricted mainly to a 
derivation of first and second moments of the random 
fluctuations of the poisson type (e.g., Campbell’s 
theorem'*“’), although more recently in some in- 
stances correlation functions and spectra for types I 
and II have also been obtained.*:” In the case of poisson 
noise a simpler and less general model has been studied 
by Rice,* Blanc-Lapierre,’ and Boonimovich,'* in their 
discussion of the shot effect. Their results are ap- 
plicable to a limiting case of fluctuation noise; no treat- 
ment of the low density impulsive noise has been given, 
nor is the situation of intermediate amounts of over- 
lapping among individual effects considered. 

All the statistical properties of a random wave, 
namely, the moments, characteristic functions, spectra, 
and auto- and cross-correlation functions, as well as 
the probability distributions from which they are 
derived, may be determined once the particular sto- 
chastic process to which it belongs has been specified. 
This accordingly requires that one know the set of 
frequency functions W1, W2, ---, W, which completely 
describes the process.” It is assumed throughout that 
we are dealing with a continuous stochastic system, so 
that W,,(n>1) are, strictly speaking, probability densi- 
ties. For most applications, however, only the first- 
and second-order densities W:, W2 are required, even 
when the process is not markoffian. These are sufficient 
to give us the quantities of chief macroscopic physical 
interest, which are 


3H. M. Foley, doctoral dissertation, University of Michigan, 
1942; see also, reference 8, pp. 45, 46. 

“4 N. Campbell, Proc. Cambridge Phil. Soc. 15, 117, 310 (1909). 

1 E. N. Rowland, Proc. Cambridge Phil. Soc. 32, 580 (1936) ; 
see also, J. H. Whittaker, ibid. 33, 451 (1937). 

% A. Khintchine, Bull. acad. sci. U.R.S.S. Sér. math., No. 3, 
313 (1938). 

17 R. S. Rivlin, Phil. Mag. 36, 688 (1945). 

18 V. Boonimovich, J. Phys. (U.S.S.R.) 10,°35 (1946). 


(a) the average or steady component, 

(b) the mean-square amplitude, and 

(c) the correlation function, from which one finds jp 
turn by a theorem of Wiener’® and Khintchine™® 
the mean intensity spectrum of the disturbance, 
which indicates the distribution of the wave’s 
energy as a function of frequency. 


' In the case of a number of random variables, X, Y, Z, 


-+, the desired first- and second-order probability 
densities have the following significance: 


W(X, Y, Z, ---;t:)dXdYdZ--- 
=the joint probability that X, Y, Z--- lie in 
the ranges (X, X+dX), (Y, Y+dY), 
(Z, Z+dZ), --- at some initial time 4; (1.1) 


W(X1, Vi, Z1, +++, t1; X2, V2, Ze, +++, ta) 

-dX dX od Y dV 2dZdZ,- - - 
=the joint probability that X, Y, Z--- simul- 
taneously fall in the intervals (X,, X:+dX)), 
(Yi, ¥i+dY,), (21, Z1:+dZ;), --- at a time 
t;, and in the ranges (Xo, X2+dX)), 
(Yo, Y.+dF2), (Zo, Z2+dZ2), --- ata time 

to later, (1.2) 


with similar interpretations for the high order densities 
W ,(n>3). When the process is stationary, i.e., when 
the underlying physical mechanism does not change 
with time, one has instead to consider only the time 
interval /=/.—/, between observations, since the choice 
of time origin is now arbitrary. Actually, once W, has 
been found,”!”-+ W, can readily be obtained from it on 
letting this time interval between the two sets of ob- 
servations, designated by subscripts 1 and 2, respec- 
tively, become indefinitely large, i.e., =t.—t;>®, for 
then one has (in the stationary cases /;=0) 

lim W(X, Vi, Z1, +++; X2, V2, Za, +++ 54) 


t~©@ 


= W(X, Y,, Zi: *% )W (Xo, Y2, Z>: . -), (1.3) 


19 N. Wiener, Acta Math. 55, 117 (1930). 

20 A. Khintchine, Math. Ann. 109, 604 (1934). 

21 N. M. Blachman, J. Appl. Phys. 20, 38 (1949) ; also D. Middle- 
ton, J. Appl. Phys. 20, 334 (1949); Quart. Appl. Math. 7, 128 
(1949) ; ibid., 8, 59 (1950). 

2F. L. H. M. Stumpers, Proc. Inst. Radio Engrs. 36, 1080 
(1948). 

t It should be noted that although one is frequently interested 
in a single random variable X, so that W2(X1, X2, #) is all thatis 
needed, it is sometimes necessary to consider jointly a large num- 
ber of random quantities. For example, in the study of narrow- 
band waves (references 3, 4, 6, and 10) where it is possible to ex- 
press the random quantities in terms of an envelope R and phase 
9, themselves random variables, slowly varying compared with 
the mean frequency component of the disturbance, W2 must 
known for R and @ at two arbitrary times. Accordingly, a four- 
dimensional distribution density W2(R:, 0:1; R2, 82; 4) in the ste 
tionary case is needed. In the theory of the reception of frequency- 
modulated waves in noise (references 7, 21, and 22) an eight- 
dimensional distribution density is required, similar to W2(Ri, hi; 
R:2, 02; t), but for the envelope, phase, and their first time derive 
tives. Still other examples can be found in the literature (refer- 
ences 3, 4, and 7). 
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THEORY OF RANDOM NOISE. 
since there is no longer any “memory” of or correlation 
between events (X;, Yi, Z:---) at the initial time (¢;) 
and events (X2, V2, Z2---) at the later time (/2). We 
remark finally that for linear systems the macroscopic 
quantities (a)-(c) above are directly proportional to 
the appropriate first and second moments (considered 
at a given time or jointly at two distinct times). But 
for nonlinear systems (which are of central importance 
in communication systems) it is generally not enough 
to know these moments: the higher moments are also 
needed in calculating the mean, the mean square, the 
correlation functions, and associated spectra of the 
modified waves. Thus, the (second-order) density W, 
is required. Furthermore, in nonlinear cases it is the 
fourier transform (characteristic function’) of the 
probability density W» which proves more convenient 
analytically here, rather than the probability density 
itself, whose direct use in linear cases is more natural. 
The details of the method for a variety of applications 
are summarized in a recent paper.” 

Before we proceed to general problems with more 
than one random variable, it is helpful to consider first 
a few simple examples, which may serve as a guide to 
the more comprehensive formulation. Let us treat, 
therefore, a single random variable X, which we further 
postulate to be the weighted sum of K elementary im- 
pulses e(¢—¢,’) in a given interval of time (0, 7). Then 
we can write 


K 
Xx=>d, aye(t—t,’)= X(t; a, t’) x, (1.4) 
k 


where a, is an amplitude (or weighting factor) and ¢,’ 
is the epoch (relative to ‘=0) at which the typical kth 
pulse is initiated; Xx accordingly represents that part 
of the random wave X which occurs in the interval 
(0,7). [For the models considered in this paper the 
impulses e(¢—¢,’) are always of duration short compared 
with (0, T)..] The statistical character of the wave ap- 
pears when we require the a, or ¢,’ (or both) to be 
random variables, subject to a certain distribution law, 
say, w(a, t’). Precisely what this distribution law is, of 
course, depends on the physical process whose behavior 
we wish to describe. 

Our task now is to determine the probability densi- 
ties W3(X1, 41), Wo( Xi, t1; Xo, t2), etc. For the moment, 
itis sufficient to illustrate the procedure by constructing 
the first-order density W(X, t:). Then, if we consider 
the ensemble of intervals (0, 7) containing all possible 
numbers of impulses (K=O, 1, 2--- 0), we can follow 
the method used by Rice‘ and others,*!5—'8 and write 
for the probability that at time ¢,(0<t,<2)X lies in 





*D. Middleton, “Noise and nonlinear communication prob- 
lems,” Symposium on Applications of Autocorrelation Analysis to 
Physical Problems, Woods Hole, Massachusetts, June 13, 1949 
(ONR, May, 1950), p. 24. 
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the range (Xi, X1+dX,) 


W (X41, t:)7dX,= >) {probability of exactly K 
K=0 


impulses in the interval (0, 7)} {probabil- 
ity that if these are exactly K impulses in 
(0, T), X1 lies in the range (X,, X:+dX)) 
at the time 4,(0<4,<T)} (1.5a) 


= 7 W,(K)rP(K| Xi, ty) rd Xj. 


K=0 


(1.5b) 
The conditional probability P,(K|X., t)r is given by 


PAK|X1, h) r= f (dg/2m) 


—@ 


Xexp(—iX1:) Fi(&, 4) 7.x, 


when F; is the characteristic function for the random 
variable X,; considered in the interval (0, T). From the 
definition of the characteristic function one has 


F,(&1, ty) 7 x= (exp(iX1£1)) stat av. 


-{f dadt'w(a, t’) expliX1(t1; a, t’)xé]. (1.7) 


(1.6) 


Our problem is now reduced to (i), determining a suit- 
able distribution for the possibly random parameters 
a, t’, which govern the elementary impulses, and (ii), 
specifying how the elementary impulses are “com- 
pounded” in the time (0, 7). By (ii) we can distinguish 
between the three types of noise (I-III) discussed in 
the introduction. This procedure is easily extended to 
more complicated wave forms: for example, where the 
elementary impulses are a,e(t—t,’;7r;.), 7, being a 
random duration of this typical kth pulse. In a similar 
fashion more than one wave train can be handled; one 
has then to consider the distribution of X,, X2, Yu, 
Y2, --- and so on. These generalizations are examined 
in Sec. 2, where the simple technique outlined above 
is appropriately modified to give us the desired higher 
order, time-dependent probability densities. 


2. NOISE MODELS: PROBABILITY DENSITIES FOR 
GENERAL, NONSTATIONARY SYSTEMS 


Let us now construct in a general way the hierarchy 
of probability densities W,, (J=1, 2---, s), which com- 
pletely describes the nonstationary random process 
to which the set of general (real)t functions of time 
X;(t), (j=1, 2---s) belong, when each is consid- 
ered during an interval of time (0,7). We indicate 
the random nature of the X; by writing explicitly 
X ;=Xj(t; a1, ao, ---), where the a,, (u=1, 2---) 
are random variables with the joint distribution 
density w;(a;°, ---); these stochastic parameters are 


tA complex function may be handled if we consider the real 
and imaginary parts as two new functions; thus if all s X;(¢) are 
complex, a 2s-dimensional density is generated. 
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to be interpreted as random amplitudes, phases, fre- 
quencies, pulse durations, etc., as required by the 
physical problem, which also determines the explicit 
form of X;. 

We desire the /th-order, s-dimensional joint prob- 
ability W(X, hh; Xo, te; nes X;,; t,)rdX \dX2- ° -dX, 
that each of the X; (j=1, ---s; s>/>1) of our non- 
stationary system jointly lie in the ranges (Xi, X:+dX1) 
at time /;, in the interval (X2, X2+dX_) at time fo, ---, 
and in the range (X,, X,+dX,) at time /,, where 
O<h<Sly- ++ <tj-++<t,5T). In general, the s-func- 
tions X; (j=1---s) may be distinct, but not neces- 
sarily independent. 

At this point it is necessary to give a more precise 
structure to the X;(j=1---s); the simplest and most 
useful one is to consider each X; as the resultant of 
exactly K “events” in the interval (0, 7), so that we 
may write more fully X;=Xj(t;’; a1,0¢;)> + +a eqy™ 
++ +1, KG) 3 206) + +de,.KG); +++), where j=1, 
2--+s; j’=1, 2---, l<s; k(j) denotes the kth event in 
the series k=0, 1, 2, --- K for the jth function X;, and 
we write k(j) to distinguish between different values of 
k which may occur for different choices of 7. The super- 
scripts on the random parameters a‘ likewise distin- 
guish between different possible statistical properties 
among the j(=1, 2---s) resultant waves X;. Here, the 
term “event” may signify the arrival of an electron at 
the plate of a tube, as in the shot effect; the collision 
between molecules of gas, as observed in the pressure- 
broadening of spectral lines;!* the occurrence of a 
random pulse, as in certain types of pulse-trains occur- 
ring in electrical problems; or any other elementary, 
random effect which establishes the explicit structure of 
the X;. Taking into account now all possible numbers 
of events (K=0, 1, 2--- ©) that can occur in the time 
(0, T), we may write 


WAX, ths +++ 3 Xe, te) dX 1dXe-- dX, 


= >> W(K)rP(K|X, hy; saa Xs, t.)r 


K=0 


-dX\dX_:--dX, 
= > [probability of exactly K events in the 
K=0 


interval (0, 7) ]X[joint probability that if 
there are exactly K events in (0, T), X; lies 
in the range (Xi, X:+dX,) at a time 
t,(0<t,<T), Xz falls in the interval (X2, 


Xo+dX,) at time f(t; 4e<T), --- etc. ]. (2.1) 


The conditional probability P; is found from 

P(K| X, hh; thet X,; t,) 7 

” dé, oe] g, ; 3 
—-- {| —exp{-i E XE 


~o 2r —_o 24x j=1 


X Fi(és, hh; ** Ee ts) 7, K; 


(2.2) 
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where F; is the characteristic function for the random 
variables X;---X, considered in the interval (0, 7), 
By the definition of the characteristic function" one has 


Fi(&:, hh; ee t.)7.K= {exp(i > Ej;Xj)} stat av. 


7=1 


‘ 8 
=II 
j=1 Wa) 


w,(a’?)da® exp[7é;X j(t;; a) ], (2,3) 


where 
w,(a) Pda =w,(aro), «= 1a) * aig); 
295) + + dex i 5 + * day day... 


and the integration in (2.3) is to be performed over all 
allowed values of the random parameters. Note that 
for any one strip of K events and any one member X; 
of the set (j=1, 2, ---s) the parameters ay ;;)){0, 
d2,4(;)"”, etc., are governed by the same probability 
laws; however, these distributions (w;) may differ for 
different members of the set, and it is also assumed here 
that there is no correlation between the random 
parameters of the set. Our formulation (2.1) is further 
limited by the assumption that the basic probability 
W,(K)r for the occurrence of K events in (0,7) is 
identical for the 7(=1, 2---s) members X; of the set, 
All this, nevertheless, does not restrict the usefulness 
of the detailed models for the physical problems con- 
sidered here. Moreover, it is usually not necessary to 
distinguish among the distributions w;, so that wj=w 
for all 7 and the characteristic functions (2.3) may be 
reduced to 


= f w(a)da exp(iL £;X j(ty;a)x) (24) 


from the definition of the frequency functions w;. When 
K is zero, i.e., when there are no events in the interval 
(0, T), the X; all vanish, the characteristic function 
becomes unity, and the conditional probability P, is 


P(O| Xi, th; «+ +5 Xs, ts)7=I] 5(X;—0), (2.5) 
7=1 


where 6 is the Dirac singular function. 

The resultant (X,;) of exactly K events in (0, 7) is 
now taken to be a linear superposition of elementary 
impulses e;. We distinguish two important cases: (a) 
broad-band disturbances, where the width of the energy 
spectrum of the elementary pulse is comparable to the 
central frequency of the spectrum, and (b) narrow-band 
waves, whose spectral energy spread is small relative 
to the central frequency of the band. Therefore, we can 
write explicitly for (X ;)x in these two instances: 


K 
X ;(t;; a)x= > Gene s(tj— tec’ 5 Tea) cosWxis (2.6a) 
k(7)=0 








wh 


Y;( 





the 
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and 
K 
Xitysax= Le Guest tan’ 5 rec) 
k(j)=0 


Xcoslwo(ts—tin’)+Wey]- (2.6b) 


Here the parameters (a=)akcs, ten’, Tk(i), We(j) Tepre- 
sent the random amplitudes, times of occurrence, dura- 
tions, and phases of the elementary pulses, respectively, 
and the statistical properties of the resultant (X,)x 
then clearly depend not only on the model’s structure 
as given by Eq. (2.6), but on the distribution w/(a) 
which governs the random parameters. It is also con- 
venient in narrow-band cases to resolve the wave 
(X;)x into slowly and (relatively) rapidly varying 
parts, and to examine the distribution laws which 
govern the slowly varying portion. Qne has then to 
consider instead of the single quantity X;, the two 
auxiliary random variables Y; and Z;, obtained from 
Eq. (2.6b) by writing formally 


X,)x=YVi()x coswol+Z ;(t) x sinwol 
=R;(t)x cos wot—6;(t)x ], (2.7) 
(Ri)x=L(Vs)x?+(Z,)x*}', (0;))x=tanZ;/V j+79, 


where 


K 
VQc= DL aecnet—tecin’ 5 rei) 
k(7)=0 
X cos wotec»’— Wen J= Rid) x cos0;(t)x. (2.8a) 
K 
Zi)k= Lo axne(t—tecy’ 5 rec) 
k(j—0 
XsinLwote 5)’ — Ye J= Rix sind,(t)x; (2.8b) 


Y;and Z; are the components in phase with coswof and 
sinwol, respectively ; Rjx and 6;x are interpreted as the 
envelope and phase of the sum (2.6b) when the wave is 
truly narrow-band. 

We have the following special models: 


I. Periodic, non-overlapping impulse noise: The ele- 
mentary pulses are assumed to occur at random within 
period intervals of length 7». Thus, we have ¢,;jy' 
=k(j)To+€x:j), where €,;) is a random epoch repre- 
senting the time interval between the beginning of a 
typical pulse and its period interval. Since there is no 
overlapping of impulses, we require that 


Cit yy— Lacan’ 5 Pecan) = (Ly 5 TRH), 
[R(j) Tot €x¢5) <tr < 
=0 elsewhere, (R(j7)+1)Tot exci tric], (2.9) 
provided O<7,<7>. For no overlapping the epoch 
4) is restricted by the relation 0< ex; +7e¢;)<To. If 
how we consider our interval (0, 7) containing exactly 


K periods (K = N+1>1), so that T=(N+1)To, N>0, 
the basic probability W:(K)r becomes 6x%*', since 
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there are exactly N+1 events in (0, 7). The frequency 
functions for the random parameters fx,;)’, @k(;), €&(4); 
7.(3), and Wx 3) may be expressed as 


w(a)= w(dq5)** "AKA; 


€0(i)* ERC 5° TRO) TRG) 5° Weeay? ** 5) 


K 
* TT Stacy’ exc —R(Y)T 0). (2.10) 


k(7)=0 


Substituting this expression in Eq. (2.4) and using 
the explicit relation for the basic probability Wi(K)r 
give us at once from Eqs. (2.1)-(2.3) 


j=1 


for K=0, or 
- dé, f dé, 
=o of = of 


Xexp[—i ym £;X; Fil, hh; a *£,, t)KR ES, (2.11a) 


j=l 





where the characteristic function is 


F(é,, bys °° bj, 55 °° 5 ey te E> 


= f wW(docsy* wi dda y* + -dYwwa 
(a) 


N+1 


Xexp{i - Es De axnes(tje—R(G)To 


j=1 k(7)=0 


(2.11b) 


— €4(5) 5 Te) COSHE Cy}. 


For narrow-band waves one has similar results, in the 
2s random variables Y; and Z;, namely, 


=I a(¥j;—0)8(Z;—0), 


i=1 


for K=0, or 
-[f dé,dn ff dé.dn, 
ie _» (2s)* ~o (27)? 
Xexp{—i r= §;Y;—1 njZ 3} 


7=1 j=1 


-Fi(é1, my, ti; °°*5 Sey Mey t.) Ns sf 








(2.12) 


and the exponent of the characteristic function (2.11b) 
is appropriately modified with the help of Eqs. (2.8a), 
(2.8b) in place of Eq. (2.6a). 

When the X; are purely periodic, the epochs ¢€;,j) 
may be set equal to a random epoch e, which is the same 
for all k and which corresponds to random observations 
of the wave trains by the observer. Here ¢ is a purely 
random variable representing completely random ob- 
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servations, so that w.(e) is equal to 1/7») for O0<e< Ty 
and is zero for other values. Thus, instead of a fixed 
observer (in time) examining a phenomenon changing 
randomly in time with respect to him, the familiar 
roles of observer and observed are reversed: the observer 
is “randomized” with respect to the phenomenon. For 
waves whose time-dependence is already governed by 
a stochastic process, the latter approach provides 
nothing new: our results are independent of ¢, as ex- 
pected, but for periodic waves this device does enable 
us to calculate W, directly. As a simple example, let 
us suppose that X,(/;)=a@ coswol;, where a may be 
randomly distributed, and we ask for W,(X,, é:), where 
the interval (0, 7) becomes infinite and we assume a 
stationary process. Then w(a)=w,(a)w2(e), and from 
Eqs. (2.11a) and (2.11b) we obtain directly 


W(X), t))= f (dé/2n) 


a) To 
xexp(—ixi) f w(a)da f (de/T 9) 


Xexp[ia cos(wolrte) ] 
~ f (d&/2x) (Jo(at)) expl—i€X1] (2.13a) 
=[1/r(a?— X 1")! Jetat av) —a<X\<a, 
. (2.13b) 
= 0, | X;| > | a 


Some of the higher order probability densities are 
readily obtained in this instance.** In general, however, 
the explicit evaluation of Eq. (2.11) for the wave train 
is very difficult. 

II. Nonperiodic, non-overlapping impulse noise: As 
in the first model, there is no overlapping of the ele- 
mentary impulses which constitute the random wave. 
However, instead of a single pulse per period interval, 
one assumes now impulses of random duration such 
that the termination of one pulse provides the starting- 
point for the next. This means that like (2.9) one has 


€ (ti — bac’ 5 Tec) = Cs(b i 5 Te)s 


taj)’ <tje<tacner’ f, (2.14) 


=( elsewhere 


where now 
k(j)-1 
, , , ; e 
ren=hiney ley’, OF ty’ =toy’+ DL re (2.15) 
0 


Thus, the probability laws governing the distribution 
of the ¢,;;)’ determine the statistical properties of the 
durations r;,;), so that if @r(t,’, f.41') is the joint prob- 





* For details, see D. Middleton, Technical Report No. 111, 
Cruft Laboratory, Harvard University, October 23, 1950, Eqs. 
(2.14a, b). 
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ability density for the occurrence of two (consecutive) 
events (i.e., leading edges of pulses) in (0, 7) at times 
te, tega, respectively, the frequency function W 7(r;,) for 
the duration of the &th interval is formally 


we(rs)= f Or(ty’, te’ +rx)dt,’ 


-f - f br(to’, «+ te’, te’ +re; 


thyo!+++tx’)dlo’-+-dtx’. (2.16) 


When the times /,’ are all independent—the case of 
usual interest—w7(r;) is easily found. We have then a 
special example of the distribution of the range* r,, 
which for our present model becomes 


T—rk 
wr(r.)=2 f rte’ )or(te’—ri)dty’ 
’ (O<re<T), (2.17) 


where @7(t,) is the basic probability of occurrence of 


the “event” /,’. In the general case, one has 


w(a) = w(doc;)* + @K05) 5 TO)" * TK) 3 


Yor VKwi tow’ ** tx’) 


K 
- TT S(beci’ ter’ —re—1)- (2.18) 


k(7)=0 
The probability density W; may be written 


W(X, hy; wal Xs, t.)r= W (0) r II 6(X;—0), 


f= 


for K=0, or 


2 * dé, * dé, 
=E wick) f =f 
K=1 2n o 25 


—o2 _- 





xexp(-1E EX] f wladda 
] (a) 


8 K 
Xexpli & Le anes(tie—bacay’ 


i k(7)=0 

rei) COSWi5)], (2.19) 
in which the last set of integrations (over the random 
parameters) is the characteristic function corresponing 
to W;. For narrow-band disturbances we have expres- 
sions of the type (2.12), for the 2s random variables 
Y;, Z;(j=1, 2, ---s), given by (2.8a) and subject to 
Eqs. (2.14) and (2.15) above. In stationary cases, T>~, 
and the explicit form of w(a) simplifies somewhat with 
regard to the distributions of r4,;) (and ¢,;;)'). 


* L. H. C. Tippett, Biometrika 17, 364 (1925) ; also P. G. Hoel, 
Introduction to Mathematical Statistics, (John Wiley and Sons, Inc., 
New York, 1947), pp. 161-164. 

















THEORY OF RANDOM NOISE. 

III. Nonperiodic, overlapping impulsive noise: poisson 
noise: Of all special models, the one of greatest general 
use is that of the so-called poisson noise. Here the ran- 
dom wave consists of the (linear) superposition of a 
large number of individual impulses each of which, 
however, is assumed to occur independently of the 
others in the interval of time (0, 7). The significant 
feature of this model is that, unlike (I) or (ID), overlap- 
ping may occur. As before, the wave forms of these 
elementary pulses are assumed to be identical, and their 
amplitudes (a;), durations (r;), and phases (¥;) can 
vary in a random fashion; their times of occurrence 
(t,’) are independent, purely random quantities. The 
particular wave forms, of course, are governed in prac- 


tical situations by the frequency response of the circuits — 


or the selective properties of the medium in which the 
disturbance is evolved and through which it eventually 
passes. 

As has been shown by Hurwitz and Kac,” the as- 
sumptions ON @k(j), Tk) Wks), teciy’, and ej define a 
poisson distribution for the K events, from which fol- 
lows our name for this type of noise wave. Here K is 
allowed to take only the integral values (0, 1, 2, ---K 
--+00), each independently of any other value; thus, 
we obtained the specific basic probability W,(K)7r that, 
out of an infinite number of similarly prepared systems, 
each of duration T and in each one of which there may 
be (0, 1, 2, ---K, ---%) impulses, the probability 
that an interval will contain exactly K events is given by 


W1(K)r=((N))¥ exp(— (V))/K}, 


where (V ) is the average number of impulses arriving in 
(0, T) for the ensemble?’ of strips (0, 7). Equation (2.20) 
may be written equivalently W,(K)r=(nT)*e-""/K}, 
where is the average number of events per unit time 
determined from the ensemble by 


n= lim [(Ki+Ko+---+Km)/mT]=(N)/T, (2.21) 


m—- 2 


(2.20) 


m being the number of similarly prepared strips. It is 
assumed that m exists; even in the limit 7, when 
(V ) becomes indefinitely large, one still has n equal to a 
finite quantity, a condition always satisfied in physical 
problems because of power limitations. 


* H. Hurwitz and M. Kac, Am. Math. Stat. 15, 173 (1944). 

*7 The average over the ensemble of strips follows directly from 
the concept of probability or probability density, which are them- 
selves defined by the data contained in the (infinite) ensemble of 
similarly prepared systems. One has, in general, to distinguish 
between statistical averages, where the averaging is performed 
with respect to probability density as weighting function, and time 
averages, performed with respect to a weighting function 1/7, 
the reciprocal of the interval of time over which the quantity is 
defined. In the former instance one considers the properties of the 
ensemble at a set of times (¢:, #2---¢s), within the strip-length 7, 
while in the latter instance attention is focused on a particular 
strip (m) for the entire time (0, T). The two averages are equiva- 
lent (to within a set of member functions of the ensemble of prob- 
ability zero) if the random process is ergodic, as a consequence of 
ergodic theory. See A. Khintchine, Statistical Mechanics (Dover 
Publications, New York, 1949), Chapter III; see also reference 12. 
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The characteristic function for poisson noise can now 
be obtained from Eqs. (2.1), (2.3), and (2.20). We have 


F (&, th; ialack g,, t.)r 


=) Wi(K)rF ils, th; +++ 5&5 ts) 7. 
K=0 





a) (nT)* 8 K 
=>" f > 
K=0 K ! j=1 (a) k=0 


XK we; Tei) Weis tein’ da 


Xexp {iE jax ne j(tj— lacy’ 5 rey) CoSWacyy} 
- (nT)* ce) % 2 
HE al fa f te fa 
K=0 K! 0 —2 —@ 
T 


x f w(a, ’; Y, TdT 
0 





, K 
XexpLia cosy ¥ kseity—rm7)]} , (2.22) 
j=1 

since the random parameters ay, r;, ¥x, and ¢,’ are inde- 
pendent (for different k), with identical distributions 
for all &. It is this independency condition which permits 
the factoring of the 4K-fold multiple integrals into a 
simple Kth power of a fourfold integral, a procedure 
which is not in general permitted in noise models I and 
II above. Substituting Eq. (2.22) into Eq. (2.1) and 
summing over all values of K give at once 


x dé, D dé, 
WU(X1, ti; +++ Xs, tr f sania f 
=~ ae — 





j=1 


na T 
x f dy f w(a, ’; Y; To) 


X {exp[ia cosy > £ ;e;(tj— 0; N}-Adn}, (2.23) 


7 
Xexp| —i > &;Xj+ ww) f ar f da 
0 —® 


which is the generalization of Rice’s result'* (2.6-9), 
et seq. 

Some simplification of the probability density (2.23) 
is possible if we use the general properties of the indi- 
vidual pulses e;. First, if we specify arbitrarily that 
outside the fundamental interval (0,7) there is no 
disturbance, we may safely extend the limits of integra- 
tion over 7) to +. A small error is introduced by 
ignoring the relatively rare pulses which fall within a 
mean pulse length of the ends of the interval, but this 
effect is ignorable in all practical cases, where the 
interval (0, 7) is long compared with the average dura- 
tion (7) of a typical impulse. In the limit T— © this 
error vanishes 0(1/T). Second, we require that the 
pulse shape e; be such that integration over 7» is con- 
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vergent for all T. The fact that physical pulses always 
contain finite energy insures this convergence. It is 
convenient next to make the following substitutions: 


x= B(t,;— 70); x;=B(t;—h), (j=1, 2, nity 


where 8(=48;) is described in terms of the mean dura- 
tion of the first set of pulses according to the relation 
B=(r)-'; the other sets of events e;(j=2, ---s) also 
have their characteristic ‘‘shape-factors” 8;, which ap- 
pear implicitly in e;. Thus, from Eq. (2.24) one writes 
h;=e,;((x+<;)/B;7r). The second term in the exponent 
of Eq. (2.23) becomes now 


© fa fae fo f o( 0294-2) 


XLexp(ia cosy e E jh ;(x+-x), 1))— 


-s), (2.24) 


1]dx. (2.25) 


For stationary random processes the probability den- 
sity w(a, r, y, t:—x/B) is independent of the choice of 
time origin, with the consequence that setting /,=0, 
one has equivalently w(a, r, ¥, —x/8). Furthermore, w 
is symmetrical in time (~x), since there can be no dis- 
tinction statistically between “forward” or “backward” 
in time if the process is stationary. Thus, we see that 


x/B)=w(a, r, , —x/B) 
=w(a,r, p, x/B). 


These modifications (2.24)-(2.26) permit us to write 
finally for the probability density in the stationary case 


Wi(X1; +++; Xa, te) 


* de 
-/ > fs ~— Fuléssé £5 5 be3 ++ +5 Es, te) 


Xexpl— t } > §;X;], 
7 


w(a, ’, v; h— 
(2.26) 


(2.27) 


where the characteristic function is explicitly 


F (1; &, to; 


-eofioin f'4 fa fof 


Xw(a, r, ¥; x/8) 


+93 £4, be) 


X (exp[ia cosy > §;h;(x+x;, r) ]— Dt. (2.28) 


Because the process is stationary, the interval length 
(0, T) no longer enters explicitly. If now we assume that 
the epochs ¢,’ (and hence x above) are uniformly dis- 
tributed in the interval (0, 7) and are independent of 
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the durations, amplitudes, and phases of the various im- 
pulses, we may write w(a, r, y, x/8)=w(a, 7, Y)/T, so 
that 


(N) x : (NV) 
lim ——w{ a,r,y, =) =w(a,r vy): lim (—) 
eae 8 re \ @T 


=yrrrw(a,r,), (2.29) 


where zz; is a dimensionless parameter whose magni- 
tude determines the character of the noise. 

For narrow-band waves the decomposition into the 
slowly-varying components Y; and Z; follows at once 
from Eq. (2.8a), and the probability density (2.23) is 
correspondingly modified, to which in turn may be 
applied the simplifications when T—~ , similar to those 
for the broad-band case considered in detail above. 

We expect the character of the distribution functions 
of X; to depend on the amount of overlapping among 
individual impulses. For very heavy overlapping it is 
well known that the distribution of the X; is multi- 
variate-normal (see Sec. 5) and that, consequently, 
values of X; of the order of the rms amplitude (of X;) 
have a significant probability of recurring. On the other 
hand, when there is little overlapping, there will be ap- 
preciable gaps (in time) between successive pulses, 
and accordingly small or zero amplitudes are the most 
likely to occur, with only occasional bursts that are com- 
parable with the rms amplitude of a single pulse. More- 
over, in the former instance we anticipate that the 
precise form of the elementary, independent transients 
and their individual statistics are unimportant as far 
as the nature of the distribution is concerned, because 
there are so many pulses (in any short interval A/) that 
their individuality is lost in the combined effect. (This 
follows directly from the Central Limit Theorem of 
probability.) In the latter case, however, the shape and 
statistical properties of the individual impulses are 
critical in determining the form of the probability 
densities W;, and it is this fact that makes an explicit 
evaluation of W; so much more difficult in general. 
(For the trivial cases of ignorable overlapping one can 
clearly apply conventional methods to a single repre- 
sentative impulse.) 

Since the type of poisson noise depends on the 
“density” of impulses in any given time interval, we 
see from Eq. (2.29) and the preceding argument that 
the characteristic parameter 


r11= (average number of impulses/sec) - (mean 


duration of a typical impulse) 
n (N) 


=n(r)=-—= lim — 


B T= gr 


essentially determines the statistical character of the 
noise, viz., whether or not it be impulsive static, nearly 
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TABLE I 








Phenomenon: poisson noise 


Magnitude of y7z 


Character of distributions 





1. Impulsive random noise: O(0-10) Depends on individual pulse shape and pulse sta- 
(a) Static; ignition noise; solar interference O(10~) tistics. Strong dependence on magnitude of yi 
(b) Underwater sound; reflections from randomly 0(10~) 
oriented objects moving relative to observer 
(c) Speech (random “burst” model)* O(10~) 


2. Nearly normal random noise: 
(a) Heavy atmospheric static (ionosphere) 


(b) Precipitation noise 


Clutter,> sea waves, etc. 


(c 


(d 


— 


Underwater sound (heavy overlapping of im- 
pulses for randomly moving obstacles) 


(e) Window (not densely sown) 
(f) Solar static (ionosphere); sunspot conditions 


3. Normal random noise: 
(a) Shot noise 


(b) Photomultiplier noise 

(c) Thermal noise 

(d) Clutter,® (scattering from water droplets) 
(e) Barkhausen noise 


(f) Window; electronic interference; inherent tube 
noise 


0(10) —O(10*) 


O(104— «) 


Normal distribution with one or more correction 


terms. These are of order y;;;~' or y1117', depending 
on whether or not the third moments exists (+0). 
Noticeable to weak dependence on magnitude of i171 


Normal distribution; ignorable correction terms 


(y111 enters only as a scale factor for the probability 
densities, whose form now does not depend on 777) 








*® W. Davenport, A Study of Speech Probability Distributions, Technical Report No. 148, Research Laboratory of Electronics, Massachusetts Institute of 


Technology, 1950. 
b Reference 8. 


normal random noise, or fluctuation noise. Table I 
lists a variety of physical situations to which the 
poisson model applies, the order of magnitude of yrrz 
associated with the phenomenon in question, and the 
general nature of the distribution densities W;, W2, ---, 
describing the random process. We classify the phe- 
nomena in three principal divisions ; note also the acous- 
tical as well as the electronic applications. These classi- 
fications are not rigid, since the order of magnitude of 
yu will vary somewhat with the physical situation. 
In the case of most impulsive noise yrrz is O(10~') or 
less; overlapping is not too heavy, so that the resultant 
noise waves X ; (Eqs. (2.6a) or (2.6b), exhibit a more or 
less discrete variation with time. Impulsive noise of 
denser type (y111=O(1-10)) occurs less frequently ; an- 
alytically, such types are difficult to handle. Of the dis- 
turbances of an intermediate density (y1zr=O(10-10*)), 
precipitation noise and some kinds of clutter are per- 
haps the most important ; the mathematical theory here 
is closely allied with the more familiar treatment of 
fluctuation noise (yzz7—*), since the distribution 
functions are asymptotically described by (linear) 
combinations of a normal frequency function and its 
derivatives (see Sec. 5) and consequently present no 


essentially new problems in their formal application to 
linear or nonlinear systems.” To the third class 
(y111@) belong the shot noise, thermal, and Bark- 
hausen noise, etc., which possess well-known normal dis- 
tributions.’ Here we can get some idea of how well a 
normal distribution represents an actual case if we ob- 
serve that for a typical mean tube current of 10 mils, 
the average number of elementary impulses per second 
(mn) arriving at the plate is 10-? coulombs/e=3.10? 
esu/4.8-10-! esu=O(10'7). On the other hand, the 
approximate duration of the impulses (r) are 0(10-%) 
so that yr1r=n/B8=O(10°); and therefore, the prin- 
cipal correction terms in the distribution, which are 
O(y1r~*), are less than 10~ percent of the leading 
terms. For more intense currents the normal law is 
even more closely approximated. 

As one of the few examples where explicit results for 
any value of 171 can be found, let us consider the case 
of a train of overlapping rectangular impulses, where the 
amplitudes are distributed according to the gaussian 
law w;(a) = exp[ — (a— (a))?/20?]/(220*)}, with o?= (a?) 
— (a) as the variance, and w(y)=6(y—0), while the 
distribution of the durations w3(r) may have any mean- 
ingful value. This model is useful when we can safely 
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neglect the leading and trailing edges of the elementary 
pulses, i.e., when the duration alone is significant. The 
characteristic function for such a train of overlapping 
dc impulses is found for s=1 to be 


) 


(= exp| yr f w(a)(e"—1)da] 


=exp[ —yii1] exp(yii1 expli(a)E— 0°? 2/2 }) 


n 





exp(in(a)t—no*#/2), 
(B(r)=1). (2.30) 


The corresponding probability density is obtained 
directly by inversion of Eq. (2.30): 


=exp(— yz11) > 


n=0 n! 


W,(X)=exp(— vn | a(x 0) 





c Sa en ha (2.31) 


n= n! (2x4no*)! 


Thus, for small yrz; the major contributions to the 
probability density occur for zero amplitudes. In a 
similar way one finds that the second-order character- 
istic function for overlapping rectangular pulses is 


F2(&1, &2; b) 


2 * B(r—|t|) 
=exp|rin f w(a)da f wi(rar f 
—2 Ie) 0 


X[expia(fi+&)—1]dx}, (2.32) 


since h(x, r)=1, 0<x<r, and A(x+l, r)=1, —B|t| 
<x<Br—£B|t|, while 4 vanishes outside these limits. 
If we represent the (normalized) correlation function of 
the elementary impulses by 


p(t)=8 (r—|t| we(r)dr, 


(2.33) 
\t| 
we can write finally that 
* [-yrirp(t) ]” 
F.(é1, &; 2) =exp(— i211) 2) ———— 
n=0 n! 
Xexp(in(a)(&:+ £2) —no*(E1+ &2)?/2), (2.34) 
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so that again by inversion it follows directly that 
W (Xi, Xo; t)=expl—yir] 


x1 3¢x,—-0e(x2—0) + 5 LOOT 


n=1 n! 


exp[ — (X.—1(a))*/2no?] 
' (2.35) 


(22no?)! 








X6(X2— X)) 


The relatively simple results (2.30)-(2.35) occur only 
because of our idealization of the pulse shape, which in 
turn allows us to decompose the characteristic functions 
into a sum of n-fold products of identical elements, as 
indicated in Eqs. (2.30) and (2.34). For pulses whose 
amplitude changes with the duration of the pulse, this 
procedure breaks down, and it is no longer possible to 
obtain explicit results for W1, We, etc., for all powers of 
111. However, one can still obtain the first few terms 
(up to O(yrz7*)) in the general power series develop- 
ment, so that a satisfactory representation of low den- 
sity impulsive noise is feasible for arbitrary pulse 
shapes. The general series expression for W; is obtained 
directly from Eqs. (2.27) and (2.28). For a stationary 
process in which the basic pulses occur with a uniform 
distribution of arrival times (¢,), so that Eq. (2.29) ap- 


of yzrr in the exponent of the characteristic function 
(2.28). Noting that 





$,(0; 0, f2--- ; 0, ts) =0, (2.36) 
we then have 
WAX; Xo, te; wath Xs; t,) 
8 0° YrrI" 
=[] 4(x;—0)+ 
j=l n=l n! 
An (X1; Xo, fo; «+ +3Xq, ts), (2.37) 
where 
An (Xi; X2, bes °° “Xe t,) 
” dé, * dé, 
= —. f —©, (£1; £o, lor +5 8) $,)* 
-« 24 —o Ir 
Xexp(—i >> &;X;). (2.38) 
i=! 


The nth term in the expansion of the characteristic 
function is simply yrr1"®,"/n! 
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Part II is devoted to the detailed evaluation of the first and second (second-order) moments, namely, aver- 
age values and the cross- and autocorrelation functions for stationary random noise waves for models I-III, 
whose statistical description is given in Part I. From these in turn are determined the cross- and auto- 
spectral intensities governing the distribution of energy in the random disturbances. Finally, the asymp- 
totically normal distributions characteristic of the high density poisson noise (III) are evaluated, together 
with higher order correction terms and their associated characteristic functions. 





INTRODUCTION 


N the preceding two sections (Part I) we have con- 

structed! the general probability densities W,(X,, 
.-:X,,¢s) for the three macroscopic noise models of 
greatest interest: (I) non-overlapping, periodic impul- 
sive noise, (II) non-overlapping nonperiodic impulsive 
noise, and (III) poisson noise, or overlapping, non- 
periodic pulses. The first two have many applications in 
communication theory,?~* while the last (III) covers a 
large class of electronic noise sources (see Table I, 
Part I). The following sections give us explicitly the 
quantities of principal physical interest: (a) the mean 
or average amplitude of the noise disturbance; (b) the 
mean intensity (proportional to the power) of the 
fluctuating noise waves; and (c) the spectral distribu- 
tion of this power. 


3. MOMENTS, CORRELATION FUNCTIONS, AND 
SPECTRA: GENERAL REMARKS 


The moments of the distribution are of central im- 
portance: in linear systems the first and second moments 
of the random waves are needed to describe the above 
quantities of chief physical interest (see above and 
Sec. 1), while for nonlinear systems, moments of all 
orders may be required.*:® One can easily obtain the 
Qth moment yq(1)..-q(s)°% directly from the character- 


* The research reported in this paper was made possible through 
support extended Cruft Laboratory, Harvard University, jointly 
by the Navy Department, Office of Naval Research, the Signal 
Corps of the U. S. Army, and the U. S. Air Force, under ONR 
Contract NSori-76, T. O. 1. 

1D. Middleton, J. Appl. Phys. 22, 1143 (1951). (Additional 
references are included in this paper.) 

2J. L. Lawson and G. E. Uhlenbeck, Threshold Signals (Mc- 
Graw-Hill Book Company, Inc., New York, 1950), M.I.T. Radia- 
tion Laboratory Series No. 24. 

3 James, Phillips, and Nichols, Theory of Servo-Mechanisms 
(McGraw-Hill Book Company, Inc., New York, 1947), M.I.T. 
Radiation Laboratory Series No. 25. 

*Y. W. Lee, Communication Applications of Correlation An- 
alysis, Symposium on Applications of Autocorrelation Analysis to 
Physical Problems, Woods Hole, June 13, 14 (1949), Department 
of the Navy (ONR). See also, D. Middleton, Noise and Non- 
linear Communication Problems, ibid. 

°D. Middleton, Quart. Appl. Math. 5, 445 (1948); J. Appl. 
Phys. 19, 817 (1948); Proc. Inst. Radio Engrs. 36, 1467 (1948); 
J. Appl. Phys. 20, 234 (1949); Quart. Appl. Math. 7, 128 (1949) ; 
ibid., 8, 59 (1950). 


istic function (2.4) by differentiation :® 
Mag(1)+++q(s)°@ = (X4M- » » X00) 
fad 
0&2. ee 0E,0 


=(-1)2 





XK Filés, t15 +++ 5 Es, be) 


€1 =f2 = -°-& =0 





ra) ae 


=) W,(K)r(—1)9 


K=0 0&9. oe 0&0 





f w(a)da exp[—E EX i(tv;a)x]. (3.1) 
(a) i=l 


The characteristic function itself has the Taylor series 
Fi(és, t15 °° 5 Es, bs) 7 
wo (i€1)4)+ + - (é€,)a 
Q@=1 g(1)!---g(s)! 


=1+ 





Maq(1) °° ‘qa. (3.2) 


In many cases useful auxiliary quantities are the semi- 
invariants® Xm1)...m(s) of the distribution, which are 
also found from the characteristic function by means of 
the defining relation 


Fy(E1, t1; +++ 5 &s te) 7 
wo (4E1)™- - + (4g, )™™ 


M=1 m(1)!---m/(s)! 


In Eqs. (3.2) and (3.3) }O0 and }-M indicate the sum 
of all possible combinations of Q=gq(1)+---g(s)>1, 
and M=m(1)+---+m(s)>1, respectively, for the 
particular values of Q or M chosen subject to the condi- 
tion that q(j)>0, m(j)>0. For most of our present 
problems it is sufficient to confine our attention to 
stationary distributions of no higher than the second 
order (/=2) (see Sec. 1); and as before, we have to dis- 
tinguish between broad- and narrow-band disturbances. 





Nar(1) + ome . (3.3) 


*H. Cramér, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, New Jersey, 1946). 
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(i) Broad-Band Waves 


Here we let X ; (j=1, 2, ---m) represent the 7 random 
variables formed from the j sets of elementary pulses e; 
in the manner of Sec. 2, Eqs. (2.6a, b), such that 
X j4n= Xj at a time ¢ later, there being s=2n random 
variables altogether. The moments pg(1)...g2n)°@ and 
the semi-invariants \m(1).-.m@n)“” are related through 
Eqs. (3.2) and (3.3). 

The first- and second-order terms (M, Q=1, 2) are 
of chief interest; these may be conveniently expressed 
in matrix form. For the mean values », (k=1, - - -2n) 
and first-order semi-invariants Xp...1...0° we accord- 
ingly write 




















Vi (X1) 
v2 
v=|ly|[=|- |= =||ae|I, 
V2n (Xen) 
and 
A10-+-0 
No1 “0 
2% as | » (M,Q=1). (3.4) 
| No---01 
Because the random process to which X; (j=1, -- -2n) 


belongs is assumed to be stationary, the averages are 
independent of the time; one has, therefore, (X;) 
=(Xn4;), (j=1,2---n). The column vectors v and 
+ may now be written compactly as 


Ao | 


vo 


v= », and 4A%= 


(3.5) 














¥% lo 
where vp and 49” are column vectors with the elements 
l| vol] =||(X,)I|, ||Aol] =||Ao...1...0]|. In a similar way the 
second moments M,; (k, /=1, 2---2n) and semi-in- 
variants Aojo...01-..0 may be expressed 


M=||Muil|=||(XeX:)||= [lai 


Az200-+-0 Ar10---0 A101-+-0° . *A100---01 


A110---0 No20---0 Xo11---0 


1 = (3.6) 


A101-++0 Noi-+-0 Aoo2- +0 














A10---01 No-- +02 


Both M and 2 are square (2nX2n) matrices. Com- 
parison of coefficients of (i&)*---(it,)?@” in Eqs. 
(3.2) and (3.3) when M, Q=1, 2 shows at once that the 
matrices of the averages (X ;) and the second moments 
(X,X,) (j=k, 1, =1, ---2n) are related to the matrices 
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of the semi-invariants 4, 2 by 


v=295 M=2+||rev1||=||ue2|. (3.7) 


In many cases it is convenient to introduce the vari- 
ance matrix @: 


o=M—||»,»,|| =; 


o=||ox2|=||((Xe—(Xx))(Xi—(XD))||, 


(k, 1=1,2-++2n). (3.8) 


Not only are the square matrices symmetrical, but the 
can be decomposed into a symmetrical (2X2) matrix, 
each of whose elements is an (mXm) matrix (which, 
however, is not necessarily symmetrical). This decom- 
position is possible because we are dealing here with a 
stationary, second-order distribution, where only the 
time difference ‘(=/.—t,) between initial and final 
states enters. Accordingly, Eq. (3.6) may be written 














late R(t) lee R(t) 
M= , and 4®= » (3.9) 
R(t) RO) R(t) R(0) 
with R(t) = ||®x2(2)|| 
in which 
R(t) =||Rir(4)|| =|| (Xe(4) X(4+4)|| =R(—-0, 
(k, l=1,2---m), (3.9a) 


where the prime indicates the transposed matrix. From 
Eqs. (3.6) and (3.8) one can write for the k, /th element 


Rurlt) = @xi(t)+ VEVi= oxi(t)+ VEVI. (3.10) 


The quantities R,:(¢) are correlation functions; when 
k=l, one has the set of autocorrelation functions R(t), 
(k=1---n) for the random variables X,---X,. On the 
other hand, when k#!, one has instead the cross-correla- 
tion functions R,i(t) for these variables. From Eggs. 
(3.9a) and (3.10) we observe that R;i(/)=Ry(—Z), and 
the autocorrelation functions are therefore always even 
functions of ¢, as expected for stationary processes. 


(ii) Narrow-Band Waves 


We have now to consider the distribution of the in- 
and out-of-phase components Y ;, Z;; see Eqs. (2.7) and 
(2.8). Here one has a 4n-dimensional probability density 
in Y; and Z; (j=1, ---2n), since a narrow-band dis- 
turbance may alternatively be described by a pair of 
random variables. As before, Y; and Z; (j=1- - -) cor- 
respond to the variables at some initial time and 
Y ;,Z;(j=n+1, ---, 2m) to these variables respectively, 
at a later time ¢. The mean values and first semi-in- 
variants may be expressed as column matrices: 


7 wane 
Il (Z:)|| 


yo”) 


Ay? 
a2) 


= : (3.11) 


v= 

















y( 2) 





a) 


ym 
nt 


10) 
en 
(t), 


the 
ela- 


und 
ven 


and 
sity 
dis- 
r of 
cor- 
and 
rely, 
j-in- 
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while the correlation matrix M, Eq. (3.9), hecomes 
RO) R(t) | (Riv) R,.(¢) 
R(t) RO) R.,() R..(d) 


Note that now M is not symmetrical in R(t), unlike the 
simpler case (3.9), since R(t) is itself not in general 
symmetrical, because in R,.(¢) the averages (Y,Z,) and 
(Z,Y1) are not equal and do not vanish. The elements 
R,,(/), R,-(2), etc., of the matrix R(t) are themselves 
square (Xm) matrices such that 


Ryy(é) = ||Rev O|| = || (Ve) Vilt-d)||, 
R,-(t) = ||Rer? O|| = || (¥e(4) Z(4+-9)|| 


= 


vith RO) | 








jon 





=R’,,(—2), (3.13) 
R..(t)= || Rei? || =| (Ze) Ze(+4)) ||, 
(k,l, +++n). 


Similarly, one finds the matrix of the semi-invariants 
x to be 


ot R(t) 
R(t) RO) 











, with R(t)= 


| 
| 


\| R(t) Ry-(2) 
fea R..(t) 





(3.14) 


Since Eq. (3.8) applies here also, we may write 
Ry” (1) = Rr D+ YO vy 
= 041 (t)+r,r, (k,l=1,---n) (3.15) 
with corresponding expressions for R,,(¢) and 
Ry (2). 
(iii) Spectra 

The theorem of Wiener’ and Khintchine® is used to 
obtain the various spectral energy distributions asso- 
ciated with the correlation functions R;:(¢): the mean 
(auto) spectral density W;..(f) of a time-dependent dis- 
turbance is the cosine fourier transform of the corre- 


sponding autocorrelation function R,,(/). For the set 


of k(k=1, ---,m) random variables one has therefore 
the pairs of relations 


Wa=4 f Rix(t) coswidt, (w=2zf), (3.16a) 


and 


Riuz-(t) = f Wilf) coswid f. (3.16b) 
0 


In a similar fashion the Wiener-Khintchine theorem is 
extended to include the cross-spectral intensities 
Wilf). The analog of (3.16) in this instance is 


Wiil(f)=2 f Rite dt, 


7N. Wiener, Acta Math. 55, 117 (1930). 
*A. Khintchine, Math. Ann. 109, 604 (1934). 
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and 


Rivlt) “fw )eiotd 3.17) 
kl “- xi(fe iB (3. 


—® 


where R;,:(/) is found from Eq. (3.9a) or Eq. (3.10). For 
narrow-band waves one has alternatively from Eqs. 
(2.8) and (3.10) the equivalent relations 


Rit) = (X(t) Xl +d) 
=[{Vi(ti) coswolit+Zx(t1) sinwol,} 
XK {Viltit2) coswo(ti+2) 
+Zilty+2) sinwo(t:+2)} stat av 
=3{ Rp (H+ Rit? (D)} coswol 
+4 {Ry (t)— Ry (2)} sinwot, (3.18) 


from which the spectra follow according to (3.17). 
Note that R;(0) gives the mean total power in the 
disturbance, while Ri.(©) yields the intensity in the 
dc or periodic terms. Consequently, the power asso- 


ciated with the continuous portion of the spectrum is 
Rix( © )—Ryx(0). 


4. MOMENTS, CORRELATION FUNCTIONS, AND 
SPECTRA: SPECIFIC NOISE MODELS 


(i) Broad-Band Waves 


We give explicitly the first and second moments for 
the second-order distribution of the 2” stationary ran- 
dom variables X; (j=1, ---2m) in the instances of the 
three principal noise models considered in the preceding 
sections. For the first case we have 

(I) Non-overlapping, periodic impulse noise: Applica- 
tion of Eqs. (3.4) and (3.1) to the characteristic func- 
tion (2.11b) gives at once (for the initial time tj =o) 


N 
px = vp(to) = Y (dm COSWmex(to— MT o— Em; Tm)) 


m=0 


= ss {a cose f Si(f, rm) 


m=0 


Xexp[iwlo— iw(mT 9+ <n) ; (4.1) 
stat av 


where 


Si(f, tm) = f exp(—iwt’)ex(t’, rm)dt’ (4.2) 


is the amplitude spectral intensity of a typical ele- 
mentary impulse (for the kth member of the set Xj, 
(j=1, ---+k-+-2n)). We now let the interval (0, 7) be- 
come infinitely long, so that (V+1)T>=T—~. Since 
we are dealing with a stationary process, time and 
ensemble averages may be safely interchanged for all 
practical purposes (see note, Sec. 2, III), and we can 


+t The averages in Eq. (3.18) over the random amplitudes 
Y;, Zi, etc., and over the trigonometric terms coswo(#;+#), etc., 
are performed separately, since the random variables are statist:- 
cally independent of the periodic components. 
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now write Eq. (4.1) as 


s Am COSWm 
y.= lim a ity f dfSx( f, 1m) 
N-@ 2, To(N +1) 


Xexp[iwto—iw(mTo+em) ]. (4.3) 


Again because of the stationarity of the process, the 
range of /) may be safely extended to — © as well as to 
+, when (0, 7) becomes indefinitely long, X;, vanish- 
ing at all times outside this (infinite) interval. Noting 
that 


f exp(iwlo)dlo 
is the singular function 6(f/—0), we have, finally, 
1 , > Am COSWm ’ 
ve=— lim 0, Tm 
k T, Noe , k 


1 
= "he coswS;,(0, r)) (4.4a) 


0 

1 
=— f w,(a, r, Wa cosyS,(0, r)da, (4.4b) 

To 


on replacing the time average by the equivalent en- 
semble average; w; is here the first-order probability 
density for the random parameters. As expected, the 
mean value »; is now independent of the (initial) times 
fo, and of the random “‘jitter” «. We remark that the 
“density” parameter y, introduced for the poisson 
noise described in Sec. 2,' may be similarly defined here. 
One has, specifically, yr=[(N+1)/T ](r)= (r)/ToX<1. 
For rectangular impulses, then, »; is equal to y(a cos). 

The second moments are of chief interest. Again 
differentiating the characteristic function according to 
Eq. (3.1), we find that here for the initial and final 
times ¢ j= lo, lot: 


M i= ber 


N WN 
= >> Yo (andy COSWm COSWn 


m=0 m=0 
XK ex(to— MT o— Em; 1m) e(to+-t— nT o—€nj Tn)) 
N N 


=r 2 & COSWm COSY n 


m=(0 m=0 


xf f dfdf’Si(f, rm)Si(f’, rn) 


Xexp{i(w+w’ tot iw’t 


— iw(mT ot €m) — iw’ (nTo+€n)} 
stat av- (4.5) 


For stationary systems, on letting 7-2 again, we 
may interchange time and ensemble averages. When 


this has been done, we see that now the time average 
introduces the integral 


2 


| expi(w'+w)todto=4(f’+f), 


so that by reasoning similar to that above for »;, we have 
the cross-correlation function 


(= Mi): 

1 N 
R,(t)= lim ———— > > AmOn COSWm COSY, 
N+ (N+1)T o m=0 m=0 


x f df Self, tm) Sif, tm)* 


Xexp[ —iwt—iw(m—n)T )—iw(em—e€n)]. (4.6) 


For the real waves examined here, 


Sx, (—f, r)= Six, (f, y". 
We write now 
A m™ (w, 2) =Am COSWmSk(f, 7m) EXP(— iwem) ; 
A, (w, a) =a, cosy, Si(f, rn) exp(—iwen). 
Letting j="—m, we can rearrange the sums in Eq. 
(4.6) to obtain finally the desired general result 


es) 


1 
Ru(Y=— LV 


9 = J—w 


Xexp[—iw(t—jTo) df=Ru(—t), (4.8) 


Riilj; w)a 


where 
1 
Ri(j; @) a= tim —- > Am™ (w; a)A m+j(w; a)* 
N 2 V oa m=0 
=Ry(—j;w)a*=Rul(j; —w)a* (49a) 
= (LA 1 (w > a,;)A 2 (w ; ao) *1;) 
-f da,da.A 1 (w, a;) 
41,82 
X Ao (w, a2)*we(a1, a2; jT»); (4.9b) 


this last because of stationarity. The subscripts 1 and 2 
in Eq. (4.9b) refer to the initial (m) and final (m+j) 
states, separated by the time interval f2—/,;= 779; note 
that, unlike R,.(¢), which is a real quantity, Ryi(j, w)ais 
in general complex. We also observe from Eq. (4.2) that 


f Sulfy rm) Sif, mas) 


—2 


Xexp[ — iw(t— jTo—€m4j+e€m) ldf 


a) 


= f ex (to; 1m)e(to+t— jT o—€m+jt+€m; 1 m+j)dlo 


= 2pei(t— jTo— €m+j tm; 1m; Tm+j)s 


(4.10) 








i oe «zz 


oe 





Ja) 


9b) 


d 2 
+j) 
10te 
)a is 
that 


t 10) 
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in which px: is the (normalized) cross-correlation func- 
tion for the elementary impulses e;, e¢;, so that we can 
express Eq. (4.8) in the alternative form 


2 «@ 
Rul ™ (a1d2 cosy; cosy2 


0 = 


X per(t— jTo—e2te1; Ti, Y2)). (4.11) 


The mean cross-spectral density W;i(f) is obtained at 
once from Eq. (4.8) with the aid of Eq. (3.17). We have 


2 «@ 
Wal=— DD Riilj; w)a exp(tjwTo) 


9 i=” 


2 »w 
=— 7 ((A i (w, a,)A 2 (w, a2)* ];) 


~e 


Xexp(ijw7T). (4.12) 


A special case of considerable usefulness arises when the 
parameters a belong to a purely random process; then 
a; and a are independent, and do not involve the time 
difference t2—t;=jT ». In such instances the averages 
over A,“ A,“* factor, and we are able to write finally 
for Eq. (4.8) the mean intensity spectrum, with the 
help of Eq. (3.17), 


2 
Wil f= -" (A; (w, a)Ai(w, a)*) 


0 


—(Ai(w, a))(A1 (@, a)*) 


+ > exp(ijw7) 


x [{A i (w, a)){A 1 (w, a) *) 15) . 


As an interesting example, let us consider the case 
where the elementary pulses are of fixed duration (7), 
and where a, r, y, € are independent, so that w(a, r, y, €) 
=w(a)we(e)5(r—ro)ws(W). Writing 


(4.13) 


w= f exp(— iwe)wo(e)de, 


we have from Eq. (4.13), 
Wil f)= (2/To) Sif, ro) Sif, ro)* 


x | (a?)(cos*y)—(a)cosy)*| (f)|* 





lo(f)|? = m 
+(a)*(cosp) 3 i( s-=) ; (4.14) 

To m=0 . To 
where the series }> j—-»,+2 exp(ijw7) in Eq. (4.13) is 
equal to >° m—o,<5(f—m/To)/To, as shown in the Appen- 
dix of an earlier paper.® Our result (4.14) is one general- 


*D. Middleton, Cruft Laboratory Technical Report No. 111, 
October 23, 1951. 
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ization of two expressions given by Lawson and Uhlen- 
beck? (pp. 43, 44). Note that one has besides the con- 
tinuous spectrum a series of periodic components 
located at f=mfo=m/To, the intensities of which are 
influenced not only by the elementary pulse shapes, 
but through b(f) by the distribution of the “jitter” or 
displacement e. 

Our expressions (4.8), (4.11), (4.12) may also be used 
when the phases are cumulative, i.e., when the phase of 
the impulse in a given period interval is the sum of 
the previous phases and of the phase change character- 
istic of this period, namely, m= >> ,—0, mda. The simplest, 
and usually most interesting cases, occur when @y, r, a, 
and ¢ are all independent from period to period, al- 
though 7, a, and e may be functionally related.{ Then 
one has for the typical jth (>1) term in the summation 
in (4.13) on replacing ensemble averages by time 
averages 


1 N 
lim —— DY Cnr (w, a)Cmsj(w, a)* 
N-o@ N+1 m=0 
m m+-j 
Xtlexp(2i 2) @+i L or) 
A=0 m+1 
. be Be 4 
+exp(—2i >) d.—i Y on) 
0 m+1 


; m+j ; m+j 
+exp(t 2) ¢)+exp(—i Do oa)}, (4.15) 
m+1 m+1 
where now Cy“, Cm,;0 are found from Eq. (4.7), ac- 
cording to the following: 
A m™(w, a)=Cm™ (w, a) COSWm; 
A m+j(w, a)=Cn4j(o, a) COSW m+ j- 


(4.15a) 


Since a, r, @, € are assumed independent, we find after 
replacing the time by ensemble averages in Eq. (4.15) 
for (j2 1) 


(Ci (w, a) {Ci (a, a)*) 


x 7 exp(ijeT o)L((n)+ 1) ((n))é 
+ ((n*)+1)((n*))*] (4.16) 


in which n=e’®, so that 


a f citwe($)dd, 
0 


and 


(ap) = f  Gitws(o)dd, (n)<1). (4.17) 


t Here, although we assume 7, a, and ¢ independent, in order to 
satisfy the condition r+e<7 > for no overlapping, the allowed 
values of r and e must fall in the triangle (r, «)=(0, 0), (0, 79), 
(To, 0). 
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Excluding for the moment those values of (7) exp(iwTo) 
which have the value unity (as do (n*) exp(iwT»), 
(n*) exp(—iwT»), and (n) exp(—iwT») simultaneously), 
we may sum the geometric series in Eq. (4.16) at once 
to get 


exp(iwTo) { (n)[((n?)+1)/(1—(n) exp(iwTo)) J 
+ (n*)((n?*)+1)/[1— (n*) exp(twTo)) J}. 


Repeating this procedure for 7(< —1) gives Eq. (4.16), 
except that now / and & are interchanged and exp(iw7) 
is replaced by exp(—iw7»). For 7=0 one has directly 
the joint average 


((n?)+ (n?*)+-2) (Cx (w, a)Ci (w, a)*)/4. 


Combining these results according to Eq. (4.8) yields, 
finally, the cross-correlation function for the continuous 
part of the corresponding spectral distribution. We have 


2a 


1 
Riilt)= a J exp(—iwt)df 


x | (nt) (a?) *+2)(Cx (wn, a) C1 (w, a)*) 


+2Re(Cy (w, a))(Ci (w,ra)*) 
(n)((n*)+ 1) 
1—(n) exp(twTo) 
(n*)((n?*)+ 1) 
1—(n)* eet , 


There is in general no constant or periodic contribution 
to the correlation function, and hence no steady or 
periodic component in the spectrum. A simple example 
of some interest occurs when the phases @ are uni- 
formly distributed over the interval (0, 27); all mo- 
ments (n*) (k>1) vanish, and we are left with a 
spectral intensity (a*)(S;(/, r)Si(f, r)*)/To. However, 
when (n) exp(iw7»)=1, one obtains besides the con- 
tinuum (derived from Eq. (4.18)), an infinite number of 
periodic components (for details see the Appendix’). 
The only cases of importance occur for (n)=1, f=m/T» 
or (n)=—1, f=(2m+1)/2T>. In the former instance, 
[we(d)=6(@—0) ], one also obtains a dc component. 
The cross-spectral density is explicitly 





Xexp(iw ra 








(4.18) 


Wail f) = (2/To) } (XSF, SAF, 1)*) 


—(a)ce(f, ’; e)alf, ’; €) } 


+a r,€)) 





2 ((f—m) 
X<eil(f, r, €)*) = 3( )} (4.19) 
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where we have written 


crf, 7, €)=Sx,i(f, r) exp(—iwe). 


In the latter case, which represents a train of pulses 
alternating in sign, we(¢?)=65(@—7), we have Eq. 
(4.19) except that now 6(f—m/T») is replaced by 
5(f—(2m+1)/2T ), see Appendix.’ As expected, the 
new period is now double the old period, and because 
the pattern on the average alternates in sign, all even 
harmonics (of fo/2) are missing. 

We consider next 

(II) Non-overlapping, nonperiodic impulse noise: 
Here a procedure similar to the preceding case is fol- 
lowed, except that now the durations of the elementary 
pulses e;, e; are determined by the interval between the 
random initiation times of successive pulses; conse- 
quently, we can expect no periodicities. The first mo- 
ments (for the time ¢;,=¢) are obtained from the first 


‘derivatives of the characteristic function (see Eq. 


(2.19)) on applying Eqs. (3.4) and (3.11): 


we = (bo) =  Wi(N)r 
N=0 


N 
XD (am COSWmei(to— tm”; Tm)) 


m=0 


N 


=> Wi(N)7 > E COSWm 
N=0 


m=0 


xf Si(f, 1m) exp( ity iat df] (4.20) 


stat avy 


where Eq. (4.2) has been used. Considering next the 
stationary case, we have J—«. Then the average 
number (1) of events in (0, 7) also becomes infinite. 
In the limit, then, W;(V)r may safely be replaced by a 
continuous distribution density Wi(V).dN, where the 
maximum probability and therefore the maximum 
probability density is centered about (.V) and in the 
immediate vicinity [0((N)!) ] of (V), the error in the 
replacement being 0(1/.V). Accordingly, we have 


po WiN) rae f W (N).dN = 1. 
N=0 0 


Furthermore, the number of intervals in (0, 7) having 
lengths between r and r+dr is (V+1)w(r)dr, and their 
aggregate length is r(V+1)w(r)dr, so that the total 
length T is 


T= f r(N+1)w(r)dr=(r)(N+1). 





10 For some simple examples, see G. W. Kenrick, Phil. Mag. 7, 
176 (1929), Ser. 7; S. O. Rice, Bell System Tech. J. 23, 282 (1944), 
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With these modifications, exchanging time and en- 
semble averages gives finally for the first moments 





1 1 oN 
ye=— lim —— > an cospmS,(0, rm) 
(r) N+ N+1 m=0 
a coswS;,(0, 7) 
———_ A (4.21) 
(r) 


see Eqs. (4.4a), (4.4b). The density parameter y char- 
acteristic of this type of noise is always unity, for here 
yui=(N+1)(r)/T=1. For rectangular pulses »;, be- 
comes simply (a cosy). 

The second moments are found in a similar way: 
one has Eq. (4.6), except that the exponential is re- 
placed by exp[—iwt—iw(tm’—tn’) ] and To by (r). Re- 
arranging the series to sum over m=m and n=m+j 
and noting that now 


tm4j —tm’ = mt dm, i(r), 

where 
m+j—1 ; ; 
dn (m= LD m, j22; =0, j=1; 
m+1 
’ m+-j : 
ae eT ey 7=9; =— Dn, j<—l, 
we can write, finally, 
Miur= wer® = Rirld) 
1 oa) 1 N 


(r) j=-—2x Nw N+1 m=0 


xf dfLSi(f, rm) exp(iwrm) DSi, rm+i)*] 


—D 


Xexp(—iwt—iwldm, j(rr) ]). (4.22) 
Because the process is stationary, the time averages 
may be replaced by an equivalent joint statistical 
average in the manner of Eq. (4.9). 

When the phases are cumulative, so that Ym=2o x, mba, 
and r, a, oy, and ¢(m)’ are all independent from pulse to 
pulse, the cross-correlation functions (4.22) simplify 
greatly. Writing 


Om (w, A)=AmSk(f, Pm) EXP(1WFm) 5 
Bngj? (w, A)=Am4 Sif, Pm+i), (4.23) 


and letting z(w)=exp(iwr), so that 


(ts))= f j w(r) exp(iwr)dr, 


0 
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we again replace time by ensemble averages in Eq. 
(4.22) and obtain for j(>1) a number of geometric 
series, like Eq. (4.16), which are directly summed if 
we exclude the case (n)(exp(iwr))=1, etc.; see Eqs. 
(4.15)-(4.17). Repeating for (j<0) and combining the 
results, we have finally the cross-correlation function 


Ryi(t) = (1/4(7)) 
x f exp(—iwt)df | ((n?)+(n?)*+ 2) 


X (exp(—iwr)ay (w, a)Bi (w, a)*) 

+(a1 (w, a))(Bi (w, a)*) 

x| (n)((n?)+ 1) 4 r+ 1) 
1—(2(w)){n) 1—(2(w))(n)* 

+ (a1 (w, a)*)(Bi (w, a)) 

x| (n)((n?)+ 1) . (n*)((n?)*+ 1) 
1—(2(w)*)(n) 1—(2(w)*Xn*) 








| (4.24) 
J 


There is, in general, no dc component when (2(w))(n) 
(and consequently (2z(w))*(n), etc.) is different from 
unity. However, when (7) is unity, one finds for f=0 
that (n)(z(w)) is also unity; and the sum over ] is seen 
(see Appendix®) to be proportional to 6(f—0), so that 
a constant term must be added to R,i(¢), which is just 
the dc contribution »,v;. The cross-spectral intensity 
follows as before from Eq. (4.24) with the help of Eq. 
(3.17). Note that for purely random phases w(@) = 1/27, 
(0<¢<2rz), all moments (n*) vanish once again, leav- 
ing us with (a*)(S.(f, r)Si(f, r)*)/(r) as the spectral 
intensity. A number of special cases of spectra (k= /) 
are given in reference 2, p. 45. 

We have finally 

(III) Poisson noise: Because of the independent, over- 
lapping character of the elementary pulses, the ex- 
plicit form of the characteristic function (2.28) is much 
simpler than for the nonoverlapping models (I) and 
(II). It is also now more natural to consider first the 
semi-invariants, and from them to determine the 
moments of interest according to Eqs. (3.2) and (3.3). 
Comparing Eq. (2.28) and the definining relation (3.3) 
one has at once for the second-order (/= 2), stationary 
process (s=2n), the general Mth-order semi-invariant 
(y =111): 


(M) 
Am (1)+++m(2n) a as 


« 


vino" CIT 2i(x, ry" Oh j(x+ Bt, rym dx 
—0 j=l stat av 


(4.25) 
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From Eq. (3.4) one finds that the averages are 


an (1) 





Vi = AOeoeleeeO 
=vin|o f h,(x, nds 
on =—@ » stat av 
=YI11 of ax f Si(f, r) exp(iws/A)ds| 
5 —x —2D stat av 
= 7111(aBS;,(0, r)), (4.26) 
where 


S.(f, )=B f dx exp(iwx/B)h;(x, r) 


is the amplitude distribution of a typical pulse; see 
Eqs. (4.4) and (4.12). The second moments are also 
readily obtained in the same fashion, from Eqs. (3.7), 
(3.8), and (4.25). We have m(j)=1, 1<k=j<n; 
m(j+n)=1, 1</=j<n, and so 


n= NK, pn” 


= vial f hy (x, r)hi(x+ £t, nds] (4.27) 


—* stat av 


giving the cross-correlation function 


Riilt)= vin] #8 f 


Xexp(—iwt)S.(f, r)Silf, vas] 


+117 (aBS.(0, f)){aBS,(0, f)*). 


The cross-spectral density follows immediately from 
Eq. (3.17) and is 


W ui f) = 2y111(Ba*S;(f, r)Si(f, r)*) 
+2y117°8 (aS. (0, f))(aSi(0, f)*)6(f—9), 
which is the generalization of an earlier result obtained 
by Rice." 
From Eqs. (2.37) and (2.38) with the help of Eq. (3.9), 


the various moments jig(1).--¢(s)°® of the distribution are 
found from 


(4.28) 


(4.29) 


Ma(1)+++q(s)°? = (X yt) — X 4) 








i ae 2 yi" 
=(-i)2 - 
OF, ")- oe 0&0” n=1 jn! 
X $,(&:, hh; ire 84.)| ’ QO>1. (4.30) 
&1 fo = ---=&, =0 


When Q=0, one gets the trivial result unity. We ob- 


"'S. O. Rice, Bell System Tech. J. 23, 282 (1944), Eq. (2°6-4). 
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serve that when m exceeds Q, every term in the braces 
{ } vanishes, since each such term contains a factor 
"~@ at least, which is zero; see Eq. (2.36). The Qth 
moment is thus a polynomial in yz71, whose term of 
highest power is yzrr°. Therefore, in the case of impul- 
sive random noise it is necessary in order to determine 
the first Q moments, to obtain the series development of 
the corresponding probability density W (2.37) through 
the term in yrrr® only. No additional terms in +777, or 
moments beyond the (th order are needed, unlike the 
case of nearly normal random noise (Sec. 5), where in 
principle all the (inverse) powers of yrz1 are required 
to specify a given Oth moment. 


(ii) Narrow-Band Waves 


As in (i) above, we want explicitly the first and second 
moments from the second-order probability density for 
the 2” stationary random variables X ; (j7=1, 2---2n), 


where now we consider narrow-band disturbances of the ‘ 


form (2.6b) and noise models I-III: 
(I) Following the approach of (i), we find for the 
periodic wave trains that the average can be expressed as 


oo 


Am f exp[ iw(mT 9+ Em) + iwts | 


—o 


N 


vi(to)= Do 


m=0 





x {exp(tpm)Si(f—fe, 1m) 


+exp(—ivm)Si(f+ fe, rm) }df/2 ’ 


stat av 


where S;.(f—f., %m) is given by Eq. (4.2), and f, is the 
carrier frequency of the pulsed oscillations. In the 
stationary cases the initial time (/o) drops out, and we 
have finally, corresponding to (4.4), 


ve= (1/To) Re(aeS:(f., r)*). (4.32) 


Because of the narrow-band character of the elementary 
pulses, S.(f—/f., 7) is significant only for frequencies f 
in the immediate spectral vicinity of the carrier f,, so 
that in most cases the mean value »; may be safely 
ignored. However, the fact that there is in general a 
finite dc component is apparent if we observe now that 
the pulse train is really a train of transient oscillations, 
whose amplitude usually decreases with duration, 
leaving a net steady contribution. 

The second moments follow as before [see Eqs. (4.5)- 
(4.13) ], except that in place of A m"(w, a), A m+j(w, a)", 
Eq. (4.7), one writes instead 


(4.31) 


Br (w— we, 2) = Om EXP(—iwem) 
X Lexp(t~m)Sk(f—fe, rn) 
+exp(—ipm)Sk(f+ fe, 1m) ]/2; 
Bins} (@— We, A)* = Ams; EXP(iwem+;) 
X Lexp(—ipm+s)Sif— fe, m+i)* 
+exp(ipmss)Si(f+ fey 1m+i)* J/2. (4.33) 
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Our previous relations (4.8)—(4.13) still apply with this | the somewhat simpler version, 
modification, except that Eq. (4.11) is now written 
I a 
1 ¢ Ryi(t)=— f exp(— kwt)df 
Ru*— (arts coslwe(t— jTet ae) 40) "~~ 
* isis 
X { (exp(—iwr)ar (w— aw, a)81 (w—we, a)*) 
+Y2— Vi Jonu(t—jToter—e2; 11, 72)0), (4.34) 
ice sian +1 (ar (owe, a))(Bi (wwe, a)*) 
where pxi( )o, Eq. (4.10), is now the (normalized) cross- a ‘ 
correlation function for the slowly varying parts of the X (n*)/L1— (n*){2(@) ) J+ (on (@— we, a)*) 
waves. We have applied the narrow-band condition X (Bi (w—we, a))(n)/[1— (n)<2(w))* J}. (4.37) 


Sii(f+fe, 7) =0 to discard terms involving cos[2wo(to+/ 
—jTota—e)+hi-y2] in the integrand of Riilt) 
[see Eq. (4.8) ]. The factor 2 which appears in Eq. (4.11) 
is suppressed, because we are now dealing with peak 
values a, ¢x, etc., a factor 2—' appearing here from the 
average of carrier terms of the type coswely cosw¢(to+/). 
The example given in Eq. (4.14) reduces in this in- 
stance to 


Si = 56 o)S ™ J ey ro)* 
Wi =. 
2To 





x | (0) (a) BD(e) 





+ hocnient y (——")) (4.35) 


m=0 0 


When the phase is cumulative, i.e., Ym=)or=0, mba, 
and when 4a, r, €, and ¢) are independent from period to 
period, one finds by a straightforward modification of 
Eq. (4.18) that 


Rii(t)= (1/4T») f exp(—iwt)df 


XK { (C1 (w— we, a)C1 (w—w-, a)*) 
+2Re(Ci™ (w— we, a)) (C1 (w— we, a)*) 


XL (n*) exp(+iwTs)/C1—(n*) exp(iwT) I}. (4.36) 
The cross-correlation functions R,,“(t), Ry‘¥(t), 
Ry (t), [see Sec. 4, (ii) ] for the slowly varying parts 
of the noise waves X,, X; are given by Eqs. (4.8) 
and (4.9) on replacing dm CosWm and m4; COSWm+; 
in An®, Amsj by Gmdmyj COSLwe(mMTo+€m)—Wm | 
X cos (we (m+ j)To+ €m+ji]—Wm+i)) @mOmyj COS( )m 
Xsin( )m4j) ANd AmOm+j SiN( )mSin( )m+4j, respectively. 

(II) Here for the average », one has Eq. (4.32) on re- 
placing 7) by the mean duration (r). The second mo- 
ments are also easily found for the narrow-band case, 
giving us finally for the cross-correlation function (4.24) 


The frequency f. now represents the central frequency 
of the noise band. Observe that even when (n)=1 (i.e., 
we(d)=5(@—0)), there are no discrete components at 
fe, 2fc, etc., because the duration of the oscillations is 
random, each segment r seconds long ends at a different 
time (i.e., phase) on the average. Correspondingly, if 
w1(r)=6(r—ro), all segments being of the same length, 
one does have periodicities, which appear when 
(n){z(w)) is unity, as above. The low frequency cross- 
correlation functions R,:“¥-4?-#“)(¢) are given by 


Ryy4>4?#2)(t) 


1 xs 


dine f dfRu9(j:0)aexp(—iwt), (4.38) 


(r) ix J_y 


where now Ryi“(j, w)a is found by replacing am cos~m 
Xexp(—iwem) in Am™ by dm Cos(wetlm’—Ym) and m+; 
X cosWm+j EXP(—iwem+j) in A moj with Omi; COS(Welm+;’ 
—€m+j),and S;(f,r) by Si(f—fc,7), etc. For Rei (j, w)a 
and R,,“**)(j, w)4 one proceeds in a similar way getting 
the following combinations: cos(wetlm’—wWm) sin(welm+;’ 
—Wm+j) and sin(welm’—Wm) sin(welm+j’—Wm+j), TESpec- 
tively. 

(III) Finally, for poisson noise one has the average 
ve= 111 Re {a exp(iv)Si(—f-,7)), which is essentially 
zero for most practical purposes. The cross-correlation 
function (4.28) becomes now 


Rilt)= ma a cosLwé+yi— Yr] 


+ VKVI, 


stat av 


x f hy.(x, r)hi(x+ Bt, r)dx (4.39) 


where we have neglected the term in the integrand con- 
taining cos(2w.«/B), etc., because of the narrow-band 
character of our wave. Here », and »; are determined 
by the systems through which the original waves have 
passed. Again the factor } which appears in (4.39), 
but not in (4.28) for broad-band disturbances, is easily 
explained if we remember that h,;, h; are essentially 
peak values. In the former case ; and h; are elementary 
envelopes [see (2.6b)] and consequently the mean 
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power (R,x(0)) and correlation functions will contain 
the factor 4, corresponding to the average over a 
cycle of the “carrier” or central frequency component 
cos(w.-t—@). In the latter, the factor } is replaced by 
unity, since there is no “carrier” term. Setting w.=0 
and including in the above terms involving cos2w,«/8, 
etc., do yield unity in (4.28). The corresponding spec- 
tral density for the narrow-band waves is 


B , 
Wil f)= pruite expl—i(vi— vx) ] 


KSi(f— fer NSif— fe, 1)*)+2r.05(f—0). 


The various low frequency correlation 
Ry (2), etc. follow in similar fashion. 


(4.40) 


functions 


5. NEARLY NORMAL RANDOM NOISE 


In the case of poisson noise, when the number of 
elementary random impulses is large and their mean 
duration is not too brief (a condition expressed by the 
relation y111>>1) heavy overlapping of the pulses 
occurs, and one has then nearly normal random noise. 
To determine the explicit form of the second-order 
probability density W2 in this instance the character- 
istic function F2(£1- - - £2,; ¢) is first given by a develop- 
ment in the semi-jnvariants (3.3), (4.25) of the distribu- 
tion. The exponent of (3.3) is separated into a quadratic 
form and a part containing higher powers of §&- -- £2n. 
As is well known,*"—* the first exponential yields a 
multivariate normal distribution. The correction terms, 
whose contributions cannot be ignored for certain 
types of precipitation and clutter (see Table I) even for 
y111>>1, may be found by expanding™ the exponential 
with the higher powers of &- - - £2, and collecting terms 
in such a way as to give a development of the corre- 
sponding probability density according to inverse 
powers of yrzz. Noting that 


F2(&1- + + Eon; t) =exp(iv'E— 3k’ ok) 


where Ez is the desired correction term, we obtain the 
probability density as the fourier transform of (5.1), 
the leading term of which yields the multivariate normal 
distribution 


W2(X1- ++ Xan; Lo=((24)™| «| *) 


Xexp[—3(X’—wv’)A(X—v)]. (5.2) 


The matrix A has the elements o*!/|c|; o* is the 
cofactor of the element o;: in o, and |! is the determi- 
nant of #. The correction terms for W2(X,1---Xoen;?) 


2 A. Blanc-Lapierre, dissertation, University of Paris (Masson 
et Cie, Paris, 1945). 

VY. Boonimovitch, J. Phys. U.S.S.R. 10, 35 (1946). 

“4 Rigorous demonstration of the asymptotic properties of series 
of this type has been given by H. Cramér, Random Variables and 
Probability Distributions, Cambridge Tract. in Math. No. 36 
(1937). 
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require integrals of the form, 
Ts(Xy- ° Xen; t) 
* dé, * dkon 
—,#£,£, f £3. oe £om22™ 
-_ —= af 
Xexp[ — it’ (X—v)—}3&’o€]. 
(S=s(1)+---+s(2m)>0). (5,3) 





With the aid of the normalizing transformations 
&=a"'%, y=a’—'(X—v), where a is the diagonal matrix 
\|(@;;)*8;,;||, so that a’=a and a’'=a~", we have finally 


Qs 
Is= iSg 78) /2. ‘s Ton, 2n 2” 2 





dy,*)- ee OVem*2™ 
XWolyir ++ Yon; Eco 
os 


—s(2n) /2 


= iSq 78) /2. ** O2n,2n 





Oy s- — OV2m*2™ 
X (2r)-"|o|— exp(—y'e”y/2) (5.4) 


with o’=a"'ea’=||o41/(oxn0u)'||, |a| =det a. The 
matrix o”’ is accordingly independent of yz; and 
yi =(Xj—;)/(0;;)*], (J=1---2n), is dimensionless, 
The normal distribution density W2(yi-+-yon; tx in 
the reduced variables y; is found directiy from (5.2) 
with the help of the transformation y= a’—!(X—y). 

Since each element of 4” and hence all o;;, are pro- 
portional to yrrr [see (4.26) ], we may now expand 
E, and use Eq. (5.4) to arrange W2(X1--+Xon; 2) in 
descending powers of yzzz. The leading term follows 
immediately from (5.4) on setting S=0 and is given by 
(5.2). The dependence on yrrr is O(yr17~"), from the 
factor |o|~4. The correction terms are easily found if 
we observe that whenever £;*‘” appears in the inte- 
grand of (5.3) a factor o;;-*“”/? also appears. We write 
finally 


E2(&1- ** Som; t) 
4 (i€;)™™)~ + + (i€o,) me 


= EE Am(1)+*+m(2n) 


M=3 m(1)!---m(2n)! 


1 3 (i=;)™™- oe (i€2,)"& y 
+ . os daemon 


2!L“=3 m(1)!--+m(2n)! 


2! 








+Or(yirr7). (5.5) 


The symbol O7(y77~') indicates that when the 
fourier transform of E» is taken, the remainder is 
O(y1117!). For M=3 we observe in W2 a factor yrrr~"; 
for M =4 and from the squared-series in (5.5) above we 
obtain yrz7~-"~! for the dependence on yzrrr. Higher 
order corrections follow in a similar manner. The general 
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characteristic function (5.1) is therefore 


Fo(E1 + * S2n3 = exp(iv’&—3&'0&) 


4 . 
x|1+ but—(X bu)?+Or(yirr-)$, (5.6) 
3 2! M=3 


M= 


where by represents the summand in (5.5). The asso- 
ciated probability density has the asymptotic form, 


W(X1- °° Xen3 )~[(2m)"| o| 47 


3 4 . »s 
x|1- ¥ Cut ¥ Cut Gy 
4 1 3 


M=3 


+0(rnr-)| exp(—4y'e"y), 7) 
in which 
Cy= [D\m(1)+++m(2ny)“/m(1) !. le m(2n) lo) 2 
** on, on men) 2} /dyym- 5 a DYon™2) . 


y=a—(X—v). (5.8) 


In the one-dimensional case (5.7) is known as Edge- 
worth’s series.*:!! The first-order density W,(X,---X,) 
is found immediately from the above formally by 
restricting the total number of random variables to 
X,:--X, only, with appropriate modifications in v, o, 
etc.; a similar adjustment is made for the characteristic 
function F;(£,- --&,). Note that in the limit y;7;— one 
readily obtains the predicted normal distribution (5.2), 
since the correction terms vanish more rapidly than the 
leading term. This is a special case of the Central Limit 
Theorem of probability,’ for which the sufficiency 
conditions in the present cases are easily shown to 
apply. 
6. CONCLUDING REMARKS 


For noise models I and II the explicit evaluation of 
the probability densities W1, We, ---W,---, etc. is in 
general a very difficult task [see Eqs. (2.11), (2.12), 
(2.19) ]. Only in relatively few special instances is the 
analytic form manageable. Poisson noise (III) [see 

18J. V. Uspensky, Introduction to Mathematical Probability, 


(McGraw-Hill Book Company, Inc., New York, 1937), Chapters 
14 and 15. 
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TABLE II. 
Type Y Range of y 
I. Periodic (To), non-over- yi=(r)/To OSyr<1 
lapping noise 
II. Nonperiodic, non-overlap- vu=1 
ping noise 
III. Poisson noise yi1=n(r) O<yi1< & 








Eqs. (2.23), (2.27), (2.28) ], however, is more tractable. 
This occurs because one has now to consider completely 
independent, elementary effects, where the order of 
their occurrence is not important, unlike noise (I) and 
(II), which specifically requires a definite sequence. 
The overlapping, independent character of the ele- 
mentary pulses here is also the reason for the normal 
distribution law when the density yzrr becomes ex- 
tremely large. In the non-overlapping cases the density 
parameters yz, yr cannot exceed unity, and no asymp- 
totic form of the distribution is then possible, of course. 
Table II gives the specific density parameters y(=[av- 
erage number (7) of impulses/sec ]<[mean duration 
((r)=8-) of the pulses ]) for the three types of noise 
considered in the present paper. The poisson noise 
model appears to embrace the widest variety of physical 
cases (see Table I),' although the periodic and non- 
periodic models (I, II) are essential in communication 
theory for an effective discussion of pulse-time modula- 
tion schemes. It is fortunate, then, that even in non- 
linear situations (see Sec. 1), when all moments of the 
(second-order) probability density are required (and here 
the second-order density itself), it is possible to obtain 
satisfactory approximations for low density poisson or 
impulsive noise, provided yrz; is O(10~'), the usual 
case. Here pulse-shape is critical. The intermediate 
situations where yrrr is O(10°—10') are far more 
difficult because pulse shape is still critical and because 
of the slow convergence of the analytic expressions (see 
Sec. 2), but the higher densities (7y177>>1) characteristic 
of precipitation, shot noise, etc., are simplest to treat. 
One has now a normal distribution, with or without 
correction terms (see Sec. 5), and pulse shape is no 
longer important (except in determining the high fre- 
quency cutoff, a spectral region not required in most 
practical problems. 
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Emission of Radiation from Diatomic Gases. II. Experimental Determination of 
Effective Average Absorption Coefficients of CO 


S. S. PENNER AND D. WEBER 
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California* 
(Received March 30, 1951) 


Empirical evidence obtained for CO at room temperature, which supports the use of average absorption 
coefficients for entire vibration-rotation bands, is examined. In Sec. II the existence of an average apparent 
absorption coefficient for data obtained with inadequate spectral resolution is demonstrated. In Sec. III 
semiquantitative evidence at elevated total pressures and small optical densities for the use of a constant 
absorption coefficient equal to the ratio of integrated absorption to effective band width is described. These 
results serve as direct support for a proposed simplified method for radiant-heat-transfer calculations. 





I. INTRODUCTION 


N a previous publication a simple approximate 
method for carrying out emissivity calculations on 
diatomic gases at elevated total pressures was proposed.' 
The approximate method involves estimating an effec- 
tive band width for vibration-rotation bands as a func- 
tion of temperature by examining the temperature 
dependence of the dominant term in the expression for 
the integrated absorption of the rotational lines com- 
posing a vibration-rotation band. This method for 
estimating approximate band widths is in agreement 
with room-temperature infrared-transmission measure- 
ments on carbon monoxide.” 

The approximate method for emissivity calculations 
also involves the assumption that an average absorption 
coefficient, equal to the ratio of integrated absorption 
(for the entire vibration-rotation band) to effective 
band width, can be employed. It is the purpose of this 
discussion to present empirical data obtained for carbon 
monoxide at room temperature and elevated pressures 


P (RESOLUTION & 20 cm=*) 


“ a 
B (RESOLUTION & 4 cm 


CURVE FOR 6” CORRESPONDS 
TO POINTS OF MAXIMUM AND 
MINIMUM ABSORPTION ON THE 
EXPERIMENTALLY OETERMINED 
TRANSMISSION RECORDS } 


ABSORPTION COEFFICIENT (meters 2 orm’ 


APPARENT 





a “s a) 


“7 . 
WAVELENGTH (microns) 


Fic. 1. Apparent absorption coefficients as a function of wave- 
length for the fundamental vibration-rotation band of CO. 

* This paper presents the results of one phase of research car- 
ried out at the Jet Propulsion Laboratory, California Institute of 
Technology, under Contract No. DA-04-495-ORD 18, sponsored 
by the U. S. Army Ordnance Department. 

'S. S. Penner, J. Appl. Phys. 21, 685 (1950); L. E. Benitez 
and S. S. Penner, tbid. 21, 907 (1950). 

*S. S. Penner, J. Appl. Mech. 18, 53 (1951). 


in support of the proposed method for estimating 
average absorption coefficients. 


II]. APPARENT AVERAGE ABSORPTION COEFFICIENTS 


Representative results of apparent absorption coeffi- 
cients as a function of wavelength are shown in Fig. 1 
for CO for slit widths of approximately 4 and 20 cm™, 
respectively. The apparent absorption coefficient for a 
slit width of 20 cm™ is designated as P,’, whereas the 
corresponding absorption coefficient for a slit of 4 cm™ 
is P,”’. For purposes of comparison a quantity propor- 
tional to the integrated absorption for the rotational 
transitions is plotted in Fig. 2. The ordinate in Fig. 2 
is proportional to the integrated absorption per rota- 
tional line and has been calculated by using a theoretical 
relation obtained by Oppenheimer.*-> Wave numberst 
in Figs. 1 and 2 were calculated from the assignments 
of Sponer.® 

The experimental data shown in Fig. 1 can be ex- 
plained by carrying through an extended analysis of 
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Fic. 2. Dependence of integrated absorption on rotational 
transition for the fundamental vibration-rotation band of CO 


at 298.7°K. 


3 J. R. Oppenheimer, Proc. Cambridge Phil. Soc. 23, 327 (1926). 

4D. M. Dennison, Phys. Rev. 31, 503 (1928). 

5S. S. Penner, J. Chem. Phys. 19, 272 (1951). 

¢ The wave number assignments for CO can be improved. How- 
ever, the use of Sponer’s values will introduce negligibly small 
errors into the present discussion. (See reference 5.) ; 

6H. Sponer, Molekiilspektren (Verlag. Julius Springer, Berlin, 
1935). 
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EMISSION OF RADIATION 
the effect of slit width and prism resolution on experi- 
mental results.” 

Experimental data of the type shown in Fig. 1 are, of 
course, not suitable for the determination of integrated 
absorption a.* The apparent integrated absorption 
ap’ for the fundamental of CO obtained from the data 
given in Fig. 1 is too small® by a factor of about 10. 
Nevertheless, as is shown in Table I, intensity ratios 
and relative positions of apparent absorption coeffi- 
cients are seen to agree well with theoretical predictions. 

Schack® concluded from an examination of absorp- 
tion-coeficient data of the type given in Fig. 1 for 
P,' that, as a first approximation, the entire vibration- 
rotation band can be considered as being contained 
within a triangular envelope along each leg of which 


P,'=a+by, (1) 


where a and 6 are constants. The total apparent in- 
tensity of radiation absorbed by the vibration-rotation 


TaBLeE I. Comparison of results obtained for the apparent 
absorption coefficients P,’ and for theoretical values of integrated 
absorption. 








Calculated from 
theoretical inte- 
grated absorption 
given in Fig. 2 


Calculated from data 
for P,’ given in Fig. 1 


Wavelengths at maxima 





4.60 to 4.62 and 4.734 4.605 and 4.724 


Ratio of maximum value 
of R branch to maximum 
value of P branch 


1.044 1.0554 


Ratio of total intensity 
of R branch to total 
intensity of P branch 


1.10% 1.075 


Wavelength below which 
negligible absorption 
should occur 


~4.47 pu ~4.47p 


Wavelength above which 
negligible absorption 
should occur 


~4.95y ~4.96u 








band of width Av is 


f I dv= f T[1—exp(—P,’X)]dv, (2) 
Av Av 


where J, and J,, represent the absorbed and incident 
intensity, respectively, in the wave number interval 
between vy and v+dy for an absorption cell containing 
CO at optical density X. 

Setting P,’=0 at v=v, and P,’= Prax’ at v=Ymax, 
it follows from Eqs. (1) and (2) that 


Ymax 1—exp(— Pmax X) 
f Ide 1.l¢mu-¥)| 1 (3) 
, Pax X 








a. Thornton, and Dale, Revs. Modern Phys. 16, 307 
*S. S. Penner and D. Weber, J. Chem. Phys. 19, 807, 817 
(1951). See also the references cited in these articles. 
*A. Schack, Z. techn. Physik 5, 267 (1924). 
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Fic. 3. The P’ = Pmax’/2 approximation if P,’ 
is a linear function of pv. 


if /,,=J, is independent of v. Equation (3) permits the 
calculation of the apparent absorbed radiant intensity 
provided Pyax’ and Ymax— vo are known. 

The average apparent absorption coefficient P’ for 
the frequency interval between y, and ymax is defined 
by the relation, 


J % T,dv&I .(¥max— ¥0)[1—exp(— P’X)], (4) 


0 


if the incident intensity of radiation is independent of 
wave number. Hence, if P,’ depends on » according to 
Eq. (1), a comparison of Eqs. (3) and (4) shows that P’ 
can be expressed in terms of Pmax’ according to the 
relation, 


exp(— P’pl)~[1—exp(Pmmax’ pl) /Pimax’pl, (5) 


where the optical density X has been replaced by the 
product of pressure p and path length /. From Eq. (5) 
it is evident that 

| |) ey (6) 


provided Prax’ pl is much less than 1. The error inherent 
in the approximation of Eq. (6) can be ascertained by 
reference to Fig. 3, in which the function exp(— P’pl), 
evaluated according to Eq. (5), is compared with 
exp(—3Pmax’ pl) for various values of Pmax’pl. It should 
be noted that the preceding treatment is independent 
of the sign of a or 6 in Eq. (1) and that the relation 
P’~4Pmax’ represents an equally good approximation 
for each half and therefore for an entire triangle which 
nearly coincides with the envelope of an absorption 
band. 

When measurements of percentage of transmission 
are made on an infrared spectrometer without using an 
automatic slit drive, the incident intensity J,, will, in 
general, be dependent on v. For small frequency inter- 
vals it is justified to assume that J,, is a linear function 
of v. If 


Iy=c+dp, 





1166 3. &. 


TABLE II. Dependence of r’ for the fundamental of CO on pi at 
pr=700 psia (CO pressurized with He, He, or A). 


= 








pl 
(cm atmos) t 








P log?’ Added gas 

0.0203 0.9892 —0.0047 H. 
0.0339 0.9827 —0.0076 | 
0.0678 0.9433 —0.0253 

0.102 0.9259 —0.0334 

0.136 0.9044 — 0.0436 

0.271 0.8200 — 0.0862 

0.407 0.7563 —0.1213 

0.542 0.6996 —0.1551 

1.016 0.5959 —0.2248 

1.355 0.5578 —0.2535 J 
0.0203 0.9925 —0.0033 He 
0.407 0.7537 —0.1228 

1.355 0.5415 — 0.2664 | 
0.541 0.7152 —0.1456 A 
0.678 0.6648 —0.1773 

1.355 0.5445 —0.2640 | 








where c and d are constants independent of v, Eqs. (1) 
and (2) lead to the result: 


ymax 1—exp(— Pmax X) 
f Isto c(Pmea—¥0)| 1- 
Yo Pun a 


(Vmax Vo) 
+dmu—P){| | 
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Vmax Vo 


(Pan XY 








<([1—exp(— Pmax’X) J— 
| ae 


X [vo— Ymax exp(—Pras'X)]}, (7) 


whereas Eq. (4) should be replaced by the relation, 


f . I dv~(Ymax— Vo) 
X[c+d(vmax+».)/2]1—exp(—P’X)]. (8) 
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Plot of logr’ as a function of pl for the fundamental of CO 
(CO pressurized with Hz, He, or A to 700 psia). 








A comparison of Eqs. (7) and (8) leads again to the R 
conclusion that p 
0 
ie oe 
provided Ymax™vo and (Y¥max—Vo)KVmax, Yo. In order to a 
determine the approximation involved in the use of ; 
Eq. (9) for any given case, it is necessary to evaluate | 
and compare the right-hand sides of Eqs. (7) and (8) ; 
with P’ set equal to }Pmax’. : 
The conclusions drawn in the two preceding para- ” 
graphs seem to be supported by experimental results ~ 
obtained for the fundamental vibration-rotation band : 
of CO. For measurements made with low resolution r 
(~18 cm“), Eq. (6) was found to be approximately te 
valid in the range of Pmax’pl between 0 and 1.8f for 
the fundamental of CO in the region between 2018 and . 
2147 cm~. Here P’=8.63 (metersXatmos)— and th 
Pmax'—18 (meters Xatmos)~! for each of the absorption 
peaks of the P and R branches, respectively. Detailed 
calculations for the fundamental vibration-rotation band Le 
of CO also indicate that Eq. (8) with P’=3Pmax’ repre- = 
sents a good approximation to Eq. (7) for values of 
Pmax'X up to about 2 or 3. na 
This analysis clearly indicates that the type of ap- 
proximation introduced by Schack® can be justified 
readily for apparent absorption coefficients obtained 
with low spectral resolution. On the other hand, it is 
obvious that these approximations are of no value 
whatever in making even semiquantitative estimates of = 
radiant heat transfer§ except at very large pressures _ 
where extensive overlapping of rotational lines occurs. 
Ill. AVERAGE ABSORPTION COEFFICIENT EQUAL TO vs 
THE RATIO OF INTEGRATED ABSORPTION TO 
BAND-WIDTH AT ELEVATED PRESSURES eq 
co’ 
At elevated total pressures, where the ratio of rota- fre 
tional half-width to line spacing is sufficiently small, it fac 
can be shown that the apparent transmission 7’ is inc 
given *!° by the approximate relation, suy 
2.303 logr’ = —apl/Av, (10) y 
where a is the integrated absorption for the entire vibra- “ 
tion-rotation band, Av is the effective band width, : 
ee : chi 
and 7’ is defined by the relation, eq 
va f Tale / f Iody~ f (I,/IoAv)dv. (11) | cc 
Ay Av Av - 
t The value of Pmax’ was obtained by use of the relation, Se 
Pmax’= lim {d log(1—(Ivmax/Tovmax) ]/d(pl)}. 
pl—0 
§ This statement is supported, for example, by the fact that 
data of the type shown in Fig. 1 lead to values for the integrated 
absorption which are in error by factors of 10 or more. (See refer- 
ew M. Eslasser, Harvard Meteorological Studies No. 6 (Milton, 
Massachusetts, 1942). 
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Relevant values of 7’ for the fundamental of CO at 

7= 700 psia are summarized {] in Table II as a function 
of pl for CO mixed with He, He, or A. The value of 
Av=270 cm™ was used to calculate 7’ from the experi- 
mental results. It has been shown*® that at pr=700 
psia the transmission is independent of the nature of 
the added gas and therefore that all of the experimental 
data given in Table II can be used in a single plot to 
test the approximate validity of Eq. (10) and to evalu- 
ate a. Thus the values of log 7’ for CO—H2, CO— He, 
and CO—A mixtures are plotted as a function of p/ 
in Fig. 4. 

Reference to Fig. 4 shows that the plot of log 7’ vs pl 
is linear over only a relatively small range of optical 
densities. On the other hand, the limiting slope is seen 
to pass through the origin and lead to the value ar= 210 
cm~ atmos" if Av is set equal to 270 cm~. This value 
for ap is seen to be in reasonably good agreement with 
the more accurate result ar-= 237 cm~ atmos.’ 


TaBLE III. Dependence of 7’ for the first overtone of CO on i at 
pr=700 psia (CO pressurized with He). 











pl 
(cm atmos) 7 log?’ 
2.71 0.9827 — 0.0076 
5.43 0.9637 — 0.01606 
7.01 0.9622 —0.01673 
14.0 0.9215 —0.03550 
21.0 0.8878 —0.05170 
28.0 0.8615 — 0.06470 
35.1 0.8333 — 0.07920 








Since the derivation of Eq. (10) involves the assump- 
tion that all of the rotational lines of a vibration-rota- 
tion band can be considered to be equally intense and 
equally spaced, the result derived from Fig. 4 must be 
considered to be satisfactory. Some of the deviations 
from linearity in Fig. 4 are undoubtedly caused by the 
fact that the effective band width Avr is not accurately 
independent of pl! Nevertheless, the data of Fig. 4 
supply at least semiquantitative support for the under- 
lying assumption in recently published radiant-heat- 
transfer calculations, for it appears that, as a first ap- 
proximation, at large pr each vibration-rotation band 
may be represented by a box of width Av which is 
characterized by an average absorption coefficient 
equal to a/Av. 

Experimental data obtained for the first overtone of 
CO pressurized with He to pr= 700 psia are summarized 





{ All of the experimental data at elevated pressures were ob- 


tained by use of the experimental technique described previously. 
(See reference 8.) 
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Fic. 5. Plot of logr’ as a function of p/ for the first overtone of CO 
(CO pressurized with He to 700 psia). 


in Table III and plotted in Fig. 5. The limiting slope 
for small p/ for the first overtone of CO leads to the con- 
clusion that the integrated absorption a,=1.52 cm~ 
atmos™!, which is seen to be in good agreement with the 
more accurate value of 1.64 cm~ atmos™! obtained by 
other methods.® In this connection it may be of interest 
to note that log 7’ is a linear function of pl up to 
relatively large values for the optical density. Thus it 
appears that the approximations involved in the use of 
Eq. (10) hold for a larger range of pl values for the over- 
tone than for the fundamental. 

From the preceding results it appears that the ap- 
proximation P=a/Av for a given vibration-rotation 
band will overestimate the actual emissivity by less, 
the smaller the optical density at a given total pressure. 
Hence, since the effective band width increases with 
temperature, it is to be expected that the range of pl 
values for which P~a/Ay will increase with tempera- 
ture. 

It is apparent that the approximate procedure for 
radiant-heat-transfer calculations can be improved by 
replacing the average absorption coefficient by a tri- 
angular distribution. In particular, it follows from 
Eq. (3) that a relation of the form, 


7’~1—[1—exp(— Prmax’X) ]/Pmax’X, (12) 


would describe the experimental data summarized in 
Tables II and III. Reasonably good agreement is ob- 
tained between values of 7’ calculated from Eq. (12) 
and observed values of 7’ if Pmax’ is set equal to 1.65 
cm~! atmos! for the fundamental. This value of Prax’ 
is obtained by using an equivalent triangular distribu- 
tion for the observed dependence of the true spectral 
absorption coefficient P, on v. 
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The Evaporation Products of Barium Oxide from Various Base Metals and 
of Strontium Oxide from Platinum* 
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The evaporation products of BaO heated on ribbon filaments of Pt, Ta, Ni, Mo, and W, and of SrO on Pt 
have been studied using a high resolution mass spectrometer for positive ion analyses. The ratio Ba*/BaO*, 
was measured for each base material as a function of temperature and of the energy of the ionizing electrons 
to determine the origin of each ion peak observed. The results indicate: (a) Only on systems BaO on Pt and 
BaO on Ni, and SrO on Pt were the evaporation processes reproducible without particular attention to 
procedure. (b) The two systems BaO on Pt and SrO on Pt differ markedly in their evaporation mechanisms. 
(c) At high temperatures peaks are found due to BaxO**, Ba,O*, Ba,O.*, and other barium compounds de- 
pending on the base metals used. (d) A measurable ion current was found due to Sr* ions evaporated from Pt. 





INTRODUCTION 


HE understanding of the physical basis for the 

electron emission from oxide cathodes has given 
impetus to all work relating to the evaporation products 
from BaO and SrO systems. Among the early workers 
using mass spectrometer techniques to examine such 
systems were Barton, Harnwell, and Kunsman!' and 
Blewett and Jones.” More recently Plumlee and Smith’ 
have observed the evaporation of the triple oxide 
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TWO WIRE PRESS TO 
MOUNT BASE METAL RIBBONS. | 
M™. 
ELECTRON ENTRANCE TO 
JONIZATION CHAMBER — 
i] 
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G, 
Ge an 
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Fic. 1. lon source for evaporation studies. Spacing between J; 
and Jo, 1 mm. Slit in J3, 3X14 mm. Slits in G; and Ge, 0.2514 
mm. Base metal ribbons, 1.0X0.01 mm, 25 mm long. 


* Supported in part by the ONR. 

t Present address: Department of Terrestrial Magnetism, 
Carnegie Institution of Washington, Washington, D. C. 

! Barton, Harnwell, and Kunsman, Phys. Rev. 27, 739 (1926). 

2 J. P. Blewett and E. J. Jones, Phys. Rev. 50, 464 (1936). 

3R. H. Plumlee and L. P. Smith, J. Appl. Phys. 21, 811 (1950). 


(BaSrCa)O from cathodes on various base metals, 
Grattidge* has studied the emission of negative ions 
from activated cathode systems. Moore and Allison’ 
have shown that very thin films of the material evapo- 
rated from a SrO-Pt system onto a W or Mo base change 
the thermionic emission characteristics of these metals 
in about the same way as does a thick layer of SrO. The 
following is a report of a mass spectrometric study of the 
evaporation products using pure single carbonates and 
some of the base metals which have been used in 
studying thermionic emission. 


EXPERIMENTAL METHODS 
A. Instrument 


The high resolution mass spectrometer used in this 
work is similar to that described by Nier.® It differs from 
his only in the source and collector assemblies. The ion 
source was modified as shown schematically in Fig. 1. 
The chief alterations in the source were in the slit 
widths of G; and G2 and in the mounting of the base 
metal ribbon in the ionization chamber. Our source and 
collector assemblies were attached to the spectrometer 
tube using thin aluminum gaskets and were not cooled 
during baking out periods. A single faraday cage col- 
lector with a secondary electron suppressor was mounted 
behind the slit at the focal point of the spectrometer. 
This slit was adjustable in width and was set at 0.010 in. 
for nearly all of the work. A feedback amplifier and 
linear attenuator were used to measure the collected ion 
current which permitted accurate current determinations 
over four orders of magnitude without changing the grid 
resistor of the preamplifier. The amplified signal was 
indicated on a Speedomax recorder. A second recording 
system was used for scanning over a large mass range to 
permit recording currents of widely varying amplitude. 
In this case, the attenuator coupled with the recorder 
varied the fraction of the output signal seen by the 
recorder from 1 at the low end of the scale to 0.0001 at 
the high end. This resulted in approximately a loga- 


‘W. Grattidge, thesis, University of Manchester (1949). 
5G. E. Moore and H. W. Allison, Phys. Rev. 79, 246 (1950). 
6 A. O. Nier, Rev. Sci. Instr. 18, 398 (1947). 
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EVAPORATION PRODUCTS OF BARIUM 


4 





| Peay ; 
' i concohagtll g 
a 


ION CURRENT x 10% amP 





MASS 


Fic. 2. Mass spectra in low mass region. (a) BaO evaporating 
from pure platinum at 1400°K, P=3X10~7 mm Hg. (b) Residual 
peaks, P=2.5X 1077 mm Hg. 


rithmic response. The performance of this recording 
system and the instrument under normal operating 
conditions is shown in Figs. 2 and 3. To sweep over a 
given mass region, the accelerating voltage was varied 
by allowing 9 to 25 microfarads of capacitance (de- 
pending on the sweep time desired) to be discharged 
through a 50-megohm resistor. This sweeping method 
was used primarily in the search for high mass peaks. 

In measuring the Ba+/BaO* ratio, account was taken 
of the effect of the accelerating voltage on the ion cur- 
rent and the mass 138 and 154 peaks were brought into 
focus by changing this voltage. No correction due to the 
effect of the isotopes of oxygen on the BaO™ peak was 
made. 


B. Preparation of the System 


The following schedule for system preparation was 
adhered to on each run: 


OXIDE 1169 

1. Mount base metal ribbon and vacuum fire it in the 
spectrometer at 1700°K or higher, depending on the 
metal, for at least fifteen minutes. This was done to 
supplement chemical cleaning and to remove as much of 
the alkali metal impurity as possible. Potassium was 
identified in all of the metals heated in the source in- 
cluding the very pure platinum.{ Exact heating sched- 
ules were worked out by monitoring the potassium peaks 
while the metal was heated with no coating. 

2. Coat the center } inch of the ribbon with a distilled 
water suspension of pure single carbonate.§ This elimi- 
nated any residual peaks due to organic binder materials 
which are normally used in commercial cathode 
preparation. 

3. Assemble the source, mount it in the spectrometer, 
evacuate and bake the entire system at 250°C for at 
least four hours with dry ice as the trap refrigerant. 

4. After cooling, make test runs on the residual peaks 
to check the performance of the instrument for resolu- 
tion and intensity. 

5. Put liquid air on the trap and bake again for 30 
minutes. 

6. Convert the carbonate keeping the pressure below 
10-° mm Hg. 

6a. One sample of each of the BaO systems thus 
formed was then heated at 900°K for three hours before 
proceeding and is denoted as an aged sample in the 
following discussion. 

7. Bat and BaOt ion currents were measured for 
varying temperatures and energies of ionizing electrons. 
The latter measurements were made at fairly high 
temperatures so that measurable peaks would be ob- 
tained at low (15-volt) electron energies. 
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Fic. 3. Mass spectra 
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(a) BaO evaporating - 
from pure platinum at > 
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t Sources of metals used were : Pt—Bell Telephone Laboratories, 
Inc., Ta, Mo, and W—H. Cross and Company, New York, New 
York, Ni—Spectrographic Ni—E. M. Wise, International Nickel 
Company, New York, New York. 

§ Mallinckrodt ultra-pure BaCO;. SrCO; supplied by G. E. 
Moore, Bell Telephone Laboratories, was of the batch used by 
Moore and Allison (see reference 5). 
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Fic. 4. Log BaO* ion current vs 1/T for BaO on Pt. 





8. At high temperatures spectra in the region from 
mass 154 to 500 were recorded to search for barium 
compounds. The pressure in the spectrometer rarely 
exceeded 3X 10-7 mm Hg after step 6. 


EXPERIMENTAL RESULTS 


Several processes may take place in the ionization 
chamber of the mass spectrometer to produce spectra 
such as those shown in Figs. 2 and 3. Peaks differing 
from the calculated mass of the material evaporated are 
often found due to multiple ionization, ion combination, 
and the combination of ions and neutral molecules. The 
problem in this work is to determine which ion peaks are 
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Fic. 5. The ratio, Ba*/BaO* vs temperature for Ta, W, Mo, 
and Ni. Curves shown for newly converted samples (initial) and 
aged samples (aged). 
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characteristic of the evaporation process and the ac- 
companying temperature dependent chemical reactions 
and which are the result of dissociation and ionization 
by the electron beam. Any true evaporation process 
must be temperature dependent and have a charac- 
teristic activation energy. Any dissociation produced by 
the electron beam must depend on the energy of the 
ionizing electrons according to the ionization efficiency, 
Unfortunately the latter dependence is difficult to 
measure quantitatively on small peaks. Data were ob- 
tained by varying these two parameters, temperature 
and electron energy, independently and will be dis- 
cussed separately for the BaO systems. 


A. Temperature Dependence 


The temperature of the base metal ribbon was varied 
by controlling the ac heating current through it. The 
ribbon was connected electrically to the shield of the ion 
source through the center tap of the ribbon transformer 
so that the evaporation took place in essentially a field 
free region. The temperature of the ribbon was measured 
using a Mo-Ta thermocouple (wires 0.002-in. and 
0.003-in. diameter respectively). This thermocouple was 
calibrated against a Pt-PtRh standard couple up to 
1650°K and against an optical pyrometer from 1150 to 
2300°K. Figure 4 is a plot of log BaO* ion current asa 
function of the reciprocal of the absolute temperature, 
for a Pt ribbon coated with BaO. The slope of the line 
drawn through the experimental points gives the con- 
stant K,, in the equation 


log(vapor pressure) = — (K,/T)+ Ko. (1) 


The value of K, from the experimental line is 19,000 
corresponding to a latent heat of vaporization of 87 
kcal/mole and is in good agreement with the value ob- 
tained by Claassen and Veenemans.’ If for this same 
sample, log Ba* ion current is plotted as above, the slope 
is the same as that for BaO* within experimental error. 
This is one indication that most of the Ba* observed 
results from the dissociation of BaO by electron impact 
rather than by evaporation. 

Figure 5 shows the ratio Bat+/BaOt plotted for the 
Ta, W, Mo, and Ni base materials and indicates the 
effect of sample aging. Thus W (initial) indicates that 
the ratio, Ba+/BaO*, was determined directly after the 
conversion of the carbonate, and W (aged) means that 
this sample was taken through step 6a in its preparation 
before these ratios were determined. For the Ta, W, and 
Mo samples it is seen that the Bat+t/BaO* ratio is 
different for the initial and aged samples. This may be 
due to the formation, at this relatively low aging temper- 
ature, of an interface compound, the presence of which 
affects the further reaction of the base metal and the 
oxide. The Bat+/BaO* ratio was not altered by this aging 
procedure when base metals of pure Ni and Pt were 
used. The Ba+/BaOt ratio will have its minimum value 


7 A. Claassen and C. F. Veenemans, Z. Physik 80, 342 (1933). 
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EVAPORATION PRODUCTS OF BARIUM OXIDE 1171 


when the Ba* ion arises only from electron dissociation 
of BaO. This is believed to be the case for the chemically 
inactive base metals pure Niand Pt where the Ba+/BaOt 
ratio is about 0.5 from Figs. 5 and 7. No significance is 
attached to the point on the Mo (initial) curve of Fig. 5 
lying below the ratio 0.5, since the deviation from this 
value lies within the experimental error at this tempera- 
ture. The Ba+/BaO* ratio will increase if a chemical 
reaction occurs between the oxide and base metal pro- 
ducing Ba which evaporates and is ionized along with 
BaO. This effect is seen to occur to a marked degree on 
Ta and to a less extent on W and Mo (initial). 

The system BaO-Ta, which is of importance as a 
commercial getter, deviates from the other systems in a 
marked fashion. Above 1250°K the Ta system in the 
initial state has an evaporation product which is at least 
99 percent Ba. The ratio, Bat/BaOt, changes as the 
sample is aged and it is not possible to obtain repro- 
ducible Bat or BaO* ion currents over a temperature 
cycle for the Ta system in the initial state. An aged Ta 
system did not show these effects. 

BaO-Pt and BaO-Ni systems taken through similar 
temperature cycles gave identical Ba+/BaO* ratios for 
all temperatures and the same ion currents whenever the 
same temperature is reached in the cycle. No positive 
ion emission from the BaO-Pt system was observed at 
the highest temperatures at which the system was taken 
(1500°K). 


B. Electron Energy Dependence 


Regulation of the ionizing electron current in the 
source was obtained by controlling the total emission 
from the filament. This total emission could be kept 
constant at 300 microamp for a range of electron 
energies from 12 to 75 volts. However, the geometry of 
the electron gun was such that the ionizing electron 
current in the chamber was not predictably related to 
the total emission, as the energy was changed between 
these limits. True ionization efficiency curves for a 
single peak could not, therefore, be obtained by simply 
varying the electron energy. However, it was possible to 
compare qualitatively the ionization efficiency of the 
same peak in different systems, and to obtain quanti- 
tative results for ratios of different peaks in the same 
system. Figure 6 shows a comparison of two such 
ionization efficiency curves obtained for the ion peak at 
mass 138, Bat, for two of the systems studied. The two 
curves are normalized to the Ba* ion current at 75 volts, 
since the actual Ba* ion current from the Ta system was 
several times that from the Pt system. Figure 7 is a plot 
of the log of the ratio, Bat+/BaOt, as a function of the 
electron energy in several systems. Since the ionization 
energy of Ba is 5.2 ev and the dissociation energy of 
BaO is 4.7 ev,’ their sum 9.9 ev represents the energy 
required to produce Bat from a neutral BaO atom. 





*A. G. Gaydon, Dissociation Energies (John Wiley and Sons, 
Inc., New York, 1947). 
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Fic. 6. The ratio, Bat/(Bat for 70-volt electrons) vs electron 
energy for BaO on Pt and Ta. 


Thus at low energy there should be no contribution to 
the Bat ion current from this dissociation process, and 
one would therefore expect a decrease in the Ba+/BaOt 
ratio for low ionizing electron energies. For BaO-Pt, 
from Fig. 6 it will be seen that the Bat ion current does 
indeed decrease as this dissociation threshold is ap- 
proached. Figure 7 shows that the Ba+/BaO?t ratio also 
decreases rapidly in this low energy region, and indicates 
that less than 1 percent of the evaporated material must 
come off as Ba. However, for the systems BaO-W, 
BaO-Mo the Bat+/BaOt ratio does not decrease in the 
low energy region, signifying that Bat ions are produced 
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Fic. 8. Mass spectra showing the structure in the region of 
mass 146. 


by a process other than the dissociation of BaO. This 
undoubtedly represents evaporation of Ba (neutral or 
ionized) from the.system. 


C. High Mass Peaks from Various Sources 


After the runs had been taken to complete the data 
above, spectra were taken in the mass range 154 to 500 
to see if other ions were present which could be related 
to a chemical reaction at the interface. While no ion 
containing Ba and Pt was found from the BaO-Pt 
system, other high mass peaks were present which could 
definitely be identified as BasO*+*+, Ba,O*, and Ba2Osz*. 
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Fic. 9. Mass spectra showing high mass peaks found (a) from 
BaO heated on Pt, (b) from BaO heated on Mo. In (b) the Ba,O, 
and Ba,O are completely masked by the BaMoOQ,. 
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Figure 8 shows the peak Ba,O** (mass 292) which is 
superimposed on the low mass end of the BaO* spec. 
trum at mass 146. For comparison a spectrum of the Ba 
isotopes is given on the left which shows the Ba"® peak 
as being slightly less than Ba’. A sweep in the mass 
range above 250 a.m.u. in Fig. 9a shows the presence of 
Ba,O* and in addition Ba,O;*. Ba,O,**, if it exists, js 
not differentiated from the large BaO* peak at mass 154. 
The masses present and relative intensities of the peaks 
in Fig. 9a are in agreement with those predicted by all 
random combinations of Ba and O isotopes taken in the 
appropriate proportions. It is possible, of course, that 
these high mass peaks could be formed by ion-ion com- 
bination and ion-neutral atom or molecule combination 
in the ionization chamber. However, it was found that 
their intensity had a different temperature dependence 
than had the BaOt ion intensity and therefore could not 
depend completely on such combination processes for 
their presence. The ratio of BaxO* to Ba,O.* was found 
to be temperature independent, so that Ba,O* is 
probably an ionization fragment of Ba2Os*. 

No Ba-Ni compounds were found in two BaO-Ni 
systems heated to the melting point of the nickel, how- 
ever, the Ba,O* and Ba,O,* peaks were again present. 

On the BaO-Ta systems at temperatures above 
2000°K, peaks were positively identified which could be 
attributed to Ta, TaO, and TaO,. Other peaks were 
found just before the Ta ribbon parted and their 
identification was not as certain, but they correspond in 
mass to the ions BaTaO.*, BaTaO;* and BasTa0,-. 
Since these ions were available only for a short period for 
observation, their source could not readily be de- 
termined and it is possible that some of these are 
ionization fragments of BaeTaQx. 

On the BaO-Mo system ions of BaMoO,* were found 
above 1600°K and identified by the number and relative 
heights of the peaks which are the result of the combina- 
tion of the five main Ba isotopes and the most abundant 
Mo isotopes. Spectra in the mass region 260 to 315 are 
shown in Fig. 9b. The sub-oxides which are apparent in 
this figure are probably due to the electron dissociation 
of BaMoQ,. Even at the highest temperatures no peaks 
were found in the mass regions corresponding to Mo’, 
or any oxides of Mo. This differs from the behavior of 
both Ta and W in their evaporation of the metal and 
metal oxides and indicates the great stability of the 
molybdate. 

On the BaO-W system a Ba-W compound was found 
at temperatures above 1600°K which corresponded in 
mass to BaWO,. This peak at mass 380 was just beyond 

the limit of resolution of the spectrometer so that 
isotopic identification was not possible. Other ion peaks 
were noted which could be attributed to BaW0;, 
BaWO2, BaWO, W, and WO:. WO if present would 
have occurred among the residual Hg peaks and if it 
existed, it was not large enough to be distinguished 
above this background. 





We 


th 


we 


col 


exc 
sys 


ten 
log 
hea 
ion 
exp 
tior 
fror 
rati 


Srt, 
rati 
date 
alw: 
crea 
ion 

curr 
abot 
with 
had 

that 
men 


eS ovr woe YT” 


for 
le- 
ure 


ind 


na- 
ant 
are 
tin 
tion 
aks 
[o*, 
rr of 
and 

the 


yund 
din 
yond 
that 
yeaks 
WO, 
vould 
| if it 
ished 





EVAPORATION 


Solid-state chemical reactions between alkaline earth 
oxides, and a variety of base metals have been studied 
by Rooksby. He finds in the cases of W and Mo that the 
compounds? formed are probably Ba;WO¢and Ba;MoOg. 
On a base metal of Ta, Affleck!® finds that one or more 
compounds are formed but their identification is not 
certain. The compounds reported by Rooksby are just 
above the upper limit of the spectrometer (500 amu). 


D. SrO on Pt 


This system is sufficiently different from any of the 
BaO systems to merit separate presentation. The tem- 
perature dependence of Sr* and SrO* ion currents is 
difficult to observe due to the relatively low vapor pres- 
sure of SrO for temperatures below the melting point of 
Pt. To obtain a temperature calibration on this system|| 
a blank run was made with the ionization chamber 
mounted in an evacuated sealed-off glass tube equipped 
with a flat glass window. The underside of the Pt strip 
was coated with SrO. Optical pyrometer measurements 
of the ribbon temperature were taken as a function of 
the heating current through the ribbon. After these data 
were obtained, a Pt/Pt-10 percent Rh thermocouple was 
attached to the ribbon and the optical pyrometer 
readings were repeated and correlated with thermo- 
couple data. From these two sets of observations one 
establishes the relation between the ribbon current and 
its temperature under the standard operating condition, 
i.e., without thermocouple attached. 

Whereas in the BaO-Pt system the BaO* ion current 
exceeded the observed Ba* ion current, in the SrO-Pt 
system the Sr* ion current was always an order of 
magnitude greater than the SrO* ion current. Over the 
temperature range 1725-1810°K the slope of a plot of 
log Sr* ion current vs 1/T is 30,000 corresponding to a 
heat of vaporization of 144 kcal/mole. A plot of log SrO+ 
ion current vs 1/T had a similar slope within the limit of 
experimental error (10 percent). However, this observa- 
tion does not necessarily imply that Sr* ions are derived 
from the electron dissociation of SrO since the Sr+/SrO+ 
ratio changes from 34 at 1725°K to 21 at 1810°K. 

When attempts were made to measure the ratio 
Sr+/SrO* vs electron energy, as in the case of Ba, the 
ratio increased, with decreasing electron energy. These 
data were difficult to obtain because the SrOt+ peak was 
always small; however, the increasing ratio with de- 
creasing electron energy suggested that a residual Sr+ 
ion current might be observed for no ionizing electron 
current. Such a residual current was found amounting to 
about 10 percent of the total Sr+ ion current obtained 
with 1.5 ma ionizing electron current. This ion current 
had essentially the same temperature dependence as 
that found for Sr+ ions formed by electron bombard- 
ment discussed previously. 





°H. P. Rooksby and E. G. Stewart, Nature 157, 548 (1946). 
” J. H. Affleck (private communication). 
| Lam indebted to Dr. Walter Grattidge for this calibration. 
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From these data it seems apparent that a much 
different situation exists than was found in the BaO-Pt 
system. One possible explanation which is consistent 
with both the observed high Sr+/SrO+ ratio and the 
temperature dependence of this ratio is that thermal 
dissociation of SrO occurs in the heated sample ac- 

cording to 
SrO—Sr+ 302. (2) 


The observed thermionic emission of Sr+ ions even 
though they constitute an insignificant fraction of the 
total Sr evaporation (<0.01 percent) would seem to 
indicate that reaction (2) is energetically possible. This 
reaction predicts that in addition to the already ob- 
served evaporation products SrO, Sr, and Sr*, oxygen 
should also be detected. It was observed that there was 
indeed an increase over background of the peaks 
[(O'%)++ (O!*)5++] and (O'*),+ during the evaporation 
process. The sum of these two ion currents was about 
one-half of the observed Sr* ion current. Since the 
(O'*)- peak could not be observed and since the 
ionization efficiency of O is probably less than that of Sr, 
these data seem to be in agreement with the postulated 
reaction (2). The close agreement of the measured heat 
of vaporization of Sr 144, kcal/mole, and the reported 
value?" of 141 kcal/mole for SrO suggests that the 
same evaporation product was involved in each case. In 
the experiments of Claassen and Veenemans, and Moore, 
et al. the evaporation took place in sealed-off tubes such 
that Sr evaporated from the heated sample to the cold 
collector walls could readily recombine with the O 
released. Thus even though the .beginning and end 
product is SrO, the evaporation products may be Sr 
and O as found in this study. 


SUMMARY 


The products evaporated when BaO is heated have 
been shown to depend on the particular base metal on 
which it is heated and on the temperature. In the case of 
Pt at least 99 percent of the evaporated material is BaO, 
whereas in the case of Ta at least 99 percent is free Ba. 
Chemical compounds of Ba with oxygen and with the 
base metal can be evaporated at high temperatures. The 
compound in the case of Mo is easiest to evaporate and 
the Ta compound (or compounds) the most difficult. 
Since these compounds are evaporated only at tempera- 
tures much higher ‘than those of normally operating 
cathodes, their presence as interface compounds can 
only be inferred and these observations are probably 
only valid when they confirm results of nondestructive 
measurements. 

The results found with the SrO-Pt system indicate 
the thermal evaporation of Sr* ions and the existence of 
a high Sr+/SrO* ratio. This result is in marked contrast 
to the BaO-Pt system. 


4 Moore, Allison, and Struthers, J. Chem. Phys. 18. 1572 (1950). 
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The existence of an allotropic transformation in hafnium, suggested by Zwikker in 1926, has been con- 
firmed. The transformation temperature is 1310+10°C. The high temperature beta-form is probably body- 


centered cubic. 


INTRODUCTION 


N a paper published in 1926, Zwikker' reported for 
the first time the existence of an allotropic trans- 
formation in zirconium and in hafnium. His conclusions 
were based on anomalies found in the variation of 
electrical resistivity with temperature. In the case of 
zirconium, Zwikker’s measurements indicated a maxi- 
mum around 877°C followed by a minimum at 1157°C 
and he concluded that a transformation was taking 
place between these temperatures. It has been shown 
since? that the allotropic transformation in zirconium 
takes place with little or no hysteresis at 862+5°C. 
From the maximum and minimum observed in the 
hafnium electrical resistance curves, Zwikker con- 
cluded that a transformation occurred between 1327 
and 1527°C. No further reference to work on the trans- 
formation of hafnium has been found in the literature. 
The results of the present investigation prove that an 
allotropic transformation takes place in hafnium at 
1310+10°C. In addition, a study of the hafnium- 
columbium system led to the conclusion that these two 
metals form a complete series of solid solutions at high 
temperature. This result is interpreted as an indirect 
proof that the high temperature form of hafnium is 
body-centered cubic. 


THERMAL ANALYSIS MEASUREMENTS 


The hafnium metal used for this investigation was 
prepared by the Van Arkel process by the Foote Mineral 


* Associate Professor of Mechanical Engineering. 

t This work was part of a research program on the allotropic 
transformation of titanium sponsored by the ONR, U. S. Navy, 
under contract number N6onr-24430. The pure hafnium was ob- 
tained through the courtesy of Colonel B. R. Lawrence, Jr., Chief, 
Materials Laboratory, Engineering Division, Wright-Patterson 
Air Force Base, Dayton, Ohio. The author wishes to thank Mr. 
William V. Wright, Jr., for helping in carrying out the experiment. 

1 C, Zwikker, Physica 6, 361-365 (1926). 

2 W. G. Burgers, Physica 1, 561 (1934). 


Company (bar No. 778). The lattice parameters were 
measured from a powder pattern obtained with a 14.32 
cm camera and copper Ka; radiation. The Cohen least- 
squares method was applied to lines (123), (302), (006), 
(205), and (220) in the back reflection range. These 
parameters are @=3.1952A, c=5.0569A, and ¢/a 
= 1.5827. 

It was inferred that if a transformation existed in 
hafnium, it would be of the same type as that found in 
titanium and zirconium. The transformation of the 
hexagonal close-packed to the body-centered cubic 
high temperature form of these two metals is diffusion- 
less and practically independent of the rate of cooling! 
The technique used for the study of titanium and 
zirconium was therefore applied to hafnium. 

This technique, described by Greninger in a study of 
the martensite transformation in steels,‘ consists of 
heating a very small specimen of metal to which fine 
thermocouples are spot welded and quenching it by 
means of a blast of helium. From the temperature 1s 
time curve recorded on an oscillograph, the trans- 
formation temperature and the rate of cooling may be 
determined. The results of measurements at various 
rates of heating and cooling are given in Table I. It 
appears that the transformation temperature is not 
affected by the rate of cooling. The transformation is 
therefore of the diffusionless type similar to that found 
in titanium and zirconium.* 


CRYSTAL STRUCTURE OF THE HIGH TEMPERATURE 
FORM OF HAFNIUM 


Because of the difficulties involved in obtaining 
diffraction patterns at high temperature without con- 
tamination of the specimen, an indirect method was 
used to establish the crystal structure of beta-hafnium. 


3 P. Duwez (to be published). 
4 A. B. Grenninger, Trans. Am. Soc. Metals 30, 1 (1942). 
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ALLOTROPIC TRANSFORMATION OF HAFNIUM 


TaBLE I. Effect of rate of cooling on the allotropic 
transformation of hafnium. 

















Rate Temperature 
(°C/sec) (°C) 
Heating 

6 1305 
73 1323 
8 1315 
Cooling 
10 1310 
16 1310 
20 1300 
20 1300 
20 1305 
21 1323 
22 1314 
25 1323 
40 1310 
46 1300 
80 1325 
280 1304 
330 1306 
1250 1300 
5200 1310 
6100 1315 
7100 1308 
8200 1315 








On the basis of the Hume-Rothery rules governing 
alloy formation, it can be predicted that if beta-hafnium 
is body-centered cubic, alloys of hafnium with either 
columbium or tantalum should form a continuous 
series of solid solutions at high temperature. A series of 
hafnium-columbium alloys were prepared by melting 
in a helium arc furnace similar to that described in 
reference 5.° Since the total amount of hafnium avail- 
able was less than 5 grams, the weight of each alloy 
sample was limited to approximately 0.5 gram. After 
melting, the alloys were sealed in evacuated fused silica 
tubes, homogenized for 48 hours at 1000°C, and 
quenched from that temperature. 

Nine compositions were investigated: 10, 20, 23.5, 
30, 43.5, 47, 55, 66, and 77 atomic percent columbium 
in hafnium. The x-ray diffraction patterns of the alloys 
containing more than 30 percent columbium were 
readily indexed on the basis of a body-centered cubic 
structure. The patterns of the three alloys having less 
than 30 atomic percent columbium contained reflections 
of hexagonal hafnium, in addition to the reflections of a 
body-centered cube. The plot of lattice parameter of 
the body-centered cubic phase vs composition is shown 


*Schramm, Gordon, and Kaufmann, Trans. Am. Inst. Mining 
Met. Engrs. 188, 195 (1950). 
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Fic. 1. Lattice parameter of hafnium-columbium alloys. (0) one- 
phase alloys (BCC). (@) two-phase alloys (BCC+HCP). 


in Fig. 1. The diagram clearly demonstrates that at 
1000°C a solid solution exists between hafnium and 
columbium from 30 to 100 percent columbium, and a 
two-phase region (hexagonal hafnium plus cubic solid 
solution) extends from an undetermined concentration 
up to about 30 percent columbium. 

The extensive solid solubility of hafnium in colum- 
bium at 1000°C suggests that at temperatures above the 
transformation of hafnium the two metals are com- 
pletely soluble in each other. This statement, however, 
cannot be checked by room temperature x-ray diffrac- 
tion measurements because the high temperature body- 
centered cubic phase in the alloys rich in hafnium can- 
not be retained by quenching. It was observed that 
when the alloys containing 10 and 20 atomic percent 
columbium were rapidly cooled from the melt, the re- 
sulting structure was a mixture of hexagonal close- 
packed and body-centered cubic phases. This behavior 
is exactly the same as that observed in the titanium- 
molybdenum system,’ in which there is complete solu- 
bility at high temperature, but the body-centered 
cubic structure cannot be retained by quenching unless 
the molybdenum concentration is greater than about 
6 atomic percent. For concentrations smaller than 6 
percent, the transformation into an hexagonal super- 
saturated solid solution always takes place, at least 
partially, through a martensitic type of transformation. 
By extrapolating the curve of Fig. 1 to zero columbium 
concentration, the lattice parameter obtained is 3.50A, 
which represents approximately the edge of the unit 
cell of the body-centered cubic modification of hafnium 
if it would be measured at room temperature. 
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L. A. MATHESON AND V. J. CALDECOURT 
The Dow Chemical Company, Midland, Michigan 


(Received May 11, 1951) 


Measurements on charge storage in polystyrene capacitors over a period of months indicate that excep- 
tionally fine capacitors may be made of polystyrene film when sufficient care is taken. Very small charge 
“soakage” occurs in such a capacitor, and charges may be retained for times of the order of one hundred years 
and possibly longer. The specific resistance approaches 10” ohm cm when measured over a period of months. 
The power factor of polystyrene is about 10~‘ for frequencies of 10~' to 10~* cycle per sec with a tendency to 
increase at the lowest frequencies and with a possible peak at still lower frequencies. The difference between 
charge soakage during charging and the charge recovery after shorting indicates some nonreversible current 
flow when measurements are made over several months’ time. 





LECTRICAL capacitors made with polystyrene 
foil as the dielectric have been recommended 
highly for charge storage purposes and have been used 
in highly critical locations such as gun directors and 
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Fic. 1, Percent of charge absorbed for several dielectric 
materials in capacitors. 


computing machines.':? The low dielectric absorption 
or polarization of polystyrene results in a small charge 
“soakage”’ and later release. A capacitor seems ideally 
suited for dielectric measurements, since it possesses low 
ratio of surface leakage to volume conductance and 
has sufficient capacitance that available equipment may 
be used for measurement. Figure 1* compares a poly- 
styrene capacitor with capacitors using several other 
dielectrics. The condensers were charged 30 seconds, 
shorted for the times noted on the abscissas, and the 
charge collected in the next 30 seconds plotted as 
ordinate. Polystyrene has very high insulation resistance 
and shows very little current soakage, less than 1/10 
that of competitive materials tested.? 

We have made measurements on several polystyrene 
capacitors over longer periods of time at room tempera- 
ture, about 25°C. They were charged to 135 volts and 
observed while disconnected for one month. One 
capacitor (obtained from John E. Fast and Company, 
Crawford Avenue, Chicago, Illinois) showed excep- 
tionally small loss of voltage. No provable voltage drop 
occurred during the first month. Upon careful measure- 
ment it was observed to lose 0.45 volt in the following 
75 days. This performance means a time constant of 
about 60 years or, if the voltage drop continued at the 
same rate, that about 40 years would be required for the 
capacitor to discharge to half the initial voltage. The 
insulation resistance is greater than 10° ohms/micro- 
farad for this long observation time. From this and the 
dielectric constant of 2.5 one can calculate an average 
specific resistivity of 910"! ohm cm for the poly- 
styrene dielectric. This charge and voltage retentivity 
should find application for a variety of purposes such 
as charge or voltage standardization. 

To elucidate the mechanism of the loss of charge, 
absorbed charge was measured as a function of the time 
the capacitor was held charged, see Fig. 2. A capacitor 
was charged for a time long with respect to measure- 


1 Saunderson, Caldecourt, and Peterson, J. Opt. Soc. Am. 3, 
681 (1945). : 

* From a figure in a forthcoming American Chemical Society 
Monograph Styrene to be published by the Reinhold Publishing 
Corporation, New York. 

2 J. R. Weeks, Bell Labs. Record 24, 111 (1946), 
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ELECTRICAL CHARGE STORAGE 


ment times, discharged, and measurements of voltage 
reappearing plotted on a log time scale. It is seen that 
straight lines result. The time of unshorting was not 
accurately controlled, so the times of zero voltage vary 
and the heights of the lines are not significant. All data 
on Fig. 2 were obtained with the same capacitor. 

These discharge curves, according to the principle of 
superposition should reproduce charge soakage phe- 
nomena during charging.* The voltage fall during 
holding of a charged condenser is caused by this charge 
soakage plus nonreversible phenomena such as ionic 
conduction. The reversible part of the charge, i.e., that 
which will reappear after shorting would appear to be 
not more than 50 mv per half-decade of the time scale 
of Fig. 2. Therefore, the 0.45-volt loss of the capacitor 
occurring from the 30th to 105th day after charging is 
apparently mostly irreversible, for instance, ionic 
conduction. 


35 





30 


o 
| 


AFTER SHORTING 





MILLIVOLTS-VOLTAGE RECOVERY OF CAPACITOR 








piriiil l 


i iiutiiil 
‘ 10 100 200 
TIME- SECONDS FROM BEGINNING OF SHORT 





Fic. 2. Voltage recovery of polystyrene capacitor. Charged to 
135 volts for times indicated on lines. Shorted at time=0 and 
unshorted for observation of charge release. 


The reversible part of the charge as studied is directly 
related to the change of dielectric‘ constant, e! with 
increase in time, ¢. It is possible to obtain an approxi- 
mate value of the power factor, tané, from the slopes 
of the lines in Fig. 2, i.e., de'/d logt, and the approxi- 
mate formula 


wr dé de’ 
tané6=— ; 
d (logt) 








= 0.68 (1) 
2e’ d \Int 


The derivation of (1) assumes constancy of de'/d logt 
over a range of ¢. The various slopes in Fig. 2 are plotted 
versus log of time of charge in Fig. 3. Formula (1) was 
used to calculate an approximate power factor as shown 
on the right-hand scale of Fig. 3. 





\oioy F. Manning and M. E. Bell, Revs. Modern Phys. 12, 215 


*C. G. Garton, Trans. Faraday Soc. 42A, 56 (1946). 
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Fic. 3. Slopes of lines in Fig. 2 plotted vs log of time of charge. 
Power factor is calculated by formula (1). 


This power factor of about 10~ is approximately the 
same as that measured from 10? to 10° cycles.5 Ap- 
parently this magnitude of power factor extends even 
on into the microcycles. The cause of this background 
power factor is still uncertain. (1) Purification of the 
dielectric has decreased the power factor and might 
do so still further. To obtain the results quoted above, 
great care is required in purification and preparation of 
monomer and polymer and during fabrication of the 
capacitors. It might be noted again that the reason for 
the variations in slope in Figs. 2 and 3 is unknown. 
On the basis of simple dielectric theory one would expect 
the effect of longer charging time to be mainly an activa- 
tion of the slower degrees of freedom which should be 
evidenced by longer time of recovery rather than greater 
initial rate of recovery. 

It is noted that the slopes in Fig. 2 increase with 
increased charging time as if the effective power factor 
increased slowly with increasing time of polarization. 
Figure 3 shows a plot of slope in Fig. 2 versus log of time 
of polarization. The curve rises sharply at longer times. 
This seems contrary to a picture of polarization with a 
relatively uniform frequency distribution which would 
predict a simple straight line in Fig. 3. It may be that a 
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Fic. 4. Voltage recovery on polystyrene capacitor charged 1 week 
at 135 volts and shorted for several seconds starting at time=0. 





5 A. von Hippel and L. G. Wesson, Ind. Eng. Chem. 38, 1121 
(1946). 
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power factor maximum is being approached with its SUMMARY 
peak at less than 10~* cycle. 

Measurements of the absorbed charge were made on 
the capacitor mentioned above which had been charged 
for 1 week. The quantity of electricity released from 
the discharged capacitor is shown in Fig. 4 vs log time. 
The plot is not a simple straight line as observed in 
Fig. 2. The slope increases with time, indicating an 
effectively higher power factor at the lower frequencies, 
of the order of 1 microcycle or 10~* cycle. This increased 
power factor may be related to the factor causing the 
increased slope in Fig. 3 as the time of charge is in- 
creased. 


The measurements indicate that exceptionally fine 
capacitors may be made of polystyrene film when 
sufficient care is taken. Very small charge “soakage” 
occurs in such a capacitor and charges may be retained 
for times of the order of one hundred years and possibly 
longer. The specific resistance approaches 10” ohm cm 
when measured over a period of months. The power 
factor of polystyrene is about 10~ for frequencies of 
10 to 10~* cycle per sec with a tendency to increase 
at the lowest frequencies and with a possible peak at 
still lower frequencies. 
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Some Experimental Indications of the Stresses Produced in a Body 
by an Exploding Charge* 


Joun S. RINEHART 
Michelson Laboratory, U. S. Naval Ordnance Test Station, Inyokern, China Lake, California 


(Received April 4, 1951) 


The effects produced by small cylindrical charges that were detonated on the surfaces of heavy steel 
plates are discussed. Particular attention is paid to (a) shapes of crater, (b) changes in hardness, (c) flow 
patterns, (d) fractures, and (e) changes in microstructure. The distribution of stress appears in some re- 
spects to correspond to that which might be set up by a static load. The mechanisms of the inelastic de- 
formation, however, differ very greatly between the static case and the dynamic case. Dynamic loading 
produces numerous shock twins and fractures that undoubtedly occur because of the very high strain rates 
involved. 





INTRODUCTION 


HEN an explosive charge is detonated on the 
surface of a body, a large amount of energy is 
introduced into the body in the form of a high intensity 
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Fic. 1. Experimental arrangement for applying charge 
to steel plate. 


* Work supported by Armament Branch, ONR. 


compressional stress wave of short duration.’ The en- 
ergy in this wave distributes itself within the body and 
eventually becomes dissipated. The absorbed energy 
appears, at least in part, in the form of observable in- 
elastic deformations. A careful examination of these 
deformations throws considerable light on the probable 
nature of the stress distribution that must have existed 
in the body after detonation of the charge. The effects 
produced by small cylindrical charges that were deton- 
ated on the surfaces of large annealed medium steel 
plates will be described in this paper. 

The experimental arrangement is shown in Fig. 1. 
The explosive was Composition C3. Two-inch long 
cyljndrical charges of four different diameters, } in, 
1 in., 13 in., and 2 in., were fired. The steel plates were 
2 in. thick and 5 in. in diameter. Each plate was sec- 
tioned after the explosive had been detonated. 


THE CRATERS 


The most obvious effect of the explosion is the pro- 
duction of a depression or crater whose area corte- 
sponds roughly to the area of the base of the explosive 
cylinder. Sectional views of four typical craters ar 
reproduced in Fig. 2. The shape of the crater is seen to 


1 The pressures produced by exploding charges are exceedingly 
high, probably of the order of 4,000,000 lb/in.? On the other hand, 
they drop to zero within a few microseconds. 
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Fic. 2. Sectional views of four typical craters. Upper left: 3-in. diameter charge. Upper right: 1-in. diameter charge. 
Lower left: 14-in. diameter charge. Lower right: 2-in. diameter charge. 


be substantially the same in each case. It is not the type 
of crater that a high velocity missile produces when it 
strikes a steel plate or that a rock makes when thrown 
intomud. Rather, the crater is nearly conical withalmost 
straight sides. The depth of the crater and the cone 
angle both increase with increasing charge diameter. 
Typical values for these quantities are listed in Table I. 


TaBLE I. Summary of measurements made on craters and 
highly worked region. 











Total Thickness Volume 
Diameter Depth cone of highly Volume of highly 
of of angle of worked of worked 
charge crater crater region crater region 
(in.) (in.) (deg) (in.) (in.*) (in.3) 
0.5 0.059 152.0 0.157 0.002 0.032 
1.0 0.138 156.0 0.258 0.073 0.231 
1.5 0.216 159.0 0.334 0.162 0.784 
2.0 0.276 161.5 0.394 0.510 1.67 








It seems reasonable to suppose that the shape of the 
crater reflects the pressure distribution that must have 
existed on the surface of the steel plate. It is not pos- 
sible to say with certainty, however, whether it is the 
magnitude or the duration of the pressure that is of 
the most significance here, since so little is known about 
the way in which steel behaves under such rapid and 
intense loading. Very likely, the depth of the crater at 
a particular point is proportional to the total impulse, 
Le. average pressure times time, that acted at that 
point. 

The way in which the metal moves to form the 
crater is apparent in Fig. 3. One-inch diameter charges 
were fired on two plates. The rolling texture of one 
plate was perpendicular to the direction of application 
of pressure and of the other, parallel to the direction of 
the pressure. The plates were then etched to bring out 


the texture. Generally, the metal is seen to have moved 
in the direction of application of the pressure. Appreci- 
able lateral motion occurred only near the edges of the 
crater. There appears to be no splashing of the metal. 


FRACTURES 


The over-all effet of the explosive is illustrated in 
Fig. 4. The four sections are typical of plates acted 





Fic. 3. Sectional views of two plates acted upon by 1-in. di- 
ameter charges. Upper: rolling texture purallel to applied pressure. 
Lower: rolling texture perpendicular to applied pressure. 
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Fic. 4. Sectional views that show over-all effect of explosives. Layout of plates same as in Fig. 2. 


upon by 3-in., 1-in., 1}-in., and 2-in. diameter charges. 
The shapes of the craters have already been discussed. 
Scabbing, or spalling, is seen to occur in two of the 
cases. This type of fracture occurs as a result of re- 
flection of the high intensity compressional stress wave 
at a free surface. Factors upon which scabbing depend 
have been studied extensively and will be the subject 
of a later paper. 

Many fractures, parallel to the direction of the ap- 
plied stress, are generated within the plate. The size, 
number, and extent of these are seen to increase with 
increasing charge diameter. They are brittle-type frac- 
tures. The tensile stresses that produce them probably 
originate in the dilation that accompanies application 
of a compressive stress. The tensile stresses will be 





Fic. 5. Sectional views on which contours of equal hardness have been traced. Layout of plates same as in Fig. 2 


21D. S. Clark and D. S. Wood, Trans. Am. Soc. Metals 42, 45 (1950). 


expected to act at right angles to the direction of the 
applied compressive stress. Under slow loading rates 
the material would flow plastically in a lateral direction. 
At very high loading rates steel is known? to behave 
more nearly as a brittle than as a ductile material; 
hence, fracturing and not plastic flow might be expected 
to occur. 

The internal fractures do not extend to the surface 
of the plate on which the explosive was placed. The 
very high pressure produced by the explosive seems to 
prevent in some manner the formation of fractures in 
this region. It may be that initially the material frac- 
tures and then heals by flowing plastically. The exact 
nature of the stress condition existing near the surface 
is not well defined. It is not unconceivable that Bridg- 
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man’s observation® that tensile fractures occur with 
difficulty under very high hydrostatic pressures is 
related to the present observation although no de- 
finitive statement can be made in this regard. 


PLASTIC DEFORMATIONS 


Plastic deformation also takes place within the plate. 
Of particular interest is a clearly defined region, evident 
in the photographs of Fig. 4, that surrounds the crater 
and, when etched heavily, contrasts markedly with the 
remainder of the section. The volume of this region is 
roughly four to five times that of the corresponding 
crater. The metal within this region has undoubtedly 
undergone severe cold-working. The surface that bounds 
the region intersects the plate of the section along a 
curve that approximates an ellipse. A reasonable in- 
ference is that an identical limiting state of stress 
existed at each point on this surface. A similar region 
has been observed by Nadai‘ in the case of punching 
operations. The total volume of material in the heavily 
worked region increases from 0.03 in.’ for the 3-in. 
diameter explosive to about 1.67 in.’ for the 2-in. 
diameter explosive. 

Complete hardness surveys have been made of the 
specimens with a Rockwell hardness tester. The hard- 
ness of the material within the highly worked region 
was found to be very much greater than the hardness 
of the material just outside of this region. It changes 
abruptly as the boundary is crossed. Contours of equal 
hardness have been traced on the plates in Fig. 5. 
The contours approximate ellipses and bear a close 
resemblance to the isochromatics obtained in photo- 
elastic studies.*: An exact correspondence between the 
two cannot be established until more is known about the 
nature of the stress produced by the explosive charge. 

The microstructures of the sections have also been 
studied. The parent material is shown in the upper 
left of Fig. 6. It is seen to be typical of an annealed 
medium carbon steel. The microstructure of the material 
below the high worked region, shown in the upper right 
photograph of Fig. 6, is characterized by the presence 
of a large number of Neumann bands or shock twins. 
These are known to occur on rapid loading® or at low 
temperatures under normal rates of loading.’ The in- 


3P. W. Bridgman, Fracturing of Metals (Am. Soc. Metals, 1948), 
p. 246. 

‘A. Nadai, Plasticity (McGraw-Hill Book Company, Inc., New 
York, 1931), p. 249. 

5M. M. Frocht, Photoelasticity (John Wiley and Sons, Inc., 
New York, 1941), Vol. I, Fig. 10.16. 
®Smith, Dee, and Young, Proc. Roy. Soc. (London) A121, 477 
1928). 

7G. W. Geil and N. L. Carwile, J. Research Natl. Bur. Stand- 
ards 45, 129 (1950). 
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Fic. 6. Photomicrographs of sections. Upper left: parent ma- 
terial. Upper right: material below highly worked region. Lower 
center: highly worked material. 


tensity of shock twinning was found to decrease with 
increasing distance from the explosive. Present evi- 
dence suggests that shock twinning is the principal 
mechanism responsible for the observed increase in 
hardness. 

A typical photomicrograph of the material within 
the highly worked region is reproduced in the lower 
photograph of Fig. 6. The exact nature of the work- 
hardening mechanisms that are operative here is not 
well understood and further studies are now under way. 
It appears probable that extensive shock twinning 
occurs, but that superimposed on it is extensive slip 
and some actual breakup of the grains into crystallites. 


CONCLUSIONS 


It has been possible, by examining the several in- 
elastic deformations produced in a block of steel, to 
establish qualitatively certain features of the stress 
distribution generated by the detonation of an ex- 
plosive charge on the surface of the block. Generally, 
the stress pattern appears to correspond rather closely 
to that which would be produced by a static load 
except that shock twinning and fracturing both occur 
in the dynamic case because of the high rates of strain 
involved. 

In conclusion the author wishes to acknowledge many 
helpful discussions with Mr. C. C. Woolsey and Dr. 
W. O. Wetmore. 
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A Reinterpretation of Experiments on Intermetallic Diffusion* 


A. S. Nowicxt 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received April 9, 1951) 


Reported values for the heat of activation, H, for volume chemical diffusion, as obtained from the slope 
of the best straight line in a semilogarithmic plot of diffusion data against J7~!, may often be greatly in 
error. These values will be too low whenever diffusion along internal surfaces plays a significant role at the 
lower temperatures of measurement. A method is presented which attempts to avoid such errors in H by 
using the calculated values of Zener for the intercept of the straight line. When the data is reconsidered in 
the light of this method, the widely accepted belief that H for chemical diffusion in dilute solid solutions 
is generally considerably less than H for self-diffusion of the solvent is brought to question. In fact, it is found 
that the chemical diffusion activation energy is generally within 15 percent of that for self-diffusion. It is 
further concluded that the process of diffusion under a chemical gradient may itself produce internal surfaces 


which act as short-circuiting diffusion paths. 





INTRODUCTION 


CONSIDERABLE amount of effort has been ex- 

pended in the acquisition of data' to describe the 
interdiffusion of two metals that form substitutional 
alloys. In accordance with custom, as well as theo- 
retical expectation, the diffusion coefficient, D, is ex- 
pressed according to an Arrhenius law, 


D= Doe#!87, (1) 


whether or not the range and precision of the data are 
sufficiently good to define the parameters in such a law. 
It has become customary to tabulate Dy and H for 
various diffusing systems, an excellent procedure when 
the data are precise and when a plot of log D versus 
T- gives a good straight line. Under other circum- 
stances such a tabulation may be exceedingly mislead- 
ing. In fact, there are many examples for which values 
of D at a given temperature, reported by different in- 
vestigators, are in fair agreement but the values of 
D, and H reported differ considerably. For example, 
the self-diffusion of Cu, measured comparatively pre- 
cisely with radioactive isotopes, has been reported? 
ranging from Do=0.1 cm? sec!, H=45 kcal/mole to 
Do=47 cm? sec, H=61.4 kcal/mole. The reported 
values of Dy and H should, therefore, not be taken too 
seriously; any correlations or conclusions involving 
these quantities may be regarded with suspicion. One 
widely accepted* conclusion is that the heat of activa- 
tion, H, involved in the chemical diffusion of a dilute 


* This research was supported in part by the ONR (Contract 
No. N6-ori-20-IV, NR 019 302). 

t Present address: Hammond Metallurgical Laboratory, Yale 
University, New Haven, Connecticut. 

1An excellent collection of diffusion data appears in C. J. 
Smithells, Metals Reference Book (Interscience Publishers, Inc., 
New York, 1949), pp. 390-412; and in W. Seith, Diffusion in 
Metallen (Verlag. Julius Springer, Berlin, 1939). 

2Steigman, Shockley, and Nix, Phys. Rev. 56, 13 (1939); 
B. V. Rollin, Phys. Rev. 55, 231 (1939); M. S. Maier and H. R. 
Nelson, Trans. Am. Inst. Mining Met. Engrs. 147, 39 (1942); Ray- 
nor, Thomassen, and Rouse, Trans. Am. Soc. Metals 30, 313 (1942). 

2A. D. Le Claire, Chapter VII of B. Chalmers, Progress in 
Metal Physics I (Interscience Publishers, Inc., New York, 1949). 

4 F. Seitz, Physics of Metals (McGraw-Hill Book Company, Inc., 
New York, 1943), chapter XII; F. Seitz, Acta Cryst. 3, 355 (1950). 


solute is considerably less than that for self-diffusion 
of the pure solvent. A second example is a correlation 
recently proposed by Dienes.* Both of these claims, 
based upon tabulated values of Dy and H, will be 
brought to question in this paper. 

It is generally assumed that the measured diffusion 
coefficients represent volume diffusion, i.e., the move- 
ment of atoms through the bulk of the crystal lattice 
rather than along grain boundaries or other internal 
surfaces. It is well known, however that atom move- 
ments along internal surfaces can and do occur.® Such 
effects are difficult to recognize from the diffusion data, 
except when these data cover a sufficiently wide range of 
temperature and are sufficiently precise to show a 
decided deviation from the straight-line semilog plot, 
with values of D abnormally high at low temperatures. 
Another criterion for the occurrence of diffusion along 
internal surfaces is an abnormally low value of H, but 
one must first know what values are “‘normal.”’ 

There are two questions to be answered if most of 
the data now available are to be of value: (1) How are 
we to know if the measurements really represent volume 
diffusion? (2) How are we to obtain a reasonable value 
for H when the range and precision of the data are 
not very good? A recent paper by Zener’ suggests an 
answer to these questions, by deriving a theoretical 
equation from which reliable values of Do for volume 
diffusion can be predicted. The derived equation is in 
excellent agreement with the best data for self-diffusion; 
a similar equation has been used successfully in the case 
of interstitial diffusion.* The argument is as follows: 
It is readily shown that for either a vacancy mechanism 
or for the rotation of a ring of atoms, Dy is given by 


Do= ya?ve4S!®, (2) 


5G. J. Dienes, J. Appl. Phys. 21, 1189 (1950). 

6]. Langmuir, J. Franklin Inst. 217, 543 (1934); J. A. M. Van 
Liempt, Rev. trav. chim. 51, 114 (1932); R. F. Mehl, Trans. 
Am. Inst. Mining Met. Engrs. 122, 11 (1936); R. S. Barnes, 
Nature 166, 1032 (1950); R. M. Barrer, Diffusion in and through 
= (Cambridge University Press, New York, 1941), Chapter 

7C. Zener, J. Appl. Phys. 22, 372 (1951). 

8 C. Wert and C. Zener, Phys. Rev. 76, 1169 (1949); C. Wert 
Phys. Rev. 79, 601 (1950); C. Wert, J. Appl. Phys. 21, 1196 (1950). 
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EXPERIMENTS ON INTERMETALLIC DIFFUSION 


where @ is the lattice parameter; v, the vibration 
frequency; R, the gas constant; and y a numerical 
coeficient determined by the geometry of the elemen- 
tary atomic jumps. For f.c.c. lattices, with which this 
paper is concerned, ‘y may be taken equal to unity. The 
quantity AS is the entropy of activation, related to H 
and the isothermal work, AG, required to carry the 
elementary diffusion process into the saddle position, by 


AG=H—-TAS. (3) 
From the thermodynamical equation, 
AS=—dAG/dT, (4) 


only positive values AS are anticipated; if it is further 
assumed that a large part of the work AG goes into 
lattice strain, then 


AS=—(H/po)du/aT, (5) 


where u is the shear modulus (yu at T=0), and d isa 
numerical coefficient. This equation is in agreement 
with the data for self-diffusion when A\=0.57; it should 
likewise apply to chemical diffusion in dilute solid 
solutions with the values of uo and du/dT for the pure 
solvent. 

If we substitute the Debye frequency for », all the 
factors required for the calculation of the volume- 
diffusion coefficient, D, as a function of temperature 
(Eqs. (5), (2), and (1)) are known, except for the heat 
of activation, H. A single observation of D at any 
finite temperature makes possible the calculation of H, 
and therefore of the complete diffusion curve, if we are 
sure that this observation really represents volume 
diffusion. If diffusion were entirely a volume process, 
any one of the experimental values would be satis- 
factory in making this calculation of H, and the calcu- 


_ lated diffusion curve would be consistent with the re- 


maining data within their experimental error. On the 
other hand, reported values! of Do for chemical diffusion 
are generally several orders of magnitude lower than 
the theoretical; usually they correspond to negative 
values of AS, in conflict with all experience which 
indicates that dAG/dT (Eq. (4)) should be less than 
zero. Thus we are led to anticipate that diffusion is 
significantly along internal surfaces, or “‘short-circuiting 
paths,” as Zener calls them. Under these circumstances 
the volume effects would be expected to predominate 
at high temperatures. The most reliable value of the 
heat of activation for volume diffusion, therefore, should 
be that calculated from the experimental value of D at 
the highest temperature of measurement. This method 
will be applied in the next section to experimental data 
for chemical diffusion in dilute solid solutions, to obtain 
the most reliable values for the heat of activation for 
volume diffusion. 

It may be argued that the assumptions made in 
deriving the theoretical equation for AS, and therefore 
for Do, are not exact and, therefore, that it is not 
proper to force the intercept of the diffusion curve to 
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go through such a value. The answer to this argument is 
that no attempt is being made to regard the theoretical 
Dy as absolutely correct. Even if it were correct only 
in order of magnitude, the calculated value of H would 
be much more reliable than that obtained by drawing 
a straight line through the diffusion data, which can 
result in values of Dy deviating from the theoretical 
by 10%. The reason for this inability to determine reli- 
able values H and D, from experimental data lies 
partly in the fact that most diffusion measurements are 
limited to between 2 and 3 logarithmic cycles in D, and 
partly in the fact that observations do not represent 
only volume diffusion. Further confirmation will be 
given to the viewpoints presented in this paper by a 
demonstration that the correlation claimed by Dienes® 


can be completely explained in terms of these con- 
siderations. 


EXAMINATION OF THE DATA 


An examination of tabulated values! of Do and H for 
various solutes in any single solvent metal shows that 
low values of H and small Dp occur simultaneously, 
almost without exception. This observation is the basis 
of the correlation reported by Dienes,' in which the 
reported entropy of activation, AS’, obtained from 
tabulated values of Do, is shown to be a linear function 
of H’/T. Here H’ is the tabulated heat of activation 
and 7;,, the melting point of the solvent. The slope of 
the line is approximately unity, although the scatter of 
the data is quite large. Employed in this correlation are 
data for self-diffusion and for chemical diffusion of 
various solutes at low concentrations, primarily in 
Ag, Cu, and Pb. The use of primes in connection with 
the quantities AS’ and H’ expresses our doubt in their 
correctness, since in most cases Dy is several orders of 
magnitude lower than the corresponding theoretical 
value. Let the true values, corresponding to the ele- 
mentary volume diffusion process, be H and AS. The 
most reliable value of D is probably the one at the 
highest temperature of measurement, 7,. At this tem- 
perature, either the primed or unprimed set of para- 
meters should give the same answer, or 


AS’ — H’/T,=AS—H/T,. (6) 


Inasmuch as the highest temperature of measurement 
is always close to the melting point, 7, may be sub- 
stituted for T; in Eq. (6). We have, therefore, 


AS'= (H’/T m)+(AS—H/Tn); (7) 


which is Dienes’ correlation provided that AS—H/T,, 
is a constant for all materials. Actually, it is not con- 
stant; if AS is calculated for Cu, Ag, and Pb from Eq. 
(5), and the heat of activation for self-diffusion sub- 
stituted for H, the bracketed quantity of Eq. (7) is 
lower by about 5.6 kcal/mole/°K for Pb than for Ag 
and Cu. It is readily verified that in the correlation 
curve presented by Dienes all the points for diffusion 
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TABLE I. Results of reanalysis of diffusion data. 








Do 


Do H H 
(theoretical) (calculated) (reported) 





(reported) 

System cm? sec"! kcal/mole kcal/mole cm? sec™! 
Ag in Ag 0.89 46 45.9 0.895 
Cu in Ag 1.2 49 24.8 5.95X 10 
Sb in Ag 0.73 44 21.7 5.31 10-5 
Sn in Ag 0.63 42.5 21.4 7.82X 10 
Cd in Ag 0.51 41 24.8 7.3X 10 
In in Ag 0.46 40 22.4 4.85 1075 
Zn in Ag* 0.43 39 tee tee 
Cu in Cu 0.27 47 45 to 61.4 0.1 to 47 
Pt in Cu 0.41 52.5 21.9 1.02 10~ 
Ni in Cu* 0.40 52 29.8 6.5xX 10% 
Pd in Cu* 0.38 51.5 21.9 0.16 10 
Mn in Cu* 0.30 48 23.2 0.72 10 
Au in Cu> 0.23 cee 44.94+1.3 0.1+0.06 
Al in Cu 0.22 44.5 37.7 1.75 107? 
Si in Cu 0.21 43.5 40 3.7X 10 
Zn in Cu 0.21 43.5 tee tee 
.Be in Cu 0.20 43 28 2.32 10 
Sn in Cu 0.17 40.5 45 1.13 
Cd in Cu 0.15 39 8 1.97 10-9 
Pb in Pb 2.7 27 27.9 6.6 
Ni in Pb 2.7 27 25.3 0.66 
Sn in Pb 2.1 26 26.2 3.96 
Tl in Pb 1.7 25 19.4 0.025 
Bi in Pb 5.5 24.5 18.4 0.018 
In in Pb 1.3 24 vee tee 
Mg in Pb 0.81 22 tee ore 
Cd in Pb 0.65 21 15.4 1.8x 10-3 

* Cu in Al 0.45 33 32.6 vot 

Ag in Al 0.38 31.5 32.6 , 
Si in Al 0.36 30.5 30.6 
Mg in Al 0.32 30 32.2 
Zn in Al 0.32 30 27.8 











*In these cases the solute concentrations were relatively high, in the 
range 5 to 11 atomic percent. 

b+ A. B. Martin and F. Asaro, Phys. Rev. 80, 123(A) (1950). 

¢ Some of the values of Do originally reported by Beerwald (Z. Elektro- 
chem. 45, 789 (1939)) are inconsistent with his data and the values of H he 
reports; they are therefore omitted here. 


in Pb fall below those for Ag and Cu and by an amount 
close to the above calculated value. It appears, there- 
fore, as if the correlation reported is simply a result of 
the fact that straight lines which do not correctly repre- 
sent volume diffusion will simultaneously yield low 
Dy and low H. 

With this reassurance, we may now begin the program 
outlined in the “Introduction”—to calculate the most 
reliable value of H from the reported diffusion data by 
using the theoretical Dy and the value of D at the 
highest temperature of measurement. In this manner 
we can obtain the most reliable straight line to describe 
volume diffusion. Large deviations from this straight 
line at the lower temperatures of measurement may then 
be regarded as evidence that short-circuiting paths play 
an important role in the diffusion experiments. The 
results are given in Table I; the data correspond to 


NOWICK 


dilute solid solutions in Ag, Cu, Pb, and Al and to 
self-diffusion of the first three of these. Unless other. 
wise stated, the data are taken from references 1. The 
calculated values of H are expressed only to +0.5 kcal 
because the data do not justify a closer calculation. 

The most striking result is that H for chemical dif- 
fusion, when obtained by this method, is never far re- 
moved from the heat of activation for self-diffusion, 
In fact, in almost all cases of diffusion in Ag, Cu, and Ph 
the values of H are within 15 percent of that for self- 
diffusion. This result is in sharp contrast to the widely 
expressed belief’ that relatively small values of H may 
be found in chemical diffusion, based upon the usual 
reported values listed in Table I. It should be em- 
phasized that the calculated value of H is rather in- 
sensitive to the formula for Do and to the value of D 
used in its computation; errors in the measured D or in 
the theoretical value of Dy up to a factor of 10, have 
only a small effect on the result. For example, values of 
Do obtained from the well-known Langmuir-Dushman 
equation® range from 0.15 to 0.7, so that if H were 
calculated using this equation and the high temperature 
data, the results would not be far different from those 
obtained using Eqs. (2) and (5). On the other hand, the 
reported values of H are strongly dependent upon the 
precision of the experiments. For illustration, the data of 
Rhines and Mehl'® for diffusion in solid solutions of 
Cu are given in Fig. 1; the straight lines are those ob- 
tained from the calculated Do and H. The data for 
Cd in Cu, included in Fig. 1, deserve special mention; 
the tabulated value! of H=8 kcal/mole is sometimes 
taken seriously’ in spite of the statement by Rhines and 
Mehl that the data may be regarded as co’ .vct only in 
order of magnitude. Because of the low temperatures at 
which these data were obtained, it is quite likely that 
the contribution made by short-circuiting paths is very 
significant. 

Abnormally rapid diffusion has been observed" for 
Au and Ag into Pb; the data have been omitted from 
Table I, since the very small solubility in these cases 
suggests that diffusion may be almost entirely along 
internal surfaces. It has also been suggested" that 
diffusion of Au and Ag in Pb may be interstitial. 

The values of H and Dy for the diffusion of radio- 
active Au in Cu have been reported by Martin and 
Asaro and are listed in Table I. Although the actual data 
have not been given, the precision reported shows that, 
within the very small experimental error, Dg is almost 
in perfect agreement with the theoretical value of 
0.23 for Cu, while H is almost identical with the best 
data for self-diffusion of copper. Apparently, measure- 
ments of chemical diffusion, in which dilute radioactive 


9S. Dushman and I. Langmuir, Phys. Rev. 20, 113 (1922). 

10 F, N. Rhines and R. F. Mehl, Trans. Am. Inst. Mining Met. 
Engrs. 128, 185 (1938). 

11 These data are summarized in references 1 

12 W. Seith and A. Keil, Z. physik. Chem. B22, 350 (1933). 
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tracers are employed, can be made very precisely; 
further data of this kind will be very welcome.” 

The straight lines obtained with the calculated values 
of H and Dy often agree with the measurements within 
experimental error. In numerous systems, however, the 
measured values show large deviations from the calcu- 
lated straight line at low temperatures; in these cases 
short-circuiting paths may contribute appreciably to the 
measured diffusion. Noteworthy among such cases are 
the data of Seith and Peretti on the diffusion of Cd 
and In in Ag in which a break in the diffusion curve is 
obtained. The high temperature data are in fair agree- 
ment with the calculated Dy and H of Table I, and are 
clearly representative of volume diffusion. Although it 
has been often indicated that the low temperature data 
must represent a short-circuiting process, the tabulated! 
D, and H are still generally obtained from an average 
straight line representative of all the data. Such tabu- 
lated data are highly misleading. 

Whenever short-circuiting paths are the dominant 
factors in diffusion at low temperatures, they may still 
represent a significant part of the diffusion at the 
highest temperature of measurement. Under such cir- 
cumstances, the heat of activation calculated by the 
method of this paper would be too low. Thus, an ex- 
amination of Table I may lead one to conclude that 
perhaps if the data were precise enough and represented 
only volume diffusion, the heats of activation in self- 
diffusion and in chemical diffusion would be closer 
than 15 percent, perhaps even identical. Although at 
present one cannot decide from the data whether or 
not such a statement is correct, there exists a correlation 
that may have a bearing upon the subject. Késter and 
Rauscher™ have reported the influence of small quanti- 
ties of solutes on the elastic modulus of Cu, Ag, and 
Au. For alloys of Cu, the following elements reduce 
the elastic modulus: Sn, Be, Si, Mn, Zn, Al, Au (in 
order of decreasing magnitude of the effect), while 
Pd, Pt, and Ni increase the elastic modulus. Comparison 
with H-values (calculated) of Table I, shows that for 
solutes which decrease the modulus of Cu, H is lower 
than for self-diffusion (in almost the same order as the 
effect upon the modulus) and for those which increase 
the modulus, H is higher. The data for Mn (which seems 
to be an exception) are poor, and a lower H is quite 
possible. There are insufficient data on elastic moduli of 
solutions of Ag, Pb, or Al to attempt to extend this 
correlation to these cases. Two explanations for the 
agreement between elastic properties and heat of acti- 
vation for diffusion are possible: (1) The presence of a 
finite amount (of the order of 2 to 8 percent) of solute 
is enough to change the elastic properties of the whole 
medium, with a corresponding change of the heat of 


*® Data for the diffusion of radioactive Co into Ni have been 
reported by R.C. Ruder and C. E. Birchenall, J. Metals (February, 
1951), as Do= 1.46 cm? sec~! and H = 68300 cal/mole. The theoreti- 
cal Do for Ni is about 2.6, so that the agreement here is excellent. 

4 W. Seith and E. Peretti, Z. Elektrochem. 42, 570 (1936). 

* W. Késter and W. Rauscher, Z. Metallk. 39, 111 (1948). 
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activation (since the production of an elementary 
diffusion jump involves elastic distortion). (2) The 
factors responsible for change of modulus as solute is 
added (e.g., strain energy"*) are also responsible for a 
corresponding change of the local environment of a 
solute atom so as to make a diffusion jump more or 
less difficult. If the first explanation is correct, the 
agreement between H for chemical diffusion and H for 
self-diffusion should improve as the solute concentration 
approaches zero. It should be pointed out that there is 
no theoretical reason, from the point of view of any of 
the proposed mechanisms of diffusion, for H to be 
exactly the same in chemical and self-diffusion. 

The self-diffusion of Al has not been measured thus 
far. In view of the close agreement between values of 
the heat of activation for chemical and self-diffusion 
for solid solutions of Ag, Cu, and Pb, and in view of 
the close agreement between all calculated values of 
H for chemical diffusion in Al (see Table I), it appears 


that an excellent guess for the self-diffusion of Al 
would be 


D=0.45 exp(—33000/RT) cm? sec, 
where H=33-+2 kcal/mole. 


DISCUSSION 


On the basis of the present reanalysis of the data, 
we may conclude that tabulated values of H and Dy 
for diffusion, as obtained from the best straight line 
through the experimental data, may be misleading. 
These values are very sensitive to experimental errors 
and are greatly influenced when low temperature dif- 
fusion data are, in a large part, a result of short- 
circuiting diffusion paths and not of volume diffusion. 
The method for the determination of H which is pre- 
sented in this paper, attempts to avoid these.difficulties 
and to obtain more reliable values of H than those 
reported in the literature. The results of the application 
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Fic. 1. The data of Rhines and Mehl for the chemical diffusion 
of low concentrations of various solutes in copper. The straight 
lines are obtained from the calculated values of Dy and H. 


16 C. Zener, Acta Cryst. 2, 163 (1949). 
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of this method suggests that, at least in f.c.c. lattices, 
the heat of activation for chemical diffusion in dilute 
solid solutions is much closer to the values of H for 
self-diffusion than had been hitherto suspected. 

It is interesting to note that values of Dp for self- 
diffusion in cubic materials, as measured by radioactive 
tracers, are generally quite close to theoretical values, 
in contrast to the data for chemical diffusion. This fact 
suggests that the role of short-circuiting paths may not 
be as great in self-diffusion as in chemical diffusion. 
The samples used in self-diffusion experiments are 
usually polycrystalline and no less imperfect at the 
start of the experiments than those in chemical diffusion 
experiments. It seems, therefore, that, in order to 
explain the apparently greater importance of nonvolume 
mechanism in chemical diffusion experiments, we are 
led to one of the following conclusions: Either (1) 
solute atoms have a greater preference for short- 
circuiting paths (such as grain boundaries present in 
the sample) than the solvent atoms, or (2) diffusion 
under a chemical gradient produces new short-circuiting 
paths because of the strains involved in the gradient. 
If (1) is true, special care must be taken in studying 
chemical diffusion to avoid internal surfaces, i.e., 
samples should be well-annealed single crystals. On the 
other hand, if (2) is the true explanation only chemical 
diffusion experiments involving negligibly small gradi- 
ents and similar (in chemical properties and in size 
factor) elements will yield high precision data relating 
to the volume diffusion process. Thus, Johnson!’ has 
measured the mutual chemical diffusion of Ag and Au, 
which are very similar in size and properties, near the 
50-50 composition with only a 4-percent concentration 
gradient. His precision is very good, and the value of 
D, obtained very close to the theoretical, in contrast to 
earlier data (which he reviews) in which larger gradients 


17 W. A. Johnson, Trans. Am. Inst. Mining Met. Engrs. 147, 331 
(1942). 


NOWICK 


were used. In the latter, the usual very small Dy and 
small H were observed. 

It has been shown that in some chemical diffusion 
experiments recrystallization occurs in the diffusion 
zone.'*!§ Thus, new internal surfaces have been formed, 
as described by (2). In other experiments in which the 
strains produced by the chemical gradient are less 
severe, it is still conceivable that new short-circuiting 
paths, such as dislocations, are produced, even though 
no recrystallization is observed. Whichever of the 
possibilities, (1) or (2) already described, may apply 
to most experiments, the fact remains that special 
care is needed to obtain purely volume diffusion. If 
diffusion is along short-circuiting paths, there is no 
a priori reason to believe that the two components will 
diffuse at the same rates. Thus one may observe move- 
ments of inert markers, the so-called Kirkendall effect, 
resulting from unequal diffusion of the two components. 
In experiments"® in which such marker movements have 
been observed, large concentration gradients are used, 
so that the possibility that the marker movements are 


partially or completely the results of nonvolume dif- — 


fusion effects certainly must be taken into account. 
This possibility is recognized by da Silva and Mehl.” 
On the other hand, in view of the writer’s recent demon- 
stration” that an excess of vacancies may be quenched 
into an alloy, it is quite probable that diffusion in f.c.c. 
lattices is by means of vacancies. It follows that the 
diffusion of the solute and solvent atoms are not 
necessarily at the same rate and, hence, that at least 
part of the marker movements may be a result of 
purely volume diffusion. 

In conclusion, the author wishes to thank Professor 
C. Zener for helpful conversations. 


18 See, for example, reference 6, R. F. Mehl. 

1% A. D. Smigelskas and E. O. Kirkendall, Trans. Am. Inst. 
Mining Met. Engrs. 171, 130 (1947); L. C. C. da Silva and R. F. 
Mehl, J. Metals, Feb., 1951. 

2 A. S. Nowick, Phys. Rev. 82, 551 (1951). 
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Judgment of the performance of automatic control systems often involves a consideration of the behavior 
of such systems in the presence of random noise. The noise may be of an undesirable nature, such as receiver 
noise, or it may represent an ensemble of statistical inputs which the system is to follow. Analytical tech- 
niques exist for determining the response of linear systems to noise inputs. However, no general methods are 
available for analyzing nonlinear systems subject to noise inputs. An electric analog computer, together with 
a suitable source of noise, may be used to study nonlinear systems. This paper describes an electronic noise 
generator designed for analog computer or simulator use. Methods are discussed for measuring the important 
characteristics of low frequency noise, such as the mean value, spectral density, amplitude distribution, and 
autocorrelation. Particular attention is devoted to the length of time necessary to establish satisfactory esti- 


mates of the properties of low frequency noise. 





I. GENERATION OF NOISE 


E shall concern ourselves with a particular type 

of noise, namely, a continuous stationary time 
series. Such a noise will have two fundamental charac- 
teristics: an amplitude distribution, which specifies the 
relative probability that a given noise amplitude will 
occur; and a power spectrum which describes the divi- 
sion of the noise power into frequency components.! 
The noise generator to be described has an output 
characterized by a normal or gaussian amplitude dis- 
tribution and a power spectrum that is essentially 
uniform from zero to 25 cycles per second. The band 
width of the noise could be extended at the expense 
of a correspondingly lower noise power density at the 
low frequencies. 


A. Description of Noise Generator 


Figure 1 shows a block diagram of the noise generator. 
A Type 2D21 gas thyrathron is used as the primary 
noise source. The cathode and grids of the thyratron 
are connected together, and a plate load resistance of 
0.1 megohm is connected from the plate to the plus 
300-volt supply voltage. 

A narrow band of the thyrathron output, centered at 
4 kc, is passed by a selective amplifier having a single 
parallel LC tuned circuit. The Q of the toroidal inductor 
used is approximately 100, and the resultant band 
width of the noise (measured between half-power 
points) is approximately 50 cycles per second. The out- 
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Fic. 1. Block diagram of random noise generator. 





+3. Goldman, Frequency Analysis, Modulation and Noise 
(McGraw-Hill Book Company, Inc., New York, 1948). 


put of the tuned amplifier is then transformer-coupled 
to a ring demodulator, as shown. The demodulator is 
also supplied with a 4-kc square wave. The amplitude 
of the square wave is large compared with the noise, 
and hence the demodulator serves to multiply the noise 
voltage by the square wave. This multiplication results 
in an output of sum and difference frequencies having a 
low frequency component of frequency Af correspond- 
ing to a component of frequency 4 kc plus or minus Af 
at the tuned amplifier output, together with signals 
centered at 4 kc and harmonics thereof. The condenser, 
C, across the output serves to attenuate the high fre- 
quencies, leaving only the low frequency noise. 

The ring demodulator uses a Type 1N42 crystal 
diode (4 matched diodes in one envelope). Each of 
three diodes has a 500-ohm resistor connected in series, 
and the fourth has a rheostat, R:, used for balancing the 
demodulator. A second balance is effected by po- 
tentiometer Ro. 

A meter (M, Fig. 1) is used to indicate the noise 
generator output by measuring the output of the 
tuned amplifier. This meter is an averaging type 
having a time constant of several seconds. 

It is essential that the frequency of the square wave 
be accurately centered at the center of the tuned am- 
plifier pass band. For this reason a stabilized core 
inductor and low (or negative) temperature coefficient 
capacitors are used in the tuned circuit of the amplifier. 
In addition, the square wave frequency is controlled by 
a sealed driven tuning fork. 


B. Nature of Noise Generator Output 


A recorded sample of the output of the noise generator 
is shown in Fig. 2. The rms output is approximately 5 
volts. The demodulator will maintain a balance over 














Fic. 2. Recorded sample of output of random noise generator. 
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Fic. 3. Histogram of output of random noise generator. 


extended periods of time and over normal variations in 
room temperature, such that the mean value of the 
output remains less than 0.05 volt. 

From an extended record of the type shown in Fig. 2 
a histogram has been plotted as the solid curve of 
Fig. 3, showing the probability density of occurrence of 
a given output voltage versus the value of the voltage. 
This plot represents a total of 1976 sample points of the 
noise record. The continuous dotted bell-shaped curve 
is a “best fit” gaussian distribution curve calculated 
according to the theory of statistical estimation.? A 
x’ (chi-squared) test indicates that the hypothesis that 
the experimental distribution is a normal distribution 
is substantiated. (For the indicated theoretical gaussian 
distribution, the probability of obtaining a x? greater 
than that for this sample is 0.083, where there are 20 
degrees of freedom in the sample. Ordinarily, statis- 
ticians consider a theoretical distribution to be sub- 
stantiated if, as a result of a x? test, the foregoing 
probability is greater than 0.05.) 

The output spectrum has been checked by measure- 
ment methods to be described later, and it has been 
verified that the spectrum is just that determined by 
the band pass characteristic of the 4-kc tuned amplifier 
(that is, a uniform spectrum at low frequencies with a 
half-power point at approximately 25 cps). 
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Fic. 4. Circuit for removing mean of noise. 


























2H. Cramér, Mathematical Methods of Statistics (Princeton Uni- 
versity Press, Princeton, New Jersey, 1946). 


BENNETT AND A. S. 


FULTON 
C. Removing the Mean Value 


It is often desirable to have a source of noise of zero 
mean output. The mean output of the generator de- 
scribed herein, while sufficiently low for most simulator 
purposes, can be made negligibly small by utilizing an 
assemblage of analog computer amplifiers to form a high 
pass filter. Figure 4 shows such a filter where the opera- 
tion performed by each amplifier is indicated on its 
symbol. A mean value or dc component in the input 
will be canceled by an equal and opposite voltage fed 
back from the integrator. The mean value of the output 
is then equal to the equivalent drift voltage at the 
integrator input, which can be made less than 10 micro- 
volts. The low frequency cutoff of the filter, determined 
by 7 as shown, can be made arbitrarily low consistent 
with the value of the input noise and the dynamic 
range of the integrator. 


D. Noise with Other Characteristics 


Beginning with a noise generator whose output spec- 
trum is uniform over a sufficient range, it is a simple 
matter to alter the spectrum shape in a known manner 
by passing the noise through filters composed of passive 
elements or feedback amplifiers. Indeed, one may even 
generate special types of nonstationary time series by 
utilizing time-varying filters. Noise having certain dis- 
tributions other than gaussian may be generated from 
gaussian noise by combinations of linear and nonlinear 
filtering. For example, narrow band filtering and sub- 
squent envelope detection of gaussian noise results in 
an output having a Rayleigh distribution. 


II. MEASUREMENT OF NOISE 


Perhaps the most demanding and least appreciated 
aspect of low frequency noise measurement is the 
length of measurement time necessary to establish ac- 
curate estimates of the statistical properties of the noise. 
For example, to determine the spectrum shape at an 
arbitrarily low frequency requires an observation time 
which may become prohibitively long. This is not a 
limitation imposed by technique but rather a funda- 
mental limitation. For this reason a large part of the 
discussion to follow is concerned with the length of 
time required for an observation. 


A. Periodic Components 


If it cannot be accepted a priori that a given source of 
continuous noise is indeed random and contains no 
periodic components, a measurement can be made to 
determine the possible presence of such periodicities. 
(Strictly speaking, one can determine only that the 
periodic components, if present, are “unlikely,” in a 
statistical sense, to be greater than an arbitrarily small 
amount.) Perhaps the most direct test for hidden 
periodicities is by means of the autocorrelation func- 








~ ~ — -~ ae ak =~ _, a 


— ome 


or 
Ca 





the 


e of 
no 
> to 
ties. 
the 
in a 
mall 
iden 
unc- 
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tion.2 While the autocorrelation function can be com- 
puted automatically by an analog computer, it is felt 
to be just as simple to record a sample of the noise 
and determine it by a combination of sampling and 
numerical computation. 


B. Determination of Mean Value 


The mean value of a noise voltage may be found by 
integrating the voltage for a sufficiently long time. The 
output of the integrator will consist of a component 
which increases linearly with time, due to the mean 
of the input, plus a fluctuation due to the ac components 
of the input noise. After sufficient elapsed time the ac 
component fluctuation will be small compared with the 
contribution of the mean, and consequently an increas- 
ingly accurate estimate of the mean is obtained. It is 
demonstrated in the Appendix that if the noise is 
normally distributed, consists of a uniform spectrum 
of spectral density Vo volts?/cps at all frequencies 
other than zero, and has a true mean value é volts, 
it is necessary to continue the integration process for a 
length of time, 7, given by 


T= (2X 10'No)/P?2 sec (1) 


in order to insure with 95 percent certainty (that is, 
there is one chance in twenty, on the average, of being 
wrong) that the measured mean lies within P percent 
of the true mean. 

If the spectral density of the noise is given by 


No 
~1+-(/B") 


(that is, a band width of B cps) Eq. (1) is a valid ap- 
proximation, as is shown in the Appendix, provided 
BT>1. 

Consider now the problem of determining within 
an accuracy of 10 percent the mean value of the output 
of the noise generator described previously. Let us 
assume the true mean value is 0.05 volt and that the 
spectral density, No, is 0.6 volt?/cps. Then Eq. (1) 
prescribes that 


w(f) (2) 


p__2X10°X0:6 
~ (10)? (0.05)? 





=4.8X 104 sec 


or over 13 hours of integration time is required. Such a 
calculation lends an appreciation of the lengthy periods 
involved in making such measurements. 


C. Determination of Mean Square Value 


An analog computer may be used to determine the 
mean square value, (e*), of the noise by squaring the 
noise voltage and integrating this over a period of time. 





* Theory of Servomechanisms, MIT Radiation Laboratory Series, 
Volume 25. 
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However, if the noise frequencies involved are high 
there is usually considerable difficulty involved in ac- 
curately computing the square. If it is known that the 
noise is normally distributed and has zero mean value, 
the mean square value may be inferred from the aver- 
age of the positive (or negative) values of the noise 
voltage using the relationship 


(¢)= 29A¥’, (3) 


where A, is the average of the positive values of the 
noise. A, can be determined by half-wave rectifying the 
noise and then integrating. This method is essentially 
unlimited in terms of frequency response and can be 
made to yield considerable accuracy. 

As was the case in determining the mean value, there 
is necessarily a minimum time of observation associated 
with determining the mean square (or the mean square 
deviation, defined as (e?)—@, if the noise has a mean 
value). It is shown in the Appendix that the length 
of time required to determine, with 95 percent cer- 
tainty, the mean square deviation to within a percentage 
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Fic. 5. Circuit for simple spectrum analyzer. 


accuracy P, for normally distributed noise having a 
spectral density given by Eq. (2), is approximately 


T = (4X 10*)/r BP? sec. (4) 


As would be expected, the time required is inversely 
proportional to the band width. 


D. Spectrum Analysis 


There are various methods for measuring the shape 
of the spectrum of a particular noise. One method often 
used involves a measurement or computation of the 
autocorrelation function and subsequent determination 
of the power spectrum from it. Since in simulator work 
the noise source is usually continuously available, it is 
most often simpler, particularly if the spectrum is 
known to be reasonably uniform in the regions of 
interest, to pass the noise through selective filters and 
then measure the transmitted power. Repeating this 
process at a number of different frequencies will give 
a measure of the spectrum shape. For example, feed- 
back amplifiers may be connected to form the analog 
of the simple selective filter shown in Fig. 5. If the Q 
of this circuit* is made large, the output will indicate 
the spectral density of the input in the vicinity of the 


* See Appendix for definition of Q. 
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resonant frequency. For large values of Q the mean 
square deviation of the output is given approximately by 


(¢)—@ = afoN oQ/2, (5) 


where fo is the resonant frequency in cycles per second. 

No is the input spectral density in the vicinity of fo 
in volts?/cps, and hence by measuring (e”)—é by the 
method cited previously, a measure of No is obtained. 
For an accuracy of measurement (see Appendix) of the 
same certainty as that specified for the previous types 
of measurement, the time involved must be at least 


T= (4X 10'Q)/mfoP’, (6) 
where Q>1. 

Filters of a more complicated nature may be con- 
structed to have sharper selectivity properties. Let us 
consider as a limiting case a filter which has unity 
transmission for fo<f<fo+Af and zero transmission 
for all other frequencies. (This is not physically real- 
izable but may be approached as a limit.) The output 
mean square value for this case is simply NoAf, where 
No is the input spectral density (assumed constant) 
in the vicinity of fo. The time of measurement required 
is shown in the Appendix to be, approximately, 


T= (4X 10*)/P?Af sec (7) 


provided fo><4/. 

For the circuit shown in Fig. 5 the band width may 
be considered to be the frequency difference between 
half-power points, which is approximately 


Af=fo/Q 


for large Q. Equation (6) then becomes, upon substitu- 
tion, 
T= (4X 10")/wP?Af, 


which is of the same order of magnitude as Eq. (7). 

It is to be noted that the time of observation required 
for selective filters of this type is inversely proportional 
to the band width. Hence, to obtain finer resolution of 
the spectra requires longer and longer observation 
times. This is analogous to the fundamental limitation 
imposed upon spectral measurements at frequencies 
near zero. 

The foregoing expressions for observation time have 
been specified for normally distributed noise having 
particular spectra. However, they may be applied as 
first order approximations to cases involving other 
distributions and spectral shapes. 


APPENDIX 


The significant formulas presented in the text are developed 
here. 

The integration of a stationary variable for a period of time T 
may be considered as a multiplication of that variable by a weight- 
ing function which is unity for 0<‘!<T and zero elsewhere. If the 
variable being integrated has a power spectral density w(f), 
$0, the mean square deviation of the output at the end of time 
T is given by 


SZ wnswa, 


where 
S(f) =sin?*afT /x*f? (8) 
may be shown to be the spectral density of the weighting function, 
The mean square deviation, o?, of the integral, after time T, of a 
noise voltage having a uniform spectral density No is given by the 
above to be 





= Nosin*xfT ,. NoT 
tn fy Bese y BE 9 
The output values obtained from such integrations (that is, from 
the ensemble’) will be normally distributed if the original noise js 
so distributed, and hence 95 percent of them will, on the average, 
lie within +20 of the true mean value (obtained after infinite 
time). Thus, for 95 percent certainty of a percentage accuracy P 
0.01PéT = 2¢=2(NoT/2)! 
or 


T =(2X10'No)/P*2, (1) 


which is the result given in the text. 
For the spectral density given by Eq. (2) we obtain 


™ No hs Ms 1——! (1-287) 
0 1+(7/B?) rf 2 2xBT 
which, for BT>>1, is approximately the same as Eq. (9). 
To determine the mean square value of a noise voltage, we may 


proceed by determining first the spectral density of the square of 
the voltage. Let 





o 


l=é 
be the instantaneous value of the square. Then, if e has a spectral 
density w(f), the spectral density of J is given by* 


WN =f. w(x)wf—a)dr, (10) 
where 
w(—x)=w(x) 
and 
{#0. 


T 
The mean square deviation of R= f Idt is given by 


gu Z Wf) a. (11) 


If ¢ has a spectral density given by Eq. (2) the above yields 


rBN¢ 
WO = (PAB ] 


2 
eee —— ary]. (12) 


For BT>1, which is the case of interest, 
o~arN PBT /4. 


The values of R will not be normally distributed. However, as ¢ 
becomes smaller and smaller with respect to R (the ensemble 
average), the distribution approaches a normal one, and it is 
sufficiently accurate to assert that 95 percent of the values of R 
lie within +2 of R. Now R is given by 


and 





R=T [- wifi, (13) 
which, in this case, yields 
R=xN.BT/2. 
Setting 
20=0.01PR, 
we obtain 
T =(4X10*)/xBP?. (4) 


For the “spectrum analyzer” circuit of Fig. 5 the output spec- 
tral density corresponding to an input spectral density No (as- 


4S. O. Rice, Bell System Tech. J. (January, 1945). 
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sumed constant over at least a narrow range of frequency) is 





w _ Ni? v 
VD = F/42)F+ OUI" (14) 
where Q=1/R(C/L)*. Now 


(-£Y-(- (4 


For Q>1 the value of w(f) is much tis near f=fo than else- 
where, and for the subsequent integrations we may make the ap- 


aoa 
(1-4) (142 fy +E ~s0( 1-f) 41, 


whereby Eq. (14) becomes, approximately, 
NQ fe? ‘. 
Uf) 0 ee a, 15 
VOGT Os) 
Using Eqs. (13) and (15) we obtain for this case 
R=NoforQT/2. - (16) 
To perform the integration of Eq. (10) we use 


No? fc? 


0) = TORS 


whenever x<0. 


The values of the integrand in Eq. (10) corresponding to the 
range of integration are then 








—2<x<0 w*(x)w(f—x) 
0<x<f w(x)w(f—x) 
f<x<~ — w(x)w*(f—z) 
and we obtain 
of Ng Phot f dx 
WN=—5 Tree F/4M*) WL fo—f+-x)* + Fi? /40*) J 


+f" dx 
0 [fo—x)?+ (fe? /40*) IL (fo—f+x)?+ (fe?/40*) ] 








dx 
+S. TGeaareGe TGP (17) 


We are interested in only the low frequency values of W(/), 
which clearly receive contributions from only the first and third 
integrals of Eq. (17). Designating by Wz(f) the low frequency 
portion of W(f), we have, after making a change of variable, 


W u(f)= ue 0 
op du 
—o[ (fotu)*+ (fo?/4Q?) IL fo— f+u)?+ (fe? /4Q*) J 


Again making use of the assumption Q>>1 we may extend the 


limits of integration of Eq. (18) without appreciably affecting the 
result, giving 





(18) 


wins Mele 





du 
—— P/40) 1 fo—ftu)*+ Fe/4e) J 


___ No*for@ 
201+ (2f?/fe) ] 


Substituting the above value of Wz(f) into Eq. (11) there re- 


sults , 
oPLOT 2s anf 22E))] co 





(19) 
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Fic. 6. (A) Assumed power spectrum of narrow band noise voltage. 
(B) Resultant power spectrum of square of noise voltage. 


which, for foT>>Q, becomes approximately 


_ Nef aT 
~ — (21) 
For 2 
2¢=0.01PR 
we get 
T= (4X 10'Q)/foP?, (6) 


which is, incidentally, consistent with the foregoing assumption 
that foT>Q (provided, of course, that P has a reasonable value). 

For the sharp spectrum of Fig. 6A we obtain for W(f), using 
Eq. (10), the form shown in Fig. 6B, for which, by Eq. (11) 


ie fo 2No(Af—f) sintxfTaf 











wf? 
fords No(f—2fo) sin*xfT , 
+r : ey df 
sotads No(2fot+2Af—f) sinta fT 
2fot As xf? qf. (22) 


For TAf>1 and fo>Af only the first integral (that is, the low 
frequency portion) in Eq. (22) contributes significantly. Hence we 
obtain, within the above approximation, 


oe=N-PTAS. 
For this example 
R=N dT. 
Setting 
20=0.01PR, 
we obtain 
T=(4X10*)/P?Af. (7) 
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Several Chilean coppers used in cuprous-oxide rectifier work have been analyzed for carbon, oxygen, and 
sulfur. The carbon determinations were in agreement with published solubility data. Large differences were 


found in the oxygen and sulfur content which could be correlated with the refining data of the copper and the 
reverse leakage currents of the rectifiers. The change in sulfur content caused by various heat treatment also 


was investigated. 





I. INTRODUCTION 


ie the manufacture of cuprous-oxide rectifiers the 
material used is almost exclusively Chilean copper. 
This copper is of much higher purity as obtained from 
the refinery than coppers from other parts of the world. 
The purity is of the order of 99.95 percent. The largest 
single impurity is oxygen, which averages approximately 
0.03 percent. It is generally agreed that the reason only 
Chilean copper can be used for cuprous oxide rectifiers 
is because of its small impurity content.! However, the 
characteristics of cuprous-oxide rectifiers reveal large 
differences in Chilean coppers. It is the purpose of this 
paper to present the results obtained from the carbon, 
oxygen, and sulfur analyses of a large number of Chilean 
coppers, and to show how these results correlate with the 
rectifier characteristic. 

The coppers included in this report were all Chilean 
coppers. They represent typical coppers received over 
the past ten years and were selected primarily on the 
basis of rectifier history. The refinery lot numbers given 
refer to the shipments of copper as received from Chile. 
The sheet or strip identification means the information 
was obtained from a single sheet or strip of the particular 
refinery lot. “Pan” identification refers to copper of a 
single refinery lot number with no selection as to the 
part of the lot. Refinery lot M-135 is divided into three 
subheads S, M, and E. This refers to the start, middle, 
and end of a single pour of copper at the refinery. The 
furnace is tapped from the bottom, so the start is the 
bottom of the melt and the end is the top of the melt. 
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Fic. 1. Carbon content of some Chilean coppers. 


‘L. O. Grondahl, Am. Inst. Elec. Engrs. 67, 403 (1948). 


The rectifier data presented in this report were ob- 
tained on standard 1}-in. o.d. washers. The results 
represent the average of sets of data obtained on recti- 
fiers processed in identical fashion. The method of 
processing was as follows. 

The washers were oxidized in tank oxygen at 1025°C 
for seven minutes. They were then cooled in nitrogen to 
523°C and annealed for thirteen minutes, followed by 
quenching in distilled water. 

Units consisting of six cells were made up and tested 
for one week at a total of 30 volts per unit in the reverse 
direction at 35°C. The reverse leakage currents reported 
are those obtained after one week of test. When data 
were available for more than one unit, the results were 
averaged. The processing method described was followed 
closely in obtaining the reverse leakage currents con- 
tained in this paper except where specified otherwise. 
These currents are a measure of the quality of the 
rectifier. Coppers with values less than 25-35 ma are, in 
general, considered satisfactory. The forward drops 
showed small variations but were not found to be as 
indicative of rectifier performance under the described 
processing as were the reverse leakages. 

In order to emphasize the difficulty generally en- 
countered in obtaining rectifier data which limits the 
information to that of a qualitative nature, a comparison 
shall be given for M-135 copper when processed in 0; 
and N2as described earlier and when processed through- 
out in air. 
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Fic. 2. Average carbon content and cuprous-oxide rectifier reverse 
leakage current for some Chilean coppers. 
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Reverse leakage 
current (ma) 


O2 and Nz processing 


Reverse leakage 
current (ma) 


Refinery lot number Air processing 


M-135-S 35.0 30.5 
M-135-M 39.4 39.8 
M-135-E 26.8 62 


The effects of different processing and other variations 
encountered in rectifier production make it difficult to 
classify a particular copper unless a set procedure is 
developed and followed with great precision; even then 
the results must be interpreted on a statistical basis. 


Il. EXPERIMENTAL RESULTS 
Carbon 


The methods of analyses used for carbon, oxygen, and 
sulfur determinations have been described in an earlier 
paper.” Carbon analyses obtained from a number of 
Chilean coppers are shown in Fig. 1. Each point repre- 
sents a single analysis. The refinery lot numbers have 
been arranged such that the average carbon content in- 
creases in going from left to right. In the small concen- 
tration studied it is difficult to say what fraction of the 
spread in the points is due to non-uniform carbon con- 
tent and what fraction is due to experimental errors. 
The average of these results are shown in Fig. 2 along 
with the reverse leakage current in milliamperes. The 
average carbon content approximates one part per 
million by weight and is in agreement with the published 
solubility data of Beaver and Floe’ for a refining temper- 
ature of 1100°C. No correlation is found between carbon 
content and reverse leakage current in this copper. 


Oxygen 


Oxygen, the largest single impurity in Chilean copper, 
is subject to control at the refinery by “poling.” Because 
of its high concentration and the ease with which it is 
removed, it is an easy impurity to determine. In Fig. 3 
are given the oxygen determinations for a number of 
Chilean coppers. The refinery lot numbers have been 
arranged so as to yield increasing average oxygen con- 
tent in going from left to right. A range of some 210 to 
380 parts per million was found in these coppers. M-141 
is an interesting example of the spread that can occur in 
a single refinery lot. Sheet 1 contains approximately 30 
percent more oxygen than sheets 3, 4, 5, and 6 of this 
refinery lot number. Refinery lot M-135 shows a similar 
variation. The spread in the analyses of 990 (pan) and 
225 (pan) undoubtedly represent variations that occur 
in a single refinery lot. 

A significant correlation is also found between refinery 
date and oxygen content. The coppers M-141, 136, 990, 
and M-135 are “old” coppers and date from 1940 to 
1946. The refinery lots 346864, 225, 330S62, 362, 387, 
388, 389, and 390 are ‘‘new” coppers and date from 1946 


*W. M. Hickam, Ind. Eng. Chem. (to be published). 


*M. B. Beaver and C. F. Floe, Am. Inst. Mining Met. Engrs. 
166, 128 (1946). 
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Fic. 3. Oxygen content of some Chilean coppers. 


to the present. In general, the ‘‘old” coppers contain less 
oxygen than the “‘new” coppers. In Fig. 4 are presented 
the average oxygen content and reverse leakage current 
for the various coppers. There is a strong correlation of 
oxygen content and reverse leakage current. The low 
oxygen content coppers yield the best quality rectifiers 
in general. It follows that the quality of the copper as 
far as rectifier work is concerned has deteriorated. A few 
exceptions are found from these general trends which 
indicate that oxygen may not be the complete source of 
trouble. 

The general increase in oxygen content in the last five 
years can possibly be associated with a change in the 
composition of the ore in Chile. The ore has changed 
through the years from one of high purity oxide toward 
an increasing sulfide content. The sulfur is removed by 
the addition of oxygen to the melt. This treatment is 
followed by “poling” which introduces carbon and 
hydrogen to reduce the oxygen content to a desired 
value. The increased sulfur content of the ore could then 
result in a change in the oxygen content. 


Sulfur 


The increase in the sulfur content of the base ore 
suggests that this element may vary in refined Chilean 
copper. Experiments on cuprous-oxide rectifiers show 
that sulfur has marked effects on the characteristics. 
The results of the sulfur analyses are given in Fig. 5, 
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Fic. 5. Sulfur content of some Chilean coppers. 


where the data has been arranged to yield increasing 
average sulfur content in going from left to right. Be- 
cause of the spread in the analyses a large number of 
analyses were made in order to establish the average 
content of the various coppers. The spread in the analyses 
is believed due, in large part, to variations in the sulfur 
content of the samples and only a minor part due to 
errors of analysis. Variations are observed in sheets from 
M-141 and M-135 refinery lots. The large range in the 
sulfur content of the coppers, 4 to 15 parts per million, 
would suggest that variations could be expected in a 
single refining lot. In Fig. 6 is shown the average sulfur 
content and reverse leakage currents for various refining 
lots. In general the “old” coppers contain less sulfur 
than the “new” coppers. Figure 6 shows a correlation of 
rectifier reverse leakage current and sulfur content for 
most of the coppers. It is also noticed that, in general, 
the three factors—oxygen content, sulfur content, and 
reverse leakage current—follow the trend of increasing 
together. Since oxygen and sulfur are closely related 
chemically, it may not be too surprising that they both 
increase together. 

In the processing of copper for cuprous-oxide recti- 
fiers, various pretreating atmospheres have been used 
which yield marked changes in the rectifier. After 
establishing a general correlation between sulfur and 
oxygen content of untreated coppers and reverse leakage 
current, analyses were made to determine the effect of 
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Fic. 6. Average sulfur content and cuprous-oxide rectifier reverse 
leakage current for some Chilean coppers. 


pretreatment in various atmospheres on sulfur and 
oxygen content. The results for the sulfur are given jn 
Fig. 7. Runs 2, 3, 4, 5, and 6 yielded deoxidized copper, 
In general, samples of Chilean copper pretreated jn 
hydrogen at 2-mm Hg pressure show a decrease in sulfur 
content. It should be noted that OFHC (non-Chilean) 
does not show this reduction. The fraction of the total] 
sulfur removed is larger for Chilean copper samples of 
higher sulfur content. This may be associated with the 
general higher oxygen content. Samples pretreated in 
hydrogen at 1020°C and 2 mm Hg for four hours show 
no appreciable reduction in sulfur content below those 
treated for twenty minutes. The twenty-minute treat- 
ment is sufficient to deoxidize the copper completely and 
thus indicates the importance of oxygen in removing the 
sulfur. The failure of the hydrogen treatment to remove 
sulfur from the OFHC is in agreement with this. A third 
pretreatment in hydrogen lowering the temperature to 
900°C was apparently not as efficient for removing the 
sulfur as at 1020°C. The pretreatment of disks in carbon 
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Fic. 7. Effect of pretreatment on sulfur content of copper. 


monoxide at 1020°C and atmospheric pressure for 
twenty minutes showed, in general, no large decrease in 
sulfur content. A change in this treatment to a pressure 
of 2 mm-Hg did effect a lower sulfur content. The de- 
crease in mean free path at the high pressure possibly 
prevented the escape of sulfur at the surface and the 


creation of a concentration gradient which is effective — 


in transferring the sulfur to the surface. Vacuum treat- 
ment of the copper at 1020°C and 10~* mm Hg for one 
hour does reduce the sulfur content but does not alter 
the oxygen content appreciably. These results would 
indicate that reduction in sulfur content is dependent 
upon both deoxidation and external pressure during 
heat treatment. The deoxidation of copper in vacuum, 
carbon monoxide, and hydrogen has been investigated 
by Ransley.* 

In general, the low pressure hydrogen pretreatment 
has been found the most successful in bringing all 


4C. E. Ransley, J. Inst. Metals 65, 147 (1939). 
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coppers into the same classification as to rectification 
when processed as described. In making the rectifier the 
copper disks are pretreated first in the desired atmos- 
phere and then processed in the described manner. The 
hydrogen pretreatment leaves the forward drop un- 
affected but does reduce the reverse leakage current 
appreciably. The pretreatment in vacuum and atmos- 
pheric pressure of carbon monoxide results primarily in 
increased forward drops as compared to those of 
untreated rectifiers. The hydrogen treatment results in 
the removal of oxygen and the reduction of sulfur con- 
tent. This experiment emphasized the importance of 
these two elements in rectification. 

In Fig. 8 are shown the sulfur contents for various 
treatments of half-thickness disks as compared to the 
original 0.050-in. thickness. The data indicate no large 
concentration of sulfur at the surface of the untreated 
disks as could be introduced in the rolling operation. In 
washers which were hydrogen treated and then etched 
to half thickness by removal of one-quarter thickness 
from each side of the disk, the sulfur content of this 
center half was found to be approximately the same as 
the untreated coppers. This shows that the low pressure 
hydrogen treatment leaves the copper nearly void of 
sulfur near the surface, but does not alter the concen- 
tration at a depth equal to or greater than one-fourth 
thickness. Etching to half-thickness followed by hydro- 
gen or vacuum treatment did not result in sulfur content 
appreciably different from a similar treatment of the full 
thickness disks. 


III. CONCLUSIONS 


(1) The carbon content of Chilean copper has not 
changed over the past ten years. It approximates one 
part per million and is in agreement with solubility data 
for a refining temperature of 1100°C. 
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Fic. 8. Effect of pretreatment on sulfur content of copper. 


(2) The oxygen content of Chilean copper has in- 
creased by approximately 50 percent in the past ten 
years. A general correlation has been found between the 
oxygen content and the reverse leakage current for 
cuprous-oxide rectifiers processed as described. 

(3) The sulfur content of Chilean copper has in- 
creased by approximately 80 percent in the past ten 
years. A general correlation has been found between the 
sulfur content and the reverse leakage for cuprous-oxide 
rectifiers processed as described. 

(4) Various pretreatments for copper have been 
shown to alter the sulfur and oxygen content. These 
pretreatments result in marked changes in the charac- 
teristics of the rectifier. 


We wish to recognize the encouragement and guidance 
given us in these investigations by Dr. E. D. Wilson and 
the late Dr. R. C. Mason, of these Laboratories. 
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Existing theories of the static magnetron do not predict violation 
of the Hull cut-off condition or cathode bombardment. Measure- 
ments made at anode voltages and magnetic fields much larger 
than those used by earlier investigators revealed violations of the 
Hull cut-off condition considerably more pronounced than those 
previously reported, and much greater amounts of cathode bom- 
bardment. When sufficient cathode bombardment takes place, 
emission may be enhanced (through secondary emission) by a 
factor of ~10 over the thermionic value. When enhanced emission 
occurs in magnetrons employing pure metal cathodes, it is found 
that maximum current limits exist for each magnetic field. These 
limits form a maximum current boundary on a voltage-current 
plot. The maximum current boundary depends on secondary 
emission properties of the cathode surface and on geometry. Ex- 
perimental observations on enhanced emission, cathode bom- 
bardment, the maximum current boundary, and flow of anode 
current in violation of the Hull cut-off condition are combined into 
a self-consistent picture in static magnetrons employing pure 


metal cathodes. Although cathode bombardment and flow of 
anode current are still unexplained, their existence can account for 
the observed enhanced emission and maximum current boundary, 
In this it is unnecessary to endow the cathodes with anomaloys 
thermionic or secondary emission properties. 

The process causing cathode bombardment, enhanced emission, 
and flow of anode current in violation of the Hull cut-off condition 
is believed to be an electronic interaction which occurs almost 
entirely in the relatively dense region of space charge surrounding 
the cathode. The significant factors influencing the interaction 
appear to be applied electric and magnetic fields, space charge 
density, and thickness of the space charge sheath. The basic 
problem of electronic interaction in the static magnetron js 
partially defined. It is expected that when a realistic solution to 
this problem exists, including a correct account of cathode bom- 
bardment, the occurrence of enhanced emission would be auto- 
matically predicted. 





I. INTRODUCTION 


N 1921 Hull' reported on attempts to verify experi- 
mentally the cut-off relation for a static magnetron. 
He observed that some current could be drawn at 
voltages below the cut-off voltage, though the amount 
was small in comparison with the available thermionic 
emission. 

In 1943 Harvey’ published results of careful measure- 
ments of departures from the Hull cut-off relation in a 
static magnetron. For cut-off voltages of a few hundred 
volts and thermionic emissions of ~0.01 ampere he 
found that ~20 percent of the available emission 
reached the anode for voltages ~ 80 percent of the cut- 
off voltage. For lower thermionic emissions the de- 
partures from the Hull condition were even greater. 

In the early attempts to build magnetron oscillators 
it was found that a general tendency existed for the 
cathode to overheat. This was usually ascribed to some 
sort of bombardment of the cathode by charged par- 
ticles, and various processes were suggested. In 1938 
Linder*® summarized some of these observations and re- 
ported that cathode bombardment occurred even in a 
static magnetron. He attributed the cathode bom- 
bardment, and the accompanying departure from the 
Hull cut-off relation, to an electron scattering process, 
but was unable to find a satisfactory mechanism. 

The measurements reported by Hull, Linder, and 
Harvey were made on comparatively low voltage 


* Work supported jointly by the Signal Corps and the ONR 
under Signal Corps Contract W 36-039 sc-32003. 

Tt Publication assisted by the Ernest Kempton Adams fund for 
physical research of Columbia University. 

1A. W. Hull, Phys. Rev. 18, 31 (192i). 

2A. F. Harvey, High Frequency Thermionic Tubes (John Wiley 
and Sons, Inc., New York, 1943), pp. 83-113. 

3 E. G. Linder, Proc. Inst. Radio Engrs. 26, 346 (1938). 


magnetrons (V,<1000 volts) with filamentary (small 
diameter) cathodes. Thermal dissipation problems 
would have made measurements very difficult at higher 
voltages. 

Development of multi-cavity magnetrons was greatly 
accelerated during World War II. The necessity for 
getting usable sources of large amounts of rf power as 
rapidly as possible resulted, in some cases, in the con- 
struction, and even mass production, of magnetrons 
whose operation was only partially understood. The 
cathode emission requirements in modern short wave- 
length magnetrons are extremely severe; some mag- 
netrons are now being operated with cathode current 
densities in excess of 50 amperes/cm*. Surprisingly, con- 
ventional oxide-coated cathodes are capable of meeting 
these requirements;':> similar cathodes employed in 
ordinary diodes would not give emission densities larger 
than about 0.5 ampere/cm? even under conditions of 
pulsed operation. If e, the enhancement of emission, is 
defined as 


emission actually obtained 





«= : 
thermionic emission available 


it is seen that values of e~10? are observed. This 
enhancement of emission was recognized, but no ade- 
quate explanation of the phenomenon was advanced. It 
was observed that of the order of 5 to 10 percent of the 
total input power was returned to the cathode as back 
bombardment.* It was also observed that secondary- 


‘4 Fisk, Hagstrum, and Hartman, Bell System Tech. J. 25, 257 


(1946). 

5G. B. Collins, Microwave Magnetrons (McGraw-Hill Book 
Company, Inc., New York, 1948), pp. 9, 23-24, 503-514. 

6 Reference 5, pp. 286, 525. 
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Fic. 1. Cross-sectional: views of AX9’s and AD9’s showing significant geometrical parameters 
and single- and two-cathode constructions. 


emission-type cathodes could be made to work when an 
auxiliary (priming) cathode was used to supply a small 
amount of thermionic emission.’ 

In view of the fact that phenomena connected with 
oxide-coated cathodes are still only incompletely under- 
stood, the present study of magnetrons and magnetic 
diodes employing pure metal cathodes was undertaken. 
It was hoped that the behavior of these relatively simple 
devices would shed some light on the process giving rise 
to enhanced emission. It became clear, as the work 
progressed, that the phenomena of enhanced emission, 
cathode back bombardment, and violation of the cut-off 
relations are intimately connected, and that the present 
data form a consistent extension into a higher voltage 
region (made accessible by pulsed techniques) of the 
results obtained by earlier investigators. 


Il. EXPERIMENTAL PROCEDURE 


Three basic magnetron structures (see Fig. 1) were 
used for this study: 

(1) Single-cathode 18-cavity rising sun X-band mag- 
netron, designated as AX9-_D. 

(2) Two-cathode version of AX9-_D, designated as 
AX9-_E. 

(3) Two-cathode solid anode magnetron (static mag- 
netron), designated as AD9-_E. 

The significant geometrical parameters are (Fig. 1): 
D,=2r,=anode diameter, D.= 2r-=cathode diameter, 
D,=diameter of cathode hats, D.=diameter of the end 
spaces, L,=anode length, L.=length of cathode be- 
tween hats, and L,=distance between the pole pieces 
(the magnetic gap). 

In the AX9-_D, the molybdenum or tantalum 
cathode is heated indirectly by a heavy tungsten coil to 


"Reference 5, pp. 517-519, 


a temperature of ~2100°K to give a thermionic emis- 
sion density of ~0.05 ampere/cm?. 

In the AX9-_E and AD9-_E the two cathodes have 
the following functions: 

(1) The priming cathode, located outside of the anode 
region, supplies the thermionic emission needed for 
current to build up at the beginning of each pulse. It is 
connected externally to the main cathode. 

(2) The main cathode is located inside the anode 
region. It runs relatively cool, and supplies no significant 
thermionic emission. Anode voltage is applied between 
the cathodes and the anode. Upon electron bombard- 
ment the main cathode may emit secondary electrons. 
Molybdenum, platinum, nickel, copper, and carbon 
have been employed as main cathode materials. 

Most of the measurements of interest were made at 
high voltages (up to 40 kilovolts). Because of power 
dissipation limitations in the magnetrons, pulsed volt- 
ages were used. (It has been ascertained that the 
phenomena of interest here exist under conditions of 
both pulsed and continuous operation.) Pulse widths 
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Fic. 2. Schematic representation of experimental setup used in 
most of the measurements described in this paper. v4=fraction of 
anode voltage; voltage pulse height measured on synchroscope. 
ig=average anode current. i,=average priming cathode current. 
im=average main cathode current. 7=temperature of thermo- 
couple junction in main cathode. 
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employed varied between 0.6 and 2.0 microseconds, and 
repetition rates between 120 and 960 cycles per second. 
Figure 2 shows schematically the experimental setup 
used. 

Quantities of interest to be determined are: B= mag- 
netic field, V,.=anode voltage, J,.=anode current, 
I,=priming cathode current, J,,=main cathode cur- 
rent, P,=back bombarding power, Po= output power, 
if any, and A= wavelength of the output power. 

Standard procedures were followed in measuring B, 
V., Za, Po, and A. The measurement of /, and J, re- 
quired the use of milliammeters, suitably by-passed, 
located in series with the priming and main cathodes. 

The average back bombarding power, P,, can be 
conveniently determined by noting the temperature 
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rise AT of a thermocouple located at the base of the 
main cathode. To calibrate the thermocouple, the anode 
voltage and magnetic field are turned off, and the main 
cathode is bombarded with a measured amount of 
power P, by applying a DC voltage between the priming 
and main cathodes. P, and P; are not applied to exactly 
the same regions of the main cathode, therefore, 
P+ P,. For the geometries and materials used, P,< } a 
for a given AT. On the basis of rough estimates it js 
believed that the errors involved in assuming P,=P, 
do not exceed 25 percent under the most unfavorable 
conditions of geometry, material, and temperature en- 
countered here. For many comparison purposes these 
errors are hardly serious, as they tend to cancel out. If 
the need should arise for more accurate measurements of 
back bombarding power, in connection with a more 
refined theory, such measurements can be made, and 
corrections calculated. Random errors are estimated to 
be ~3 percent for large average powers (~10 watts) 
and ~ 25 percent for small average powers (~0.2 watt). 

The magnetic field is measured in terms of the current 
in the coils of the electromagnet. Calibration is ac- 
complished by measuring the field in a dummy which is 
magnetically identical with the magnetron. Magnetic 
field values, when given, are those measured at the 
geometric center. Random errors are estimated to be 
less than 1 percent. 

Anode voltage measurements are estimated to be ac- 
curate to within ~3 percent. 

Peak values of anode current, input power, output 
power, and back bombarding power involve knowledge 
of the duty cycle. Inaccuracies in pulse width determi- 
nation may result in errors in the duty cycle as large as 
5 to 10 percent. Average values of anode current, output 
power, and back bombarding power, however, do not 
involve the duty cycle. Ratios of output power and back 
bombarding power to input power can therefore be 
computed without incurring this error. 


III. RESULTS 
A. Enhanced Emission from Pure Metal Cathodes 


Earlier observations had shown that enhancement of 
emission (with e~10*) occurred in tubes employing 
oxide cathodes and secondary emission cathodes. It is 
found that enhanced emission (with « as large as ~ 10) 
can also be obtained from pure metal cathodes. It is 
further found that enhancement of emission occurs in 
static magnetrons to about the same extent as in multi- 
cavity oscillating magnetrons. 


B. The Performance Chart 


Many of the properties of an oscillating magnetron 
are displayed on a plot called the performance chart. In 
this plot the magnetic field B is a parameter which takes 
on various discrete values. For each value of Ba curve of 
V (anode voltage) versus I, (anode current) is drawn. 
It is customary also to draw contours of constant output 
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power Po and contours of constant efficiency (Po/P.) 
100 percent on the same chart. In the absence of 
output power, curves of V, versus I, can, of course, 
still be drawn. 

According to the usual magnetron theories, anode 
current should not flow in a static magnetron before the 
Hull voltage is reached, nor in a multi-cavity oscillating 
magnetron until the Hartree voltage is reached. Sub- 
stantial departures from these conditions are found, 
especially in the static magnetron. This is made clear by 
reference to Figs. 3 and 4, where the Hull voltage 
appropriate to a given magnetic field is indicated on 
each curve. It is seen that the departure from the Hull 
cut-off condition is relatively small at low voltages, but 
becomes greater at high voltages. It is also seen that the 
departure is more severe in static magnetrons having 
larger values of D,/D.. 


C. The Maximum Current Boundary 


When oxide cathodes are employed in magnetrons, 
operation is often possible out to very high currents. 
When pure metal cathodes are used, however, very 
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Fic. 5. Typical curve of secondary emission ratio versus incident 
electron energy (normal incidence). 


definite current limits are found. For low enough values 
of magnetic field no enhancement of emission occurs. 
For larger magnetic fields and higher anode voltages it 
may be found that anode current can exceed the avail- 
able thermionic current. The anode current continues to 
increase with voltage until a point is reached at which a 
further increase in voltage reduces the current abruptly 
to, approximately, the thermionic value. Corresponding 
to each magnetic field there exists a maximum current. 
The locus of these maximum current points is said to be 
the maximum current boundary (MCB). It is usually 
found that the MCB is very nearly a straight line, ex- 
cept in the low current region. If a linear extrapolation 
to zero current is made, it is found that the voltage axis 
is intersected near 4 kilovolts, depending on the pure 
metal used and on some of the geometrical factors in- 
volved. It is also found that the position of the MCB is 
virtually unaffected by the available thermionic emis- 
sion (except in the very low current region), unless the 
thermionic emission falls below the critical value needed 
for buildup to occur. The position of the MCB is found 
to be extremely sensitive, however, to the secondary 
emission properties of the main cathode surface. 
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Fic. 6. Secondary emission ratio of nickel as a function of 
electron energy for various angles of incidence (from H. Bruining, 
Physica 5, 909 (1938)) . 


Most substances exhihit secondary emission prop- 
erties of the form shown in Figs. 5 and 6 and in Table I. 
A convenient representative measure of secondary emis- 
sion properties is dmax, defined in Fig. 5. Dependence of 
the position of the MCB on dmax was studied using 
oscillating AX9’s. Figure 7 shows MCB’s corresponding 
to four different pure metals—tantalum, molybdenum, 
platinum, and nickel—and to carbon. It is seen that the 
slope of the MCB curve is smaller for larger dnax. No 
enhanced emission at all was observed with carbon, for 
which dmax-0.9. The largest enhanced emission was ob- 
served with platinum, for which 6m.x~1.7-1.8.f8 


TABLE I. Secondary emission properties of several pure metals 
(compiled from H. Bruining, Die Sekunddr-Elektronen-Emission 
fester Kérper (Verlag. Julius Springer, Berlin, 1942) (Edwards 
Brothers, Inc., Ann Arbor, Michigan, 1944), pp. 21-27). For 
explanation of symbols, see Fig. 5. 











Metal bmax Vom Vor 
Molybdenum 1.2-1.3 400 volts 150 volts 
Tantalum 1.2-1.3 600-700 300 
Tungsten 1.2-1.4 500-700 200-300 
Niobium 1.2 350 200 
Platinum 1.7-1.8 750 150 
Nickel 1.3-1.4 500 200 
Copper 1.2-1.3 300-500 100-200 
Silver 1.5 800 200 
Gold 1.2-1.4 400-1100 200 
Titanium 0.9 300 ~ 








t The present observations on the dependence of the MCB on 
secondary emission properties form a consistent extension of some 
studies by McNall, Steele, and Shackelford (see reference 8) on 
the influence of secondary emission ratio properties of the cathode 
surface on magnetron operation. 

8 McNall, Steele, and Shackelford, “Secondary emission cath- 
odes for magnetrons,” Final Report on Contract OEMsr-262, Sub- 
a = 182008, Research Report BL-R-929-7G-1, Novem- 
ber 9, 1945. 
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Fic. 7. Maximum current boundaries for oscillating AX9’s with 
main cathodes having different secondary emission properties. 


For a given cathode material the position of the 
MCB is fairly constant in time. Arcing which releases a 
small amount of gas sometimes causes the MCB to 
move temporarily, usually to higher currents. This is 
attributed to a reaction at the cathode surface which 
changes the secondary emission properties slightly. It is 
believed that under conditions of good vacuum and arc- 
free operation the secondary emission properties of the 
cathode surface approach the stable values appropriate 
to the pure metal involved. 

On the basis of the preceding information it is known 
how the MCB depends on émax. The dependence of dmax 
on angle of incidence is shown in Fig. 6. To see if 
electrons strike the cathode within some preferred angle 
range, a cathode surface was machined in an asym- 
metrical fashion, as indicated in Fig. 8. If the electrons 
come in within a preferred angle range, there will clearly 
be a dependence of effective angle of incidence—and 
therefore of dmax and the MCB—on magnetic field 
direction. An example of the observed dependence of the 
MCB on magnetic field direction is shown in Fig. 9. 
Thus far all that can be reliably concluded from ex- 
periments using asymmetrical cathodes is that a signifi- 
cant number of the back bombarding electrons strike 
the cathode within some range of angles of incidence 
rather than normally or at random angles. 
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Fic. 8. A simplified and idealized representation of electrons 
striking an asymmetrical cathode surface (plane cathode, magnetic 
field perpendicular to plane of paper). 
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A comparison of the MCB’s for oscillating multicavity 
magnetrons and static magnetrons is shown in Fig, 10, 
Except for resonators and output the geometry of the 
two magnetrons is similar. It is seen that the positions 
of the MCB’s are not greatly different. This suggests 
that the process which causes enhanced emission js 
largely independent of the anode. 

In a further effort to find to what extent conditions 
at the anode affect the MCB, a carbon anode tube was 
built. End spaces were considerably reduced in size, and 
were also made of carbon. The high resistivity of carbon 
(relative to the copper normally used) should reduce the 
Q of a circuit involving the anode and end spaces by a 
factor of ~30. It was found that enhanced emission 
occurred as usual, and that the position of the MCB was 
not noticeably affected. 
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Fic. 9. Maximum current boundaries for the two directions of 
magnetic field. Data from AX9-27.1E. 


The dependence of the MCB on geometry is indicated 
in Fig. 11, with values of the geometric parameters 
given in the accompanying table. AD9-1E is taken asa 
tube of standard geometry. AD9-3E differs in that it has 
a half-length anode and its MCB occurs at currents 
which are approximately one-half as great as those of 
the standard tube. This suggests that the process re- 
sponsible for the enhanced emission does not depend ina 
critical way on anode length. AD9-8E, AD9-9E, and 
AD9-11E involve different combinations of anode and 
cathode diameters. It is noted that increasing the anode 
diameter, leaving the cathode diameter fixed, results in 
an increase in the slope of the MCB curve. In the case of 
AD9-9E and AD9-11E, where the anode and cathode 
diameters are both decreased by a factor of 2, with the 
ratio D,/D, held constant, the slope of the MCB de- 
creases by approximately a factor of 2. Thus, in view of 
the dependence of the MCB on anode length, and 
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extrapolating somewhat boldly, it appears that changing 
all linear dimensions by a constant factor will leave the 
position of the MCB substantially unchanged.§ 


D. Cathode Bombardment 


In the interest of finding out what goes on inside a 
magnetron it would be useful to know the number of 
electrons returning to the cathode per unit time and 
their energy distribution. Such detail is difficult to de- 
termine, but useful information concerning cathode 
bombardment is contained in the amount of back bom- 
barding power incident upon the cathode. This informa- 
tion, when combined with enhanced emission data, does 
give some idea of an equivalent back bombarding 
voltage and current. 
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Fic. 10. Comparison of maximum current boundaries for static 
and oscillating magnetrons of similar geometries. 


On the basis of earlier measurements by others, it had 
been generally accepted that ~5 to 10 percent of the 
total input power (P) goes into back bombardment in 
oscillating magnetrons.* Apparently, most of such 
measurements were confined to the relatively high cur- 
rent regions of the performance chart. It turns out that 
the present method for measuring back bombarding 
power is sensitive down to very low currents. Back 
bombarding power is easily measured at currents which 
are smaller by a factor of ~30 than those at the 
oscillation threshold. If cathode bombardment is to be 
ascribed to interaction of out-of-phase electrons with 


§ This result is also in agreement with some earlier observations 
made on oscillating multi-cavity magnetrons operating at wave- 
lengths of 3.2, 1.2-1.3, and 0.62 cm. These tubes differed primarily 
in that their linear dimensions had been changed by a constant 
factor (wavelength scaling). It was observed that the MCB’s were 
practically the same for all of these tubes. 
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Fic. 11. Maximum current boundaries corresponding to some 
different geometries. All main cathodes are molybdenum. 


the rf field of an oscillating magnetron, then it is to be 
expected that where there is no rf, there should be no 
back bombardment. In a simple way it might be sup- 
posed that P, should be approximately proportional to 
P». Thus if Po/P.as a function of J, (for a given B) has 
the form indicated by curve A of Fig. 12, then it might 
be expected that P»/P, would have the form of curve B. 
But measurements show that the actual form of the 
dependence is that indicated by curve C. It is further 
found that the same sort of cathode bombardment 
occurs even in the static magnetron. The occurrence of 
back bombardment in the absence of rf of anything like 
the conventional sort has led to a re-examination of a 
number of earlier notions regarding both static and 
multi-cavity oscillating magnetrons. 

A comparison of back bombarding power in static and 
in oscillating multi-cavity magnetrons of similar ge- 
ometries is given in Figs. 13 and 14. It is seen that the 
shapes of the curves of P;/P. versus I, are very similar 
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Fic. 12. Power output and back bombarding power for AX9-28.1E 
at a magnetic field of 3730 gauss. 
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Fic. 13. Back bombarding power curves for AX9-28.1E 
(platinum main cathode). 


in the two cases. The significant difference appears to be 
that P,/P. is somewhat higher for the static magnetron. 

Neither the anode material nor the cathode material 
seem to affect the cathode bombardment, except that 
measurements can be made to higher currents in a tube 
with a main cathode having a higher max. Changing the 
ratio D,/D- has a large effect, P,/P. decreasing rapidly 
as D,/D. is increased. 


E. Division of Current Between Priming and 
Main Cathodes 


In some cases the two cathode currents were measured 
separately. A typical result is shown in Fig. 15. As the 
anode voltage V, is raised, the main cathode current J, 
is at first increasingly negative (i.e., there is-a net flow 
of electrons fo the main cathode); it goes through a 
negative maximum, and then starts to increase, through 
zero, until the MCB is reached. While /,, is still nega- 
tive, P, starts from zero and increases rapidly with V q. 

The interpretation of the main cathode current re- 
versal is the following: for very small values of P, the 
energies of the back bombarding electrons are rather 
low, whence the effective secondary emission ratio of the 
cathode surface is small. Hence there is a net flow of 
electrons /o the main cathode. As P, increases, there is 
an accompanying increase in the energies of the back 
bombarding electrons. When the energies are such that 
the effective secondary emission ratio is unity, as many 
electrons leave the cathode surface as strike it, and the 
main cathode current is zero. Further increase in 
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Fic. 14. Back bombarding power curves for AD9-4E 
(molybdenum main cathode). 
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energies of the back bombarding electrons results in an 
effective secondary emission ratio greater than unity, so 
that there is a net flow of electrons from the main 
cathode. , 

Consistent with the foregoing interpretation is the 
observation that when the main cathode was made of 
carbon no such current reversal occurred, the main 
cathode current being always negative. This is not 
surprising, since for carbon 8max-~0.9. — 

For low enough values of magnetic field J,, does not 
reverse in tubes containing molybdenum or platinum 
cathodes, even though some back bombardment occurs, 
The lack of emission enhancement prevents P, from 
becoming large. 


IV. INTERPRETATION 
A. An Explanation of Enhanced Emission 


Some experimental observations on cathode bom- 
bardment, enhanced emission, current division, the 
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Fic. 15. Division of current between priming cathode and main 
cathode of AD9-5E. 


MCB (maximum current boundary), and the flow of 
anode current have been described in the preceding 
section. It is possible to formulate a rather simple self- 
consistent picture which gives a qualitative explanation 
of enhanced emission. For this formulation the following 
basic assumptions are made: 

(1) At any voltage and current point under con- 
sideration a condition of steady operation has already 
been achieved (i.e., the buildup process is ignored). 

(2) The only significant sources of emission are 
thermionic and secondary. For pure metals it will 
suffice to consider only stable emission properties—no 
anomalously low work functions or high secondary 
emission ratios. 

(3) Secondary emission occurs under the stimulus of 
the empirically observed cathode bombardment. 

It would be desirable to know the distribution in 
energy and angle of the electrons striking the cathode. 
In the absence of this information, and in the interest of 
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simplifying the present explanation, it will be supposed 
that the state of cathode bombardment is characterized 
by the following: there is an electron current J, striking 
the cathode within a narrow range of energy and angle. 
As an approximation, assume that these electrons all 
arrive at the cathode with the same energy, V>». In 
addition, there may be a current J» of electrons emitted 
in excess of the requirements for operation which are 
returned to the cathode at low energy. It is supposed 
that these do not contribute significantly to the back 
bombarding power P», whence P»~IJ,V >». No inquiry 
will be made into the process responsible for the bom- 
bardment. Leakage current to the pole pieces is also 
ignored. 

In view of these approximations (narrow ranges of 
energy and angle of incidence) it is convenient to define 
an effective secondary emission ratio, 6., which is really 
a properly weighted average over the angle of incidence. 
While 5, cannot be actually calculated from the avail- 
able information, it is reasonable that it should be 
similar in form to the measured secondary emission 
ratios at some definite angle of incidence. Thus 6, de- 
pends on the substance involved, on V;, and on the 
distribution over angle of incidence. Figure 19 shows an 
estimated curve of 6, against V». If 6, is sufficiently 
small so that there is little excess emission, then Jp is 
small. If 6, is larger so that there is more excess emission, 
then J» is larger. It is to be noted that the prediction of 
the existence of a MCB depends only on the general 
shape of the curve of Fig. 19. By subsequently using the 
position of the MCB as an experimental datum and 
working back, the curve can be fixed more accurately. 

The precise dependence of V», or V,/Va, on anode 
voltage V, or anode current J, is not known. However, 
for all J, for which P,=0 it is expected that V,=0, and 
for the J, for which the main cathode current J goes 
through zero and changes sign it is expected that V, is 
such that 6, is approximately unity (except for the 
effect of Zo). V, needs to be ~ 100-300 volts for J,,=0, 
depending on the pure metal used and the effective 
angle of incidence. 

Figure 16 shows semi-empirical curves of P,/P, and 
V. versus I, for several values of magnetic field for a 
static magnetron. Figure 17 shows estimated curves of 
Vyand V,/V, versus Iq. For the smaller values of J, the 
forms of the curves are fairly unambiguous, in view of 
the above discussion. It will now be shown using the 
empirical curves of P,/P, versus I,, the estimated 
curves of V,/V, versus I,, and an estimated curve of 6, 
versus V>»,|| that a MCB will be predicted which will 
have, qualitatively, the experimentally observed shape 
and dependence on secondary emission properties. This, 
of course, will not prove uniqueness of the explanation of 
enhanced emission, but will add to its plausibility. A 





|| The curve of 5, versus V3 will depend on angles of incidence, 
which probably have a magnetic field dependence. The latter de- 
pendence is not known, and is ignored here. Therefore the same 
curve will be used for all magnetic fields. 
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Fic. 16. Semi-empirical curves of P,/P, and V4 versus I, for a 
representative AD9-_E static magnetron. 


major point in this treatment is to show that the ex- 
planation of enhanced emission proposed here is at 
least energetically feasible. After showing how cathode 
bombardment, secondary emission properties, and the 
MCB are connected, it would then be possible to use the 
curves of P;,/P, versus I, and the MCB as experimental 
quantities from which to determine ranges of values for 
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Fic. 17. Estimated curves of V, and V;/V 4 versus I, for a repre- 
sentative AD9-_E static magnetron. 
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Fic. 18. 5¢m versus I, for a representative 
AD9-_E static magnetron. 


V» and angles of incidence. This would be done by 
adjusting the curves of 6, versus V,and Vy versus I, to 
give “best fits.”” The results of such a procedure must, of 
course, not be taken too seriously, as they are based on 
the approximation of representing the actual energy 
distribution of the back bombarding electrons by a 
single energy V ». 

To facilitate further discussion the following defini- 
tions are given: /,=temperature-limited value of the 
thermionic emission, 7,=back bombarding current 
(composed of electrons having energy V,), Ja=anode 
current, 6,=an effective secondary emission ratio; de- 
pends on the substance involved, on V», and on the 
effective angle of incidence, V,.=anode voltage, V,=an 
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effective value of back bombarding electron energy, 
P,=IqVq=input power, P»=1,V.=back bombarding 
power, and B= magnetic field. 

For this discussion it is convenient to use B as qa 
parameter and J, as the independent variable. Thus for 
a given B an operating point is defined by J.. 

It is clear that the total available emission—therni- 
onic plus secondary—must equal or exceed the required 
emission. 

Thus, 

T+6.152Ta4+T. 


Solving for 6, as a function of J, (J, depends on /,), 
6-£1+(4—11)/T >. 

Now define 6.m as 
Sem=1+(a—11)/T>. 


If operation is to occur at a given J, through a com- 
bination of thermionic and secondary emission, it jis 
necessary—for current conservation—that 6.2 6.. If 
5-<6em, inadequate emission will exist for operation at 
this point. On this basis it might be expected that curves 
of 6.=dem will exist on the V,—J, performance chart, 
On one side of the curve, or boundary, 6.<6m and 
operation is not allowed. On the other side, 5.> dem, and 
operation will occur, provided there is not some further 
restriction (such as might be imposed by the electron 
interaction process which causes the cathode bon- 
bardment). Since little is known about these further 
restrictions, they will be ignored here, and it will be 
assumed that the boundary between regions of no 
operation and possible operation occurs at 5.= dem. 

Location of regions of possible operation in the V,.—/, 
performance chart will depend on how 6, and dem vary 
with 7, for various magnetic fields. It turns out that, for 
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Fic. 19. Curve A: 6 versus V» for a typical pure metal having dmax™1.2. 


Curve B: 4, versus Vp» upon taking account of estimated angle-of-incidence effects in a representative 


AD9-_E static magnetron. 
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suitable cathode material and judicious estimates of V, 
and angles of incidence, the curve of 6.=dem occurs 
about where the experimentally observed maximum 
current boundary is found, and that for a given mag- 
netic field 6.>6em for Ia<Jq’, and 6.<dem for Ia>TJ,’, 
where Jg=Ja’ for 6-—dem. Thus the curve of 5.=6.», 
turns out to be a maximum current boundary. 

This will now be gone through in detail for a specific 
static magnetron. It is convenient to write 6.m, using 
P,=IqVa. and P»=1,V 4, as 


bem= 1+ (1—T1/Ta)(Po/Po)(V0/V a). 


From the experimental curves of P,/P. versus I, the 
experimental value of J,, and the estimated curves of 
V./Va versus Ig, curves (corresponding to various 
magnetic fields) of 5m versus Ig may be constructed. 
These are shown in Fig. 18. For all 7, for which 6,> dem 
operation is allowed. For the J, for which 6-<dem 
operation cannot occur. 

The next step is to determine 6, as a function of J. 
This depends on the pure metal being considered, an 
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Fic. 20. 6, versus I, for a representative AD9-_E static magnetron. 


estimate of the angle of incidence effects, and use of the 
estimated curves of V,/V versus Iq. In Fig. 19, curve A 
shows 6 versus V, for a pure metal for which dnax=1.2, 
and curve B shows a modification which takes account 
of estimated angle of incidence effects (6, versus V,). 
This is combined with the estimated dependence of V, 
on J, (Fig. 17) to give 6, as a function of J, for various 
magnetic fields, as shown in Fig. 20. 

A superposition of the curves of Figs. 18 and 20 
(Fig. 21) shows that, for B= B;, operation is possible for 
I,<Jq; and not allowed for J,>J,;. (For operation, 
need 6,>5em.) Thus maximum current points occur. It 
is a simple matter to transfer these maximum current 
points to the V,—J, performance chart (Fig. 22). It is 
observed that the resulting maximum current boundary 
(MCB) has the experimentally observed form, and 
occurs at approximately the right values of V, and J. It 
should be remarked that the qualitative form of the 
MCB is fairly insensitive to the estimated curves of 
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Fic. 21. Superposition of Figs. 18 and 20. 


V/V versus I. However, the better the estimates of 
V./Va versus I, and 6, versus V», the better the ex- 
pected quantitative agreement. 

From a brief reconsideration of the foregoing argu- 
ments, together with reference to the figures involved, 
it is clear that if the pure metal has a larger dmnax, the 
corresponding MCB will occur at higher currents, in 
agreement with observations on the correlation of posi- 
tion of the MCB with émax (Fig. 7). 

m, Thus, it appears that the experimental observations 
on cathode bombardment, enhanced emission, current 
division, the’maximum current boundary, and the flow 
of anode current can be integrated into a self-consistent 
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Fic. 22. V.—J, curves and predicted maximum current boundray 
for a representative AD9-_E static magnetron, 
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pattern. The cathode bombardment and flow of anode 
current are still unexplained, but their existence can 
account for the observed enhanced emission and the 
maximum current boundary. The quantitative agree- 
ment between the predicted and observed maximum 
current boundaries shows, essentially on energy con- 
servation grounds, that enhanced emission can be ac- 
counted for in a straight-forward manner without 
endowing the pure metal cathodes with any anomalous 
emission properties. This by no means demonstrates 
uniqueness of the explanation, as it is undoubtedly 
possible to account for enhanced emission in other ways. 
Thus far, however, no simpler alternative explanation 
has been proposed. 


B. Electron Interaction in the Static Magnetron 


It now appears probable that cathode bombardment, 
enhanced emission, and flow of anode current in viola- 
tion of the Hull cut-off condition are all manifestations 
of the same basic phenomenon. Probably a further 
manifestation is excess noise, which has not been in- 
vestigated here to any significant extent. It should be 
remarked that the present observations on cathode 
bombardment and violation of the Hull cut-off condition 
are not inconsistent with earlier observations by other 
workers.'~* Their measurements were made at rela- 
tively low magnetic fields, voltages, and currents under 
dc conditions. The present measurements were made 
at comparatively high magnetic fields, voltages, and 
currents under pulsed conditions. Cathode bombard- 
ment and violation of the Hull cut-off condition become 
more pronounced with increasing magnetic fields and 
voltages. When cathode bombardment becomes suffi- 
ciently severe, enhanced emission can occur. The reason 
earlier workers did not observe enhanced emission is 
that their measurements were made at values of mag- 
netic field and voltage which were too low for suffi- 
ciently energetic cathode bombardment. 

On the basis of the observations made to date it 
appears that the phenomenon which causes cathode 
bombardment, etc., is characterized by the following: 
the electrons are involved in an interaction which de- 
pends on the cathode as an emitter, and on the anode as 
a source of applied potential. It is largely independent of 
length of anode, of end spaces, and losses in cavities that 
might form part of a resonant circuit. There is no 
appreciable dependence on gas pressure P for P< ~ 10 
mm of Hg. 

For a given magnetic field and geometry it is found 
that at low anode voltages no readily observable cathode 
bombardment occurs. As the anode voltage is raised, 
cathode bombardment begins rather abruptly and in- 
creases rapidly. (See, e.g., Fig. 15.) In the voltage range 
of negligible cathode bombardment it may, perhaps, be 
plausible to say that something like a single stream 
steady state® exists. Once cathode bombardment has 


* L. Brillouin, Phys. Rev. 60, 385 (1941). 
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begun, and anode current has started to flow, the single 
stream steady state is clearly inapplicable. It may, how. 
ever, be that the space charge density, the charge cloud 
radius, and the potential distribution are still described 
with reasonable accuracy by the single stream steady 
state. A comparison of magnetrons having the same 
applied magnetic fields, similar cathodes, but different 
anode diameters shows that similar states of cathode 
bombardment (and hence, presumably, similar states of 
electronic interaction) occur for equal space charge 
cloud radii, as calculated from single-stream theory.1° 

To sum up briefly, it appears that the interaction 
process in which the electrons in a static magnetron are 
involved occurs almost entirely among electrons in the 
relatively dense region of space charge surrounding the 
cathode, and that the significant factors influencing the 
interaction are the applied electric field, the applied 
magnetic field, the space charge density, and the 
thickness of the space charge sheath. To a first approxi- 
mation the outer boundary of the space charge sheath 
may be taken as that predicted by single stream steady 
state theory. 

It is a major objective of present magnetron research 
to account in a satisfactory way for the electronic 
interactions in the so-called static magnetron. From a 
theoretical point of view there are basically only two 
possible avenues of approach to the problem of electron 
interaction in a high density space charge. One js 
statistical, and is analogous to the methods used in 
kinetic theory or in statistical mechanics. The other is 
essentially a hydrodynamical approach. 

Two crude close-collision calculations were done in 
which estimates were obtained of the number of 
electrons that might be expected to strike the cathode 
with energies greater than ~50 volts. The calculations 
were based on cycloidal orbits and on random orbits, 
and an average space charge density indicated by single 
stream theory was used. (If a single-stream steady state 
existed, no collisions at all would occur, since the 
electrons move in concentric circular paths.) The num- 
bers thus obtained of significantly energetic electrons 
striking the cathode were smaller than observed by a 
factor of something like 10°. As a consequence of these 
results there may be some justification for assuming that 
close collisions are not a major cause of the observed 
interaction, although the argument is by no means 
conclusive. A more refined treatment might be at- 
tempted which takes as its basis Boltzmann’s equation 
of change of the distribution function for electrons in the 
presence of electric and magnetic fields." This does not 
appear to be a simple problem. 

In view of the difficulties connected with a statistical 
calculation it is not surprising that most successful in- 
vestigations of space charge problems have used 4 


1 CRL Quarterly Report, December 31, 1950. 

1 §. Chapman and T. G. Cowling, The Mathematical Theory ¢ 
Non-Uniform Gases (The University Press, Cambridge, England, 
1939). 
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hydrodynamical approach. In these investigations the 
discrete nature of the electrons is ignored and the space 
charge is treated as a continuous medium. Thus far, 
however, no hydrodynamical theory has been set forth 
which describes the electron interaction in a static 
magnetron. It has been suggested by a number of 
workers that the interaction might be understood in 
terms of double-stream amplifier action,” or in terms 
of Bunemann space charge instability.“ In connection 
with a theory on excess noise in preoscillating multi- 
cavity magnetrons, Twiss'® took account of emission 
velocities and obtained a sort of double stream state for 
which space charge density and geometry are about the 
same as those given by single stream theory. In this 
double stream state there is electron motion in both the 
positive and negative radial directions, and radial 
double-stream amplification can take place when the 
radial current densities are favorable. Whether or not a 
suitable extension or modification of this theory can 
lead to a correct account of the electron interactions, 
with adequate prediction of cathode bombardment and 
anode current, is not yet known. 


Vv. CONCLUSIONS 
A. Summary 


Experimental observations on enhanced emission, 
cathode bombardment, division of current between 
priming and main cathodes, the maximum current 
boundary, and flow of anode current in violation of the 
Hull cut-off condition have been combined into a self- 
consistent pattern in static magnetrons employing pure 
metal cathodes. Although cathode bombardment and 
flow of anode current are still unexplained, their ex- 
istence can account for the observed enhanced emission, 
current division, and maximum current boundary. In 
this it is unnecessary to endow the cathodes with 
anomalous thermionic or secondary emission properties. 

Partially complete empirical pictures now exist of the 
dependences of (1) the position of the maximum current 
boundary on secondary emission properties of the 
cathode surface, geometry, and magnetic field, (2) the 


2 A. V. Haeff, Proc. Inst. Radio Engrs. 37, 4 (1949); Phys. Rev. 
74, 1532 (1948). 

% J. R. Pierce and W. B. Hebenstreit, Bell System Tech. J. 28, 
33 (1949). 

“QO, Bunemann, C.V.D. Report, Ref. Mag. 37, (1944); D. R. 
Hartree, C.V.D. Report, Ref. Mag. 31, (1943); B. V. Rollin and 
K. W. H. Stevens, C.V.D. Report, Ref. Mag. 40, (1944). 

*R. Q. Twiss, “On the steady state and noise properties of 
linear and cylindrical magnetrons,” thesis submitted for the 
degree of Doctor of Science at M.I.T. (1949). 
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flow of anode current in violation of the Hull cut-off 
condition on geometry and applied electric and magnetic 
fields, and (3) cathode bombardment on geometry and 
applied electric and magnetic fields. 

The process causing cathode bombardment, enhanced 
emission, and flow of anode current in violation of the 
Hull cut-off condition is believed to be an electronic 
interaction which occurs almost entirely in the relatively 
dense region of space charge surrounding the cathode. 
The significant factors influencing the interaction 
appear to be the applied electric field, the applied 
magnetic field, the space charge density, and the 
thickness of the space charge sheath. 

The basic problem of electronic interaction in the 
static magnetron has now been partially defined. It is 
expected that when a realistic solution to this problem 
exists, including a correct account of cathode bombard- 
ment, the occurrence of enhanced emission would be 
automatically predicted. 


B. Significance of Enhanced Emission in 
Magnetron Design and Development 


According to the usual magnetron theory (oscillating, 
multi-cavity magnetrons), efficiency should not fall off 
at low currents. Experimentally it always does. The 
large amount of cathode bombardment in the low cur- 
rent region can account, to a considerable extent, for 
this loss of efficiency. In the past attempts have been 
made to design magnetrons for low current operation. 
Such attempts have been uniformly unsuccessful, and 
will clearly continue to be so unless the cause of cathode 
bombardment is removed. 

From present knowledge of the roles of thermionic 
and secondary emission in magnetron operation, it 
should be possible to predict the behavior of a given 
cathode in a particular magnetron. This is true if the 
thermionic and secondary emission properties of the 
cathode are unambiguously known. It cannot at this 
point be asserted that, for example, these properties are 
adequately known for oxide cathodes of the type used in 
many magnetrons. 

Now that the magnetron’s emission requirements are 
more fully understood, it should be possible in some 
cases to design cathodes suitable for particular re- 
quirements. 

The authors wish to thank Professor W. E. Lamb, 
Jr., for guidance and many valuable discussions and 
suggestions. Appreciation is expressed also for the 
assistance and cooperation on many phases of the work 
by the staff of the Columbia Radiation Laboratory. 
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Hollow Cathode for Positive Ion Studies in Cathode-Ray Tubes 


C. H. BacuMan, HAROLD EUBANK,* AND GEORGE HALL 
Physics Department, Syracuse University, Syracuse, New York 
(Received April 17, 1951) 


Apparatus has been designed and tested which makes possible the identification of the positive ions in the 
beam of a cathode-ray tube. A hollow cathode construction allows the positive ions to pass through the 
conventional part of the electron gun and be studied as a positive ion beam by another set of focusing 
electrodes and deflection magnets. Curves of ion yield and bucking potential measurements indicate that 
most of the ions are formed in the early stages of electron acceleration. 


HE supposedly pure electron beam of a cathode- 

ray tube actually contains positive and negative 

ions. The negative ions contribute to “burning”’ of the 

phosphor, this burning actually being a decreased 

fluorescent output rather than a physically visible 

discoloration. The positive ions travel toward the 

cathode where they cause emission troubles leading to 
short tube life. 

The identities of the negative ions have been known 
for some time,' and various studies have been reported 
on this phase of the work.?~* The present paper is con- 
cerned with the building and testing of an electrode 
system suitable for the identification of the positive ions 
generated by a typical cathode-ray tube gun and screen 
arranged in a continuously pumped “demountable” 
vacuum system. It should be noted that the many 
sources of contamination present in a demountable 
system so becloud mass identity results that such results 
cannot be applied unreservedly to the case of carefully 
prepared sealed off cathode-ray tubes. Such a study will 
be the subject of a subsequent paper. 

Normally in a simple electrostatically focused electron 
gun (Fig. 1) the positive ion effects are: first, a general 
blasting away of the oxide coating, and finally, in the 
advanced stages, a rather sharply defined hole drilled 
not only through the entire coating but through the 
metal cathode cap as well (Fig. 2). The positive ions 
apparently reach the cathode in a beam resulting from 
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Fic. 1. Typical electrostatic electron gun. 
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some focusing or collimating action. The beam diameter 
is commonly much smaller than the grid aperture. 

This characteristic of the positive ion beam has been 
utilized in the present work. As the positive ion beam 
approaches the cathode through the grid aperture, it 
finds that a hole has been provided, and it passes 
through the cathode, emerging back of the electron gun 
as a beam which may be sent through another electrode 
system for focusing and deflection for mass studies. 

This double-ended, hollow cathode gun is shown in 
Fig. 3. It will be seen that it consists of two electrostatic 
electron guns mounted back to back with suitable 
modifications in the cathode region. The cathode is 
formed of two concentric cylinders. At one end the ends 
are rolled toward each other and spot welded at the 
overlap. This rolled over portion is then covered with 
standard BaSr cathode coating. A tungsten heater is 
inserted in the annular space between the cylinders. 
Figure 4 shows the arrangement of the gun in the vacuum 
system together with the associated deflection and 
measuring devices. 

The pumping system is conventional—a rotary pump 





Fic. 2. Cathode destruction by positive ion bombardment. 
(Courtesy of General Electric Company.) 
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Fic. 3. Double-ended hollow cathode gun. 


backing a two stage D.P.I. glass diffusion pump using 
Octoil-S. A trap is provided in the line so that use of 
refrigerants may be studied. All wax joints were made 
with Apiezon wax, and Celvacene was used on the 
Wilson seals. Vacuums never exceeded 10-* mm Hg and, 
in general, were about 10~ mm Hg. 

The gun design permits accelerating potentials V2 of 
from about one to ten thousand volts. Focused beams 
are obtained when 4A; is operated at V,; values of ap- 
proximately { of Vz—this depending upon the screen 
distance. Electron current to the negative ion gun is 
controlled by placing a negative bias on G. 

A simple electromagnet with 1-in. square pole pieces 
was used for deflection of the positive ions. Distortion, 
although noticeable at wide angles was not objectionable 
for the present work. 

Ion currents were measured with a dc amplifier and a 
Leeds and Northrup galvanometer. 

Initially it was not known whether the ions were 
formed all along the electron beam, at the fluorescent 
screen, or Some gun aperture. In addition to the desira- 
bility of knowing the ion source, this information was 
also.necessary for interpreting the deflection data and 
for focusing the positive ions on the screen. Such 
information was gained by determining through what 
potentials the ions had fallen when they arrived at the 
cathode. Before mounting the positive ion lens system, a 
metal collector of about 1 sq in. area was placed about 
an inch back of the cathode. Provision was made for 
rotating it and moving it about in space. This collector 
was connected, back to cathode, through a dc amplifier. 

With zero grid bias and V,;=270 volts the ion current 
increased less than 5 percent as the second anode 
voltage was raised to 1000 volts. Although a slight de- 
pendence was indicated, it seemed evident that bom- 
bardment of the screen or other phenomena associated 
with the second anode potential playtd a relatively 
small part in ion formation. Most of the ions apparently 
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Fic. 4. Arrangement of apparatus for ion studies. 
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Fic. 5. Variation of positive ion current as a function of electron 
beam current. 


are formed at or near the first anode. This was verified 
by subsequent stopping potential measurements. 

The dependence of positive ion current upon electron 
current from the cathode is shown in Fig. 5 for several 
first anode potentials. Electron current was varied by 
means of grid bias. The same information is replotted in 
Fig. 6 to show the dependence of ion current upon first 
anode potential at various electron currents. 

To determine the energies of the ion in the beam the 
collector and amplifier were arranged in a bucking cir- 
cuit with batteries as a source of potential. Ion current 
plotted against positive bucking potential showed not a 
gradual or stepped decrease in ion current with in- 
creasing collector potential, but a sharp drop to zero at 
the critical voltage. The ions seem to have approxi- 
mately the same energy. This energy seems to follow 
closely the first anode potential, as is shown in Fig. 7, 
where the critical potential is plotted against first anode 
potentials. 

Physical movement of the collector probe indicated 
that the beam emerging from the cathode was highly 
divergent. This would seem to be quite probably caused 
by the magnetic field in this region resulting from the 
current of several amperes in the heater legs. Had the 
beam been found to have the relatively high second 
anode voltage of the electron gun and be sufficiently 
collimated, it would have been possible to let it move 
into the mass deflection field without further treatment. 
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Fic. 6. Variation of positive ion current with electron energy. 
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Fic. 7. Variation of maximum ion energy with electron energy. 


Its divergence and low velocity made mandatory the 
accelerating and focusing system described earlier. 

In the present work the intensities of the ion com- 
ponents usually was sufficient to excite a fluorescent 
screen, providing they were accelerated to a few 
thousand volts. The positive ion spectrum could thus be 
observed visually, and by noting the positions of the 
components on a scale scratched on the screen, measure- 
ments could be taken. The extreme sensitivity of 
fluorescent screens, particularly the sulfides, to ion 
bombardment is well known. Some of the negative ion 
workers earlier referred to found negative ion currents 
to be of the order of 10~-" amp. Positive ions have been 
found to be.equally effective in screen burning. The 
“burning” effect sometimes occurs in a matter of min- 
utes or even seconds to a degree that makes possible the 
use of the phenomena for recording purposes. 

The fluorescent screens were prepared on a metal disk 
arranged to be rotated through a Wilson seal. The ions, 
deflected from the center, formed a spectrum consisting 
of a radial series of spots. When a given spectrum had 
been “burned” in, a new surface could be made available 
by rotating the disk slightly. The burned areas could be 
made visible by causing the entire screen to fluoresce. 
This could be accomplished by creating a discharge with 
a spark coil under increased pressure. For some measure- 
ments the disk was placed in a bell jar with a plane glass 
window, and photographs of the fluorescing screen were 
obtained for contact measuring. Since the axis of disk 
rotation usually didn’t coincide with the undeflected 
beam, care had to be used in choosing the zero for each 
spectrum. Figure 8 is the photograph of such a series of 
spectra. Each radial row of spots is a positive ion 
spectrum. 
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Fic. 8. Photograph of fluorescing screen with numerous burned 
ion spectra. 


Search for and measurements of the heavier masses js 
possible by increasing the deflection, the lighter com- 
ponents then moving out of view. In the case shown in 
Fig. 8 no other components were observed. It is quite 
probable that weaker components were present in the 
spectra and might be electrically measureable. That 
such background must be quite low, however, seems 
evident when it is remembered that the ion burning 
effect is cumulative, and relatively long exposures failed 
to develop additional burns. As this study is continued 
it is planned to obtain current measurements of the 
components, and the background will be investigated. 
At the present time interest is centered on the intense 
components which undoubtedly play the largest part in 
cathode destruction. In addition to its use in the de- 
mountable system described here, the hollow cathode 
gun construction is adaptable to sealed-off tubes in 
which the ion information may be directly correlated 
with life test data and production methods. 

It is obvious that by adding a deflecting system to the 
electron-negative ion end of the double-ended gun, 
information concerning the positive and negative ion 
beams can be obtained simultaneously. This has been 
done successfully, and the work is continuing. A mass 
spectrograph capable of yielding the ions of both signs 
should have considerable value in fields other than that 
of cathode-ray ‘tubes. 

This work is in part sponsored by the Electronics 
Department of the General Electric Company. We are 
particularly grateful to V. C. Campbell for his interest 
and help in many ways. 
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The Power Spectrum of a Narrow Band Noise Passed through 
a Nonlinear Impedance Element* 


Joun L. McLucasf anv Ricwarp C. RAayMonpD 
Department of Physics, The Pennsylvania State College, State College, Pennsylvania 
(Received April 19, 1951) 


The power spectrum of the current flowing through a nonlinear impedance element excited by a narrow 
band of noise centered at 1.6 mc has been measured experimentally from the audio range through the sixth 
harmonic band. A noise having the spectral shape of an error function with a standard deviation of 3.8 kc was 
generated by passing the current from a photomultiplier tube through several tuned amplifier stages. The 
noise was applied through an attenuator of 50 ohms characteristic impedance to a type 1N34 crystal diode. 
The current flowing in the diode passed through attenuators of 50 ohms characteristic impedance to the 
spectrum analyzer. In the audio range, a conventional wave analyzer was used, and in the remaining ranges, 
a calibrated radio receiver was used to measure the spectral distribution of output power. The results are in 
qualitative agreement with the theory of Middleton. A possible reason for the poor agreement is the difficulty 


of expressing the diode characteristic in a simple form for the computations. 











































































































- INTRODUCTION selection of the band of noise desired. The 931-A has 
IDDLETON' and Rice? have developed methods been shown to have a noise output which is essentially 
S is of computing the power spectra of noise currents uniform with frequency in the range of interest. The 
m- } flowing in nonlinear impedance elements driven by noise tuned amplifier made use of 1.6 mc-tuned transformers 
: in voltages. The work reported here was undertaken to for coupling through three stages of amplification. The 
lite | measure the power spectrum of noise current flowing in °Utput stage was a cathode follower with two type 6AG7 
the a type 1N34 crystal diode driven by a noise of known tubes in parallel, designed to operate linearly over a 
hat power spectrum. The power spectrum was also com- voltage range of three times the rms noise voltage used 
‘ms — puted by substituting into Middleton’s calculations a ' the experiments. The noise amplifier thus operated 
Ling single term approximation of the measured charac- without limiting for more than 99 percent of the noise 
iled teristic of the diode. amplitudes transmitted through it. 
ued The attenuators used were T pad resistive attenuators 
the EXPERIMENTAL EQUIPMENT inserted and removed from the line by means of push 
- Figure 1 is a block diagram of the system used for the button switches and adjustable in steps of 1 db. They 
nse} measurements. Noise from the noise source was attenu- Were rated by the manufacturer for frequencies up to 
~ ated to the desired level by attenuator number 1 and 250 mc. 
\ applied to the terminals of a power meter and the 1N34 The continuous wave source used was a Hewlett- 
10" | diode. The noise currents flowing through attenuator Packard Model 650-A test oscillator. This oscillator is 
s number 2 were analyzed to determine the power spec- provided with an output voltmeter and attenuator 
. trum. The continuous wave source was used alterna- which can be used for calibration purposes. In this use, 
” tively with the noise source for calibration of the system. however, signals were taken from the oscillator in the 
The attenuators were of 50 ohms characteristic impe- 
™ dance, and the power meters were of the thermal type 
ive with 600 ohms input impedance. The power spectrum of source 
a the input noise was found by substituting a linear : 
signs element for the 1N34 and measuring the distribution of pe 
that | Power with frequency with the analyzer. This step also 
, served to check the harmonic generation in the analyzer Source 
aii and to show that the measured spectrum was actually 
oan that of the noise from the nonlinear element. 
sail The noise source used was a type 931-A photo- 
multiplier tube followed by a tuned amplifier for the Le] ATremuston mas aTTEmuaTOR — 
* This paper is based on a thesis, “Generation of harmonics in 
nonlinear elements driven by noise,”” by John L. McLucas, sub- 
— to the Graduate School of The Pennsylvania State College, 
t Now with Haller, Raymond and Brown, Inc., State College, werer [= “eeTeR were 
Pennsylvania. 
'D. Middleton, J. Appl. Phys. 17, 778 (1946). 





*D. Middleton, Quart. Appl. Math. 5, 445 (1948). 


(1988) Rice, Bell System Tech. J. 23, 282 (1944) and 24, 46 
5). 


Fic. 1. System used in measuring the response of a type 1N34 
crystal diode to a narrow band noise. The sine wave source was 
usedffor calibration of the analyzer. 
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Fic. 2. General nature of the spectrum produced by passing a 
noise through a nonlinear element. Power levels and band widths 
have been exaggerated for purposes of illustration. 


range from 0.5 to 1 volt, and the other attenuators were 
used for calibration of the analyzers. 


EXPERIMENTAL PROCEDURE AND RESULTS 


In an earlier paper, Middleton' has shown that the 
output of a nonlinear device which is driven by narrow- 
band noise is of the general form of Fig. 2. Here the 
output consists of “harmonics” of the input including 
the zeroth and first-order harmonics. In general, the 
width of the harmonic zones increases with increasing 
order of the harmonics. The powers in the harmonic 
bands are determined by input power and the transfer 
characteristic of the nonlinear element. 

In the experimental work reported here, narrow band 
noise is generated by passing “white” noise through a 
series of tuned circuits. The resulting noise spectrum can 
be quite well represented by an expression of the form 


W(f)=Wo exp[— (w—wo)?/we?]. (1) 


Here W, is the maximum value of the input spectral 
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Fic. 3. Measured spectra of the harmonic components of narrow 
band noise passed through a type 1N34 crystal diode. The 
harmonic number is m. All spectra have been normalized to the 
same peak power for comparison of their bandwidths. 


zone, wo is the center frequency of the input, and w, jg 
the departure from the center frequency at which the 
value of the function has fallen to 1/e of its maximum 
value. 

In the experimental work reported here, the noise was 
of a much narrower band width than that shown ip 
Fig. 2. The half-band width, ws, for the input was 3.8 ke, 
while the center frequency, wo, was 1600 kc. 

Both the total power in each harmonic zone of the 
output and the spectral width of each zone were 
measured. The half-band widths of the various harmonics 
in the output are shown in Fig. 3. Here all the spectral 
orders have been normalized to unity peak value and 
shifted so that their center frequencies coincide on the 
graph; thus the “frequency” axis shows merely the de. 
parture from the center frequency for each harmonic 
band. The m=1 curve illustrates the spectrum of the 
output centered about the center frequency of the input. 
The actual width of this zone is very nearly equal to the 
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Fic. 4. Power levels of the harmonic bands of noise passed 
through a type 1N34 crystal diode and power levels computed by 
approximating the diode characteristic by a simple expression. 


measured width of the noise input. For all zones except 
the m=0 zone, the spectral width increases mono 
tonically with increasing order of harmonic. 

Figure 4 shows the amount of power associated with 
each harmonic band of the output. The output is 
measured in decibels below the input (0.6 volt rms). 


COMPARISON OF RESULTS AND THEORETICAL 
PREDICTIONS 


By the use of methods worked out by Middleton’? we 
can calculate the output to be expected from a given 
nonlinear device excited by a given type of noise. The 
principal difficulty lies in representing the nonlinear 
transfer characteristic by a simple mathematical er 
pression. 

Since the method is well treated in Sec. 7 of reference 
2, only the results will be given here. 

To allow application of the simplest form of Middle 
ton’s methods, the nonlinear characteristic should be 
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Fic. 5. Measured voltage-current characteristic for a type 1N34 
crystal diode and approximate expression used in computation of 
the response to noise. 


expressed in the form 


I=BV?, V positive, >) 

I=0, V negative, ¥ 
where J is output current and V is input voltage. The 
actual characteristic of the element used is shown in 
Fig. 5, marked “experimental.’”’ The curve which 
appears to be the best fit over the region of most interest 
is also shown in Fig. 5. Somewhat better fits could be 
obtained with power series representations including 
more terms, but it is desirable to shorten the calcula- 
tions, which are long enough at best. 

Middleton’s method allows the correlation function of 
the output noise to be found in terms of the correlation 
function of the input noise, the power level of the input, 
and the characteristic of the nonlinear element. Since 
the details of the calculation are too lengthy to be re- 
ported here, only the substitutions will be given. The 
actual computations are reported in reference 3. The 
terms which must be known are: 


d (average power input) 0.36 volt? 
B (constant of Eq. (2)) 5X 10-% 
P (exponent in Eq. (2)) 2.5 


ro(t) (the damping term of the 
normalized correlation 
function of the input) 


w,  (half-band width of input) 


exp(—wy/?/4) 


3.8 ke. 


The method used yields R,,(¢), the mth-order correlation 
function of the output, from the constants above. The 
power spectrum of the mth harmonic band of the output 
can then be found by taking the fourier transform of 
R,,(t). Figure 6 compares the half-band widths for the 
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Fic. 6. Comparison of measured noise band widths with those 
computed on the basis of the characteristic of Fig. 5. 


various spectral zones with the measured values taken 
from Fig. 3. 
The power levels of the harmonic zones can be found 


directly from the R(t)’s by setting ‘=0 in these ex- 
pressions: 


R,(0)= f Walfddf. (3) 


This is just the power in any harmonic zone, m. The 
values computed are shown in Fig. 4. 

For all spectral zones, m=1 to 6, the calculated 
band width is in each case m! times the width of the 
fundamental zone. The width of the m=O zone is the 
same as m= 2. In the experiment, wo was 3.8 kilocycles, 
and this is also the width for m=1. 

As a matter of interest, the output power in each 
harmonic was measured for both noise and sinusoidal 


inputs of equal power. No significant differences were 
found. 


CONCLUSIONS 


The comparison of theoretical predictions and ex- 
perimental data for narrow band noise through a non- 
linear device shows that for this particular case, there 
is a general agreement between Middleton’s theory and 
the experiment. The source of difficulty in applying the 
Middleton analysis is in describing the transfer function 
of the crystal rectifier by a single term of a power series. 
The theory does predict the general features of the 
measured spectrum. At the expense of complicating the 
analysis, a transfer function consisting of more terms of 
a power series could be used, but it is doubtful if the 
improvement in prediction accuracy would justify the 
additional effort involved. 
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On Asymmetric Heat Conduction in 
Copper-Copper Oxide Rectifiers 
F. HuBBARD HORN 


General Electric Research Laboratory, Schenectady, New York 
(Received June 18, 1951) 


SYMMETRIC heat conduction in a copper-copper oxide 

rectifier has been reported by Starr.' In spite of the difficulty 

of interpreting such an asymmetry, apparently no further in- 
vestigation has been made.? 

An experimental reinvestigation was made, using four different 
General Electric commercial copper-copper oxide rectifiers, type 
6RC3 (K181), from which the “Aquadag” had been removed. 
Thermal conductance measurements were made, using a heat flow 
rather than a temperature-gradient method. The rectifier plates 
were not moved for conductance measurements of heat flow in 
reverse directions. Two rectifier plates were studied simultaneously 
in order to detect any technical differences in the apparatus. 
Measurements were made under three different conditions; viz., 
with bare rectifier plates, with plates insulated on the copper face, 
and with plates electrically insulated but with the oxide face 
grounded. Within an experimental error of the order of 10 percent, 
no asymmetric heat conduction was observed in any case. The 
conductance of the bare rectifier was calculated to be 0.038 
cal/°/sec/cm?. 

The discrepancy between these results and those reported by 
Starr' could be resolved if it were known that the thermocouples 
employed in Starr’s work were not electrically insulated. A large 
Thomson potential is developed when a temperature gradient is 
imposed across a rectifier. This potential was measured and found 
to be of the order of 10 mv for a temperature difference of about 
50°C. The sign of the potential depends on the direction of heat 
flow. Superposition of the Thomson potential on the thermocouple 
potential may have been possible in Starr’s work because of the 
thermocouple circuits used. Such a superposition of the Thomson 
potential leads to an apparent, though erroneous, conclusion of 
asymmetric heat conduction when the temperature gradient 
method for measuring heat conduction is employed. 

The conclusion that the copper-copper oxide rectifier is not 
asymmetric with respect to heat conduction is consistent with the 
conventional theoretical picture, since only a small number of 
electrons are involved in electrical conduction and their contribu- 
tion to heat conduction is presumably obscured by lattice con- 
duction. 

I am grateful for the discussions with Dr. LeRoy Apker and Dr. 
Malcolm Hebb during this investigation. 


1 Chauncey Starr, Physics 7, 14 (1936). 
2H. K. Henisch, Metal Rectifiers (Clarendon Press, Oxford, 1949), p. 105. 





Optical Absorption of Barium Oxide with 
Excess Barium* 


Evan O. KANE 
Department of Physics, Cornell University, Ithaca, New York 
(Received June 14, 1951) 


MALL crystals of barium oxide were grown by slowly cooling 

a solution of barium oxide in molten barium; this solubility 

has been established by Schriel.' The crystals are deep red in color 

and about 2X 1X0.3 mm. They were grown in this laboratory by 
George Libowitz. 

The crystal was held in a small absorption cell with glass 
windows to prevent the formation of the hydroxide, which would 
have occurred if the crystal had been exposed to ordinary air. 
The cell was mounted inside a vacuum system in good thermal 
contact with a container in which liquid air could be held. The 
absorption cell contained two apertures permitting the passage of 
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Fic. 1. Photon energy in electron volts. 


light. One aperture was free, the other was covered by the crystal. 
The relative transmission curve of the crystal is given by the ratio 
of the light intensities through these two apertures. The transmis- 
sion of the red barium oxide crystals was measured in the visible 
using a resolving power of about 200A. Data were taken for the 
crystal at room temperature and with liquid air in the container in 
contact with the crystal holder. No measurements were taken of 
the temperature, but from previous experience with the equipment 
it can be safely assumed that it was within the range — 150°C to 
— 190°C. 

Figure 1 shows two transmission curves for the same crystal, 
one for room temperature, the other for liquid air temperature. 
The lower temperature curve is sharper with a higher and some- 
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what shifted peak. A possible explanation of the red coloration of 
these crystals is scattering from colloidal aggregates of excess 
barium. However, our measurements show a definite temperature 
sensitivity which would not be expected from colloidal scattering 
but which has a parallel in the F-center absorption of the alkali 
halides.2 F-center absorption has been shown to be caused by 
electrons trapped at halogen vacancies. One way of forming 
F-centers is by the addition of atomically dispersed excess alkali 
metal. The wavelength and temperature dependence of the ab- 
sorption is characteristic of F-centers but is also to be expected 
from any other atomically dispersed impurity centers. Our data 
gives no indication as to what type of center is formed. The 
simplest possibilities are interstitial barium atoms or oxygen 
yacancies which bind one or more of the valence electrons from the 
excess barium. 

Figure 2 shows a plot of absorption constant vs photon energy in 
electron volts. The peak is evidently at about 2.4 ev. This is an 
optical activation energy. We expect the thermal activation energy 
to be much lower. This curve was calculated from the transmission 
curve of a crystal similar to the crystal for which the transmission 
curves of Fig. 1 were measured. On the assumption that the ab- 
sorption is caused by atomically dispersed centers we can use this 
absorption curve to calculate the density of centers from a formula 
derived by Smakula.* Assuming an oscillator strength of unity we 
obtain 4X 10'8/cc or 0.02 percent barium excess for the density of 
absorbing centers. Measurements are now in progress to determine 
the impurity concentration chemically. Preliminary results indi- 
cate that 0.1 percent barium excess is an upper bound. 

* This work was sponsored by the ONR. 

1M. Schriel, Z. anorg. u. allgem. Chem. 231, 313 (1937). 


2 Frederick Seitz, Revs. Modern Phys. 18, 384 (1946). 
3 Mott and Gurney, Electronic Processes in Ionic Crystals, p. 103. 





Elastic Vibrations of Almost Cubic Parallelepipeds 


H. EKSTEIN AND T. SCHIFFMAN 


Armour Research Foundation of Illinois Institute of Technology, 
Chicago, Illinois 


(Received May 7, 1951) 


HE frequencies of longitudinal vibration of a solid cube! 
exhibit several degeneracies, namely, 


pw?=2yuk*{1+[(9?+16)/m*]A/2u}, pwr, P= 2k’, 1 

pws, &= 2pk*{1+[(2°+4)/?JA/2y}, (t) 

where \ and yw are Lamé’s constants, k=2/d, and d is the edge 
length of the cube. 

The six modes associated with Eq. (1) are taken as the zero 
order modes for the perturbation calculus. By distorting the cube 
slightly into a parallelepiped, these perturbation procedures lead 
to the familiar splitting of the degeneracies. 

For the case of zero Poisson’s ratio (A=0), the sixfold degeneracy 
of Eq. (1) leads to a sixth-order secular determinant, whereas for 
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with edges @ as functions of Poisson's ratio. 
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all other values of Poisson’s ratio, not too small, the perturbation 
calculus leads to one third-order, one second-order, and one first- 
order subdeterminant, analogous to the degeneracies in Eq. (1). 

Consider a solid parallelepiped with edges a, b, c and define an 
average edge as d= (abc)!, i.e., the edge of a cube whose volume is 
equal to that of the parallelepiped. The frequencies for this cube 
are given by Eq. (1). Let us further introduce the perturbation 
parameters e=(d—b)/d<1 and 6=(d—c)/é<K1. The frequencies 
of longitudinal vibration are thereby expressed in terms of d, e, 5, u, 
and \/2p: 

Case I: X=0.— 


pw? = 2pk*(1 —2(e+-5) J; 
pw? = 2pk*[1+(e+8) ]; 
pws?= 2uk*(1—e]; 

Case II: }¥0.— 

pw? = 2k? {1+-[ (22+ 16)/?]A/2y}, 


2(x*+82?+ 64)! (¢ | 
o3e 214— WV —+__. 
pw 3 2=2uk [1 Bi cos gt wt 


pw?2=2ynkl1—5]; 
pw? = 2uk*[ 142]; (2) 
pwe? = 2uk*L 14-25]. 





n=0,1,2, (3) 
rt+4r 2/r-2. r-8 x) | 
2—7,,p2 pli A EO! | LF aD 
pws, 6? = 2uk [1+ mts at D vi, 
where 


V=(2+ 8+ 5)! 
and 





— {eter 128) (x2-+-4) | €5(e+5) | 
- 2(x*+822+64)! 72) , 


A group-theoretical analysis shows that the six modes of 
vibration associated with the frequencies (2) and (3) belong to the 
same one-dimensional irreducible representation A, of the D2(V) 
group, and hence in the frequency vs \/2y plane the values of 
Eq. (3) for 40, must be joined to those of Eq. (2) for \=0, 
without any cross-over. The figure shows the eigenvalues for 
e=—65=0.2. Equation (3) has been assumed to be valid for 
d/2u>0.2, and the curves joined without cross-over to the values 
given by Eq. (2). One accidental double degeneracy remains at 
\=0; for all other values, all degeneracies, accidental as well as 
essential, are removed. An unexpected result is that the magnitude 
of the splitting is nearly constant for \/2 not too small. 


1H. Ekstein and T. Schiffman, Phys. Rev. 77, 757 (1950). 





Surface Tension of Liquid Metals 


N. R. MUKHERJEE 


Department of Chemistry and Chemical Engineering, 
University of Washington, Seattle, Washington 


(Received June 8, 1951) 


N a recent publication' it has been shown that the surface 
tension of liquid metals are very approximately inversely pro- 
portional to their respective molar volume. While working with a 
problem regarding the phenomenon of fusion, the author? has 
found that the surface tension of liquid metals at the melting point 
is also approximately proportional to their molar latent heat of 
fusion (Fig. 1). This correlation seems to be better than that of 
Atterton and Hoar,! although among the metals, whose surface 
tension has been correlated here, bismuth and antimony are ex- 
ceptions. It should be pointed out that surface tension of metals 
are not known accurately and are difficult to determine. In many 
cases different values of surface tension have been reported in the 
literature. Moreover, surface tension of mercury has been reported 
to be anomalous and changes with time.? Therefore, it has been 
calculated by an equation derived by Mukherjee.* The empirical 
relation obtained from Fig. 1 is e=365Q;. where o is the surface 
tension in dynes per centimeter and Qy is the molar latent heat of 
fusion in kilocalories per gram atom. 
The surface tension is believed to be due to the unbalanced 
forces of the surface atoms. For each surface atom, these unbal- 
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anced forces are a fraction of the total forces. Therefore, higher 
latent heat will be required for the fusion of a metal, whose,atom 
has stronger forces, and, therefore, whose liquid has higher surface 
tension. 

1D. V. Atterton and T. P. Hoar, Nature 167, 602 (1951). 


2 R. S. Burdon and M. L. Oliphant, Trans. Faraday Soc. 26, 205 (1927). 
3N.R. Mukherjee, J. Chem. Phys. 19, 502 (1951). 





On the Orientations of Zinc Crystals Produced 
by the Bridgman Method* 


L. M. SLIrKIN 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received June 18, 1951) 


T has been observed! that for zinc single crystals grown by the 
method of lowering a crucible, sharply pointed at the lower 
end, through a vertical temperature gradient, the angle a between 
the c axis and the specimen axis was not random but was usually 
quite large, greater than 65°. Jillson,? however, using molds with 
blunt bottoms and a temperature gradient with a lateral as well as 
vertical component, obtained a random distribution of orienta- 
tions. He suggested that preferred orientations might be the result 
of small amounts of impurities in the metal of other workers and 
that zinc of 99.999 percent purity would give a random distribu- 
tion. Since the crystals of Slifkin and Kauzmann! were prepared 
from zinc of the same purity as those of Jillson and yet were 
usually of large a, it appears that the unique observation of Jillson 
may rather be due to some other factor. The possibility that the 
crucible design may be of importance in this respect immediately 
suggests itself. It is the purpose of this note to describe an experi- 
ment which supports this idea. 

A number of zinc crystals were grown in glass tubes, the lower 
end of each pulled into a capillary and bent into the shape of a 
flat-bottomed fishhook, thus resembling an inverted, flattened 
question mark. On lowering one of these crucibles through a 
furnace, nucleation of the zinc crystal would be expected to take 
place somewhere in the horizontal section of the capillary hook. 
Some crystals were grown of 99.99 percent zinc, the rest of 99.999 
percent zinc, kindly donated by the New Jersey Zinc Company. 

The results are presented in Table I. The angle a, that between 
the ¢ axis of the crystal and the direction of the unbent length of 
the crucible (i.e., the main body of the glass tube), is given only 
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EDITOR 
TABLE I. 

Crystal No. Grade of zinc a 6 
1 99.99% 61° 7° 
2 99.99% 4° g° 
3 99.99% 61° 6° 
4 99.99% bsg 11° 
5 99.999% 39° 27° 
6 99,.999% a 13° 
7 99.999% 3° 3° 
8 99.9999, 8° 6° 
9 99.999% 45° 4° 

10 99.9999 6° 6° 
11 99.999% 45° 13° 








for the sake of completeness. The important result is that 6, the 
angle between the direction of the horizontal section of the 
capillary hook and the basal plane of the crystal, is very small in 
almost every case. In other words, the basal plane was almost 
always approximately parallel to the direction of the flat section 
of the capillary. If the values of 6 were randomly distributed, one 
calculates the average value would be 30°. The fact that for 10 out 
of the 11 crystals this angle is less than 15° strongly emphasizes the 
great effect that the geometry of the crucible can have on the 
orientation of the crystal. 

I wish to thank J. S. Koehler and J. W. Marx for stimulating 
discussions. 

* This work assisted by the AEC. 

1P, W. Bridgman, Proc. Am. Acad. Sci. 58, 165 (1923); 60, 305 (1925), 
E. I. Salkovitz, private communication. L. Slifkin and W. Kauzmann, to be 
published. ‘ 

2D. C. Jillson, Trans. Am. Inst. Mining Engrs. 188, 1005 (1950). 





A Note on the Initial Excitation of Linear Systems 


L. A. ZADEH 
Columbia University, New York, New York 
(Received June 18, 1951) 


N a recent paper! the writer gave an expression for the response 

of an initially excited linear system to a given input. The 
system was assumed to be described by a relation of the form 

L(p; t)o(t) = K(p; t)u(t), (1) 

where p=d/dt, L(p; t), and K(); #) are polynomials in p with time- 

dependent coefficients, u(t) is a given input (starting at ¢=0), and 

v(t) is the response to u(¢). It was shown that in terms of the initial 

values of o(#), u(#), and their derivatives at t=0+-, the response of 

the system to u(#) may be expressed in the following form: 


v(t) = LAs; t)U(s)} 


+2-{1-%5;0] Lsi0)— Limi), 
S— po 


— (Rida Kip), \ a) 


where s is the complex frequency s=o+jw; U(s)=laplace trans- 
form of u(t); &'=inverse laplace transform; H(s;¢)=system 
function; L~'(s; t)=inverse of L(s; t); po is the initial value opera- 
tor, i.e., po°v=v'(0+)=value of the mth derivative of v(t) at 
t=0+. 

In the above formulation of the problem the basic assumption is 
that the specified initial values are those of v(t) and its derivatives 
at #=0+, i.e., at the instant immediately following the application 
of the input. There are many practical situations, however, in 
which the initial values of v(#) and its derivatives are specified at 
t=0— (i.e., at the instant immediately preceding the application 
of the input) rather than at ‘=0+. The expression for o(#) given 
by Eq. (20) is not directly applicable in such situations, since the 
constants v™ (0+) involved in Eq. (2) are not known a priori. It is 
true that up to a certain n, o™(0+)=0™(O—), but, in general, 
this equality would not hold for all of the o™(0+) in Eq. (2). 

The case where the initial values of v(#) and its derivatives are 
specified at =0—, is not explicitly treated in reference 1. How- 
ever, by using the general procedure described there, one can 
readily obtain a slightly modified expression for 2(¢) which applies 
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to the case in question. Specifically, replacing 0+ by O— and, in 
particular, extending the range of integration in the laplace 
transform to include 0—, 


Llv(t)} = J” ve-stdt, (3) 


the following expression for v(¢) is obtained : 
o(t)=L"{ A(s; 1) U(s)} 


+24 170650 Ls; 0) Lips (4) 
S— Po 

where po"0=2'(O—), and all other symbols have the same 
significance as in Eq. (2), It will be noted that in this formulation 
the expression for v(¢) does not include the term involving the 
initial values of u(t) (the input) and its derivatives. 

For a fixed system defined by L(p)v(t)=K(p)u(t), the result 
given above reduces to 


o(t)=£- qi [xiv (s y+ (Eee), |}. (5) 


It is seen that the expressions for the response on the 0— basis 
are similar to, and somewhat simpler than, the corresponding ex- 
pressions on the 0+ basis. 





iL. A. Zadeh, J. Appl. Phys. 22, 782 (1951). 





Errata: The Electric Tunnel Effect across Thin 
Insulator Films in Contacts 
{J. Appl. Phys. 22, 569 (1951)] 


RAGNAR HOLM 
Stackpole Carbon Company, St. Marys, Pennsylvania 


AGE 572, Eq. (19), end of first line stands as (s/¢). This should 
be (s/eV). 
Page 573, Eq. (30). The factor V is missing. The equation should 
read 
_104V exp[0.683(s/V) { ¢!—(e—V HI 
2.5nT (1 —e1800V/T) 


Page 573. In the line before Eq. (31) stands as V <0.5. It should 
read V<0.5¢. 
Figure 7 is correctly calculated according to the correct Eq. (30). 








General Formulation for Calculation of 
Shaped-Beam Antennas* 
A. S. DUNBAR 
Stanford Research Institute, Stanford, California 
(Received May 28, 1951) 

HE synthesis of a shaped beam by the controlled variation 
of phase in an aperture having a known amplitude distribu- 
tion may be accomplished by means of a method, stated by Chu,' 
based on the fundamental concept of the principle of the conserva- 
tion of energy. In Chu’s original method, which was applied to a 
cylindrical reflector and a line source, the shape of the reflector is 
calculated to produce the required shaped pattern from the given 
primary radiation pattern of the line source. This method has also 
been applied to the calculation of lenses and doubly curved re- 
flectors to transform a given primary radiation pattern to the 
required shaped beam.? By means of the principle of stationary 

phase this method may be stated in general form. 

To express this method in general form, we postulate an ampli- 
tude distribution A(s) on a cylindrical surface, a plane curve of 
which must be slowly varying and restricted such that the 
curvature is always of the same sign. The far-field pattern is given 
by 


E(6) = f “* 4(0, 5) A(s) expLike(s, 8) Ms, (1) 


where ¢(s, 6) is the phase function at the point P in the far field, 
and f(@, s) is the form factor, which depends upon the polarization. 
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Evaluation of Eq. (1) by the method of stationary phase yields the 
following results: 
do(s, 6)/ds=0, (2) 
and 
E(0) = f(@, so) A (so) explik@(so, 6) I —2x/o''(so, 0) }#, (3) 


in which so is the point at which the phase is stationary, and ¢” 
denotes the second derivative with respect to s. Now Eq. (2) 
implies that 
So= F(0); (4) 
hence, 
(so, 0) = (029 /0s00)d0/dso. (5) 
Therefore, Eq. (3) becomes 
E(0) = f(@, so) A (so) 
XexpLik¢(so, 0) |[—22/(do/dsd0)(d0/dso) }*. (6) 
Consequently, since P(@) = | E(6) |?, we may write 
— (#/ds00) P(0)d0 = 2x f*(s, 0) A*(s)ds. (7) 


Equations (2) and (7) form the basis for the method of calcula- 
tion to obtain an antenna which will produce a specified far-field 
pattern from a given amplitude distribution A(s). Equation (7) 
relates a point on the antenna to a direction in the far field; and 
Eq. (2) provides a differential equation which must be solved for 
the required curve to produce the necessary phase function ¢(s, 6). 

For the line source and cylindrical reflector, Eqs. (2) and (7) may 
readily be shown to yield, respectively, 


dp/pda=tan}(a—@), (2a) 
P(6)d0=2rI(a)da, (7a) 


in which p= p(qa) is the radius vector of the reflector to be com- 
puted and (a) is the (power) radiation pattern of the line source 
in the perpendicular plane. 

Application of this general method to the calculation of pro- 
gressive-phase antennas for shaped beams has been made with 
satisfactory results and successfully demonstrated experimentally 
by means of a wave-guide slot array.® 


* This work was supported by Air Force Contract No. AF 19 (122) 78. 

1L. J. Chu, Microwave Beam-Shaping Antennas (Research Laboratory of 
Electronics, Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts, 1947), Technical Report No. 40. 

2S. Silver, Microwave Antenna Theory and Design (McGraw-Hill Book 
Company, Inc., New York, —— Chapter 13; A. S. Dunbar, Proc. Inst. 
Radio Engrs. 36, 1289 (1948); W. Fry and F. K. Goward, Aerials for 
C entimetre Wavelengths (Carte University Press, London, 1950). 

3A. S. Dunbar, ‘“Progressive-phase shaped-beam antennas,” paper 

presented at National Convention of Inst. Radio Engrs., March, 1951. 





Errata: Application of the Radiation from 
Fast Electron Beams 


{[J. Appl. Phys. 22, 527 (1951)] 
H. Motz 
Microwave Laboratory, Stanford University, California 


HE following formulas should be corrected as indicated 


below: 
v2= —€6(1—6*)4 cos(wot) /mowo, 
0,=0(1—v,*/0*)t= Be(1 — $v,/2*) . 
=v{1—[(1—*)e2S* cos*(wol) /2F2wo?me?}. (46) 
z=v(1—a*)t—[a? mainte (47) 


za*/v+0(1—a?)af(z) += sin2wo[_(z/v)—af(z)]=0. (49) 


—af(z)= aot $< A si inh {142 cost}. (50) 


Three lines a Eq. (50): Eq. (57) should read Eq. (48). 
It should be pointed out that it has since been found possible to 
integrate the equations of motion exactly; no modifications of the 
rest of the paper are required. However, formula (73) should start 
with (¢?/mc*)? and the second numerator is sin*@ cos*@, while the 
exponents in the denominator are 5 and 3. 
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Edgar Marburg Lecture Booklet 


The 1950 ASTM Edgar Marburg Lecture by Dr. Wallace R. 
Brode, entitled Chemical Spectroscopy, has just been published in 
the form of a 52-page illustrated booklet. Copies of this booklet 
can be procured from American Society for Testing Materials, 916 
Race Street, Philadelphia 3, Pennsylvania, at $1.35 each. 

The purpose of the Edgar Marburg Lecture is to have described 
at the Annual Meetings of the American Society for Testing 
Materials, by leaders in their respective fields, outstanding de- 
velopments in the promotion of knowledge of engineering ma- 
terials. Established as a means of emphasizing the importance of 
promoting knowledge of materials, the Lecture honors and per- 
petuates the memory of Edgar Marburg, first Secretary of the 
Society. 

A New Journal 


We are introducing Vacuum, a new quarterly journal available 
on a subscription basis, published by W. Edwards & Company, 
Ltd., London, S.E. 26, England. 

Vacuum is designed to fill a need in the scientific literature by 
reporting only on vacuum matters. It is addressed to the scientist 
and industrialist using vacuum procedures and further to special- 
ists in all fields of science and industry to whom a knowledge of 
progress in vacuum matters is necessary or of value to their work. 

Vacuum will consist primarily of the contributory section, of 
expert articles from international specialists and the abstracts 
extensively classified and specially printed for detached filing. 
Other feature series will be added as the need of the specialist 
readers becomes established. 


VOLUME 22, 


NUMBER 9 SEPTEMBER, 1954 


Review of Naturalists’ Directory 


The Naturalists’ Directory, thirty-sixth edition, has just been 
published at Salem, Massachusetts. The price of this Directory jg 
$3.00 postpaid. It was first published in 1878 and since then has 
appeared every two or three years. It contains the names and 
addresses of hundreds of amateur and professional naturalists and 
a list of subjects of interest to them. It has been very helpful in 
bringing together naturalists in all parts of the world. In addition — 
to the list of naturalists, there is a list of natural history museums 
and scientific periodicals. Naturalists generally have found the | 
directory very helpful. 


Conferences 


The Sixth National Instrument Conference and Exhibit, spon- 
sored by the Instrument Society of America, will take place in the 
Sam Houston Coliseum, in Houston, Texas, from September 10 
through 14, 1951. 


The fourth Conference on Gaseous Electronics, sponsored by 
the Division of Electron Physics of the American Physical Society, 
will meet October 4-6, in Schenectady, New York. Sessions will © 
be held at the General Electric Research Laboratory in the new 
buildings at the Knolls, which were formally dedicated last 
autumn. 


The 1951 National Electronics Conference will be held October 
22, 23, and 24 at the Edgewater Beach Hotel in Chicago. * 

The conference is sponsored by the American Institute of 
Electrical Engineers, the Institute of Radio Engineers, Illinois 
Institute of Technology, Northwestern University, and the Uni- 
versity of Illinois, with participation by the University of Wiscon- 
sin and the Society of Motion Picture and Television Engineers, 
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